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PREFACE. 



The object of this treatise is to explain those parts of 
Algebra which precede the Binomial Theorem. I have 
carefully abstained from making extracts from works on 
the subject in common use. The only book from which I 
have derived assistance demanding acknowledgment is 
Peacock's A^ehra, which I took as a model for the com- 
mencement of my work. 

I have written at considerable length on Factors and 
Fractions, because those branches of the subject present 
great difficulties to beginners. It may be thought that I 
have not been sufficiently concise in my treatment of some 
matters, as for instance the Theory of Indices and Surds. 
I think it will be found that I have only done what was 
necessary to make the treatise complete and accurate. My 
rule has been never to evade a difficulty. 
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The Examples are progressive, easy, and to a great 
extent original. Some have been taken from the Senate 
House Papers of the last three years, and a considerable 
number fi'om old English, French and German works. 

In the answers given at the end of the work errors are 
corrected which have been discovered since the earlier sheets 
were printed. In a collection of more than 2000 Examples 
it is probable that not a few mistakes have been made which 
have yet to be detected. I shall be grateful for any correc- 
tions or hints for improvement of the treatise which may be 
sent to me at 42, Trumpington Street, Cambridge. 

In conclusion, I must express my obligation to Mr E. J. 
Gross, of Gonville and Oaius College. To his encouragement, 
advice and assistance I am indebted for much that enables 
me to submit my work with confidence to the public. 

J. H. SMITH. 

Cambridge, 
May, 1869. 
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ELEMENTARY ALGEBRA. 

CHAPTER I. 

ADDITION AND SUBTRACTION. 

1. Algebra is .the science which teaches the use of symbols 
to denote numbers and the operations to which numbers may be 
subjected. 

oC ■ 

2. The symbols employed in Algebra to denote numbers are, 

in addition to those of Arithmetic, the letters of some alphabet 

Thus a, h, c x, f/, z : a, )8, y ;;.... j V, V, c ...w. read 

a d(i8?t, b dcLsh, c dash ...... : a^ 5^, c, read a onCj 

b one, c one are used as symbols to denote numbers, 

3. The number one, or unitt/, is taken as the foundation of 
all numbers, and all other numbers are derived from it by the 
process of addition. 

Thus tuH) is defined to be the number that results from adding 
ime to one ; 
three is defined to be the number that results from adding 

one to two ; 
f(mr is defined to be the number that results from adding 
one to three ; 

and 80 on. 

4. The symbol +, read flus, is used to denote the operation 
of Addition. 

Thus 1 + 1 symbolizes that which is denoted by % 

2 + 1 3, 

and a + ( stands for the result obtained by adding 5 to a. 

^^ ^ioIp 
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2 ELEMENTARY ALGEBRA, 

5* The synibol — stands for the words ^' is equal to/' or '^ the 
result is." 

Thus the definitions giren in Art. 3 may be presented in an 
algebraical form thus : 

1 + 1 = 2, 

2 + 1 = 3, 

3 + 1 = 4. 

6, Since 

2 = 1 + 1, where unity is written tunce, 

3 = 2 + 1 = 1 + 1 + 1, where unity is written three times, 

4 = 3 + 1 = 1 + 1 + 1 + 1 ybwrtimes, 

it follows that 

o=l + l + lk +1 + 1 with unity written a times, 

6 = 1 + 1 + 1 +1 + 1 with imity written b times. 

7« The process of addition in Arithmetic can be presented in 
a shorter form by the use of the sign + . Thus if we have to add 
14, 17, and 23 together we can represent the process thus; 

14+17 + 23 = 54. 

8. When several numbers are added together it is indifferent 
in what order the numbers are taken. Thus if 14, 17, and 23 be 
added together their sum will be the same in whatever order they 
be set down in the common Arithmetical process : 

14 14 17 17 23 23 

17 23 14 23 14 17 

23 .. 17 23 14 17 14 

^54 "64 "54 54 54 54 

So also in Algebra' when any number of symbols are added 
together, the result will be the same in whatever order the 
symbols succeed each other. Thus if we have to add together the 
numbers symbolized 1^ a and 6, the result is represented by a + 5; 
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ADDITION AND SUBTRACTION 3 

and this result is the same number as that which is represented by 

Similarly the result obtained by adding together a, h, c might 
be expressed algebraically by 

a + & + c, or a + c + b, or 6 + a + c, or & + c + a, or c + a + b^ 

or c + b + a, 

9. When a number denoted by a is added to itself, the result 
is represented algebraically by a + a. This result is for the sake of 
brevity represented by 2a, the figure prefixed to the symbol ex- 
pressbg the number of times the number denoted by a is repeated. 

Similarly a-i-a+a is represented by 3a. 

Hence it follows that 

2a'\-a will be represented by 3a, 
3a + a by 4a. 

10. The symbol - , read mirma, is used to denote the operation 
of Subtraction. 

Thus the operation of subtracting 15 from 26 and its con- 
nection with the result may be briefly expressed thus; 

26-15 = 11. 

11. The result of subtracting the number b from the number 
a is represented by 

a — 6. 

Again a — b — c stands for the number obtained by taking c 
from a — b. 

Also a^b — e—d stands for the number obtained by taking 
d fit)m a— 6— c. 

Since we cannot take away a greater mmther from a smaller, 
Uie expression a— 5, where a and b represent numbers, can denote 
a possible result only when a is greater than 6. 
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So also the expression a — h — a can denote a possible result ^ 
only when the number obtained by taking h from a is greater 
than c. 

12. A combination of symbols is termed an algebraic ex- 
preaaion, . 

The parts of an expression which are connected by the symbols 
of operation + and — are called Terms. 

Compound expressions are those which have more "than bne 
term* 

Thus a — b + c — d is a compound expression made up of four 
terms. 

When a compound expression contains 

two terms it is called a Binomialy 

three Trinomial^ 

four or more Multinomial. 

Terms which are preceded by the symbol + are called positive 
terms. Terms which are preceded by the symbol — are called 
negative terms. When no symbol precedes a term the symbol 
+ is understood. 

Thus in the expression a-6 + c-c?+e -/ 

a, Cy e are called positive terms, 
hydyf negative 

The symbols of operation + and — are usually called positive 
and negative Signs. 

13. If the number 6 be added to the number 13, and if 6 be 
taken from the result, the final result will plainly be 13. 

So also if a number h be added to a number a, and if & be 
taken from the result, the final result will be a : that is 

a + 6 — 6 = a. 

Since the operations of addition and subtraction when per* 
ormed by the same number neutralize each other, we conclude 
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that we maj oblitei*ate the same symbol when it presents itself as 
a positive term and also cus a negative term in the same expression. 

Thus a-a = 0, 

and a — a + § = 6. 

14. If we have to add the numbers 54, 17, and 23, we may 
first add 17 and 23, and add their sum 40 to the number 54, thus 
obtaining the final result 94. This process may be represented 
Algebraically by enclosing 17 and 23> in a Bracket ( ), thus 

54 + (17 + 23) = 64 + 40, 

= 94. 

15. If we have to subtract from 54 the sum of 17 and 23, 
the process may be represented Algebraically thus 

54 -(17 + 23) = 54 -40, 

= 14. 

16. If we have to add to 54 the difference between 23 and 17, 
the process may be represented Algebraically thus 

54 + (23-17) = 54 + 6, 

= 60. 

17. If we have to subtract from 54 the difference between 
23 and 17, the process may be represented Algebraically thus 

54-(23-17) = 54-6, 
= 48. 

18. The use of brackets is so fi*equent in Algebra, that the 
rules for their removal and introduction must be carefully con- 
sideted. 

We shall first treat of the removal of brackets in cases where 
symbols supply the places of numbers corresponding to the arith- 
metical examples considered in. Arts. 14, 15, 16, 17 respectively. 
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OaseL To add loathe sum of 5 and c. 

This IB expressed thus : a + (5 + c). 

First add 5 to a, the result will be 

a + ft. 

This result is too rnnaU^ for we have to add to a a number 
grecUer than b, and greater by e. Hence our final result will be 
obtained by adding 6 to a + &, and it will be 

a + 6+c. 

Case IL To take from a the sum of h and c. 

This is expressed thus : a—(b + c). 

First take b from a, the result will be 

a -6. 

This result is too large, for we hare to take from a a number 
greater than b, and greater by e. Hence our final result will be 
obtained by taking c from a— by and it will be 

a-'b — c. 

Case III. To add to a the difference between b and c. 

This is expressed thus : a + (6 — c). 

First add 6 to a, the result will be 

a-k-b. 

This result is too large, for we have to add to a a number legs 
than by and less by c. Hence our final result will be obtained by 
taking c from a + b, and it will be 

a + 6-c. 

Case IY. To take from a the difference between b and e. 
This is expressed thus : a — (6 — c). 
First take b from a, the result will be 
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This result is too smallf for we have to take from a a number 
less than h, and less by c. Hence our final result will be obtained 
by adding eto a-^h, and it will be 

o-6 + <% 

I^ote. We assume that a, b, e represent such numbers that 
in Case H. a is greater than the sum of b and c, in Case III. b is 
greater than e, and in Case lY. b is greater than c, and a is greater 
than 6. 

19. Collecting the results obtained in Art IS, we have 

a + (6 + c) = a + 6 + c, 
a— (6 + c) = a — 6 — c^ 
o + (6 - c) = a + 6 -- c, 
a — (6 - c) = a — 6 + c. 

From which we obtain the following rules for the removal of 
a bracket. 

Rule I. When a bracket is preceded by the sign +, remove 
the bracket and leave the signs of the terms in it unchanged. 

BtTue IL When a bracket is preceded by the sign — , remove 
the bracket and chomge the sign of each term in it. 

These rules apply to cases in which any number of terms are 
included in the bracket. 

Thus 

a + 6 + (c-ci?+e-/) = a + 6 + c-d+e-^ 
and 

a + 6--(c-J+e--/) = a + 6-c + c?-c+/ 

20. The rules given in the preceding Article for the removal 
of brackets furnish corresponding rules for the inJl/roduction oi 
brackets. 
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8 ELEMENTARY ALGEBRA. 

Thus if we enclose two or more terms of an expression in a 
bracket, 

(1) The sign of each term remains the same if + precedes 

the bracket : » r, 

(2) The sign of each term is changed if — precedes the 

bracket. 

a — 6 + c-(/ + e — y = a — (6 — c) — (c? - e +/). 

21; We may now proceed to give rules for the Addition and 
Subtraction of Algebi-aical expressions. 

Suppose we have to cM to the expression a + & — c the expres- 
sion d — e +y! 

TheSum=;a46-c + (c?-e+/) 

= a + 6 - c + J- e +/ (by Art. 19, Rule I.). 

Also, if we have to subtract from the expression a + 6 - c the 
expression d—e +/. 

The Difference ^ a + 6 - c - (c? - e +/) 

= a + 6-c-J+e-/(by Art. 19, RulelL). 

We might arrange the expressions in each case under each 
other as in Arithmetic : thus 

To a + b-c From a + b — c 

Add J-e+y Take d-e+f 

Sum a + 6 — c+(/--e+y Diflference a + 6 — c— c?+e— / 
and then the rules may be thus stated. 

I. In Addition attach the lower line to the upper with the 
signs of both lines unchanged. 

IL In Subtraction attach the lower line to the upper with 
the signs of the lower line changed, the signs of the upper line 
being unchanged. 
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The following are examples. 

To a + 6 + 9 
Add a-h-^ 



Sum a + 6 + 9 + a-6-6 
and this sum s=a + a + & — 6 + 9-6 
= 2a + 3.* 
For it has been shewn; Art. 9, that a + a = 2a, 
and, Art. 13, that 6-6=0. 

From a + 6 + 9 
Takea-6-6 



Bemainder a + 6 + 9-a + 6 + 6 
and this remainder =26+15, 

22. We have worked out the examples in Art. 21 at full 
length, but in practice they may be abbreviated^ by combining 
the symbols or digits by a mental process, thus 

To c-(/-. 7 Fromc + c?+10 

Add e + d+lO Take c-^d- 7 

Sum 2c -f 3 Remainder 2^2+ 17 

23. We have said that 

instead of a + a we write 2a, 

a-^a-^-a 3a, 

and so on. 

The digit thus prefixed to a symbol is called the coefficient of 
the term in which it appears. 

24. Since Sa^a-ha-^a 

and Sa^a-ha + a-i-a + a, 
Sa-^^a^a-ha-ha-^a-ha-^-a + a + a 
= 8a. 
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10 ELEMENTARY ALGEBRA. 

Terms which liave the same symbol, whatever their coefficients 
may be, are called like terms : those which have different symbols 
are called wrdike terms. 

like terms, when positive, may be combined into one by adding 
their coefficients together and subjoining the common symbol : 
thus 

3y + 5y + 8y = 16y. 

25. If a term appears without a coefficient^ unity is to be 
taken as its coefficient. 

Thus x + bx = Qx, 

26. Negative terms, when like, may be combined into one 
term with a negative sign prefixed to it by adding the coefficients 
and subjoining to the result the common symbol 

Thus 2«-3y-6y = 2aj-8y, 

for 2a;-.3y-5y = 2a?-(3y + 5y) 

= 2a?-8y. 

So again 3»— y — 4y — 6y = 3a;— lly. 

27. If an expression contain two or more like terms, some 
being positive and others negative, we must first collect all the 
positive terms into one positive term, then all the negative terms 
into one negative term, and finally combine the two remaining 
terms into one by the following process. Subtract the greater 
eoefficietU from the less, and set down the remainder with the 
sign of the greater prefixed and the common symbol attached 
to it. 

Ex. 8aj-3aj = 5a?, 

7aj - 4a? + 5aj-. 3a; = 12aj - 7aj = 5as» 

a-2J + 56-46 = a + 56 -66 = a-6. 
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ADDITION AND SUBTRACTION 11 

28. The rales for the combinatioii of any number of like 
terms into one single tenn*enable ns to extend the application 
of the rules for Addition and Subtraction in Algebra, and we 
proceed to give some examples. 

ADDITIOK 
(1) a-26 + 3<? (2) 5a + 76-3c-4rf 



4a- 66r- 2c 11a + 6c 

The terms containing h and d in Ex. (2) destroying one another. 

(3) 7aj-%+ 4« (4) 6m-13n + 6jp 
a; + 2y-ll« 8m+ w-9p 

3aj- y+ 5« w- n- p 

Sx-Zy— z m+ 2n+6/? - 

16a?-. 7y- 3« 16w-lln 

SUBTRACTIOK 

(1) 5a-36+ 6c (2) 3a + 76- Be 

2a + 56- 4c 3a- 76+ 4c 



3a -86+ 10c 146- 12c 

(3) 5a- 66 + 2c (4) «-y + « 

2a - 66 + 2c x-y-z 



3a 2z 

(5) 3aj+7y+12« (6) 7aj-19y-14« 

5y- 2« 6aj-24y+ 9« 

3» + 2y + 14« a^+ 5y-23» 
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12 ELEMENTARY ALGEBRA. 

29. We have placed the expressions in the examples given in 
the preceding Article under each other, as in Arithmetic, for the sake 
of clearness, but the same operations might be exhibited by means 
of signs and brackets, thus Examples (2) of each rule might have 
been worked thus, in Addition, 

6a + 76-3c-4J+(6a-76 + 9c + 4c?) 
= 5a+ 76- 3c- 4c? + 6a- 76 + 9c + 4c? 
= lla + 6c; 
and, in Subtraction, 

3a + 76- 8c -(3a- 76 + 4c) 
= 3a+76-8c-3a+76-4c 
= 146 -12c. 

Examples. — L 

Simplify the following expressions, by combining like symbols 
in each. 

1. 3a + 46 + 5c + 2a + 36 + 7c. 

2. 4a + 66+6c-3a-26-4c. 

3. 6a - 36 - 4c - 4a + 56 + 6c. 

4. 8a-56 + 3c-7a-26 + 6c-3a + 96-7c + 10a. 

5. 5aj-3a + 6 + 7 + 26-3aj-4a-9. 

6. a-6-c + 6 + c-(/ + c?— a. 

7. 5a+106-3c+26-3a + 2c-2a + 4c. 

Examples. — II. Addition. 
Add together 

1. a + o; and a — a;. 

2. a + 2x and a + 3x, 

3. a — 2x and 2a — x. 

4. 3aj + 7y and 5x - 2y, 

5. a + 36 + 5c and 3a - 26 - 3c. 
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6. a - 26 + 3(j and a + 26 - 3c. 

7. 1+ar-y and 3-a: + y. 

8. 2aj-3y+4«, 5aj-7y-2;2r, and 6aj+9y-8«. 

9. 2a + 6-3aj, 3a-.26 + a;, a + h-5x, and 4a-76 + 6a5. 

Examples. — III. Subtraction. 

1. From a + 6 take a — J. 

2. Sx'+y 2aj-y. 

3 2a + 3c + 4c? a-2c + 3c?. 

4 X + I/ + Z x^y-z. 

5 m — n + r m — n-r, 

6 a + 6 + c a — 6-c. 

7 3a + 46 + 5c 2a + 76+6c. 

8 3x + 5i/-4iZ 3aj+2y-5«. 

30. We have given examples of the use of a bracket. The 
methods of denoting a bracket are various ; thus, besides the 
marks ( ), the marks [ ], or {' }, are often employed. Some- 
times a mark called "The Vinculum" is drawn over the symbols 
which are to be connected, thus a — b + c is used to represent the 
same expression as that represented by a - (6 + c). 

Often the brackets are made to enclose one another^ thus 

a-[b^.{c-id-j:rf)}]. 

In removing the brackets from an expression of this kind it is 
best to commence with the innermost, and to remove the brackets 
one by one, the outermost last of all. 

Thus 

= a-.[6 + {c-((/-e+/)}] 
= a-[6 + {c-(^ + 6-/}] 
= a ^[b + € - d + e -/] 
s:a-b-c + d-e+/. 
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14 ELEMENTARY ALGEBRA, 

Again 

5aj-(3aj-7)-.{4-2aj-(6aj-3)} 

= 5aj- 3aj+ 7 - {4 - 2«- 6aj + 3} 

= 5aj- 3aj + 7 - 4 + 2aj + 6aj- 3 

IV. — JSIxamplea of Bradeeta. 

Simplify the following expresaionB, combining all like quantities 
in each, 

1. a + 6 + (3a-26). 

2. a + 6-(a--36). 

3. 3a + «-6<j-(2a + 46-2c). 

4. a + 6-<J-(a-&-c). 

5. 14»-(5»-9)-{4-3aj~(2aj-3)}. 

6. 4aj-{3aj-(2aj-a;-a)}. 

7. 15aj - {7aj + (3aj +»-«)}. 

8. fl-[6 + {a-(6 + a)}]. 

9. 6a+[4a-{86-(2a + 46)-226}-76]-[76 + {8a 

-(36 + 4a) + 86} + 64 

10. 6-[6-(a + 6)-{6-(6-^^)}]. 

11. 2c-(6a-6)-{c-(5a+26)-(a-36)}. 

12. 2»~{a-(2a-[3a-(4a-[5a-(6a~»)])])}. 

13. 25a -196 -[36- {4a -(56 -.6c)}], 

31. We have hitherto supposed the symbols in every ex- 
pression used for illustration to represent such numbers that the 
expressions symbolize results which would be Arithmetically 
possible. 

Thus a- 6 symbolizes a possible result^ so long as a is greater 
than 6. 
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If, for instauoe, a stands for 10 and h for 6, 

a— 6 will stand for 4. 

But if a stands for 6 and h for 10, 

a—h denotes no possible result, because we cannot take 
the number 10 from the number 6, 

But though there can be no such a thing as a negtxtive number , 
we can conceive the real existence of a negative quwntiAy. 

To explain this we must consider 

!• What we mean by Quantity. 

2. How Quantities are measured. 

32. A Quantity is anything which may be regarded as being 
made up of parts like the whole. 

Thus a distance is a qiuintUt/, because we may regard it as 
made up of parts each of themselves a distance. 

Again a sum of money is a quam^ity^ because we may regard it 
as made up of parts like the whole. 

33. To measure any quantity we fix upon some known quantity 
of the same kind for our standard, or unity and then any quantity 
of that kind is measured by saying how many times it contains 
this unit, and this number of times is called the measure of the 
quantity. 

For example, to measure any distance along a road we ^tl 
upon a known distance, such as a mile, and express all distances 
by saying how many times they contain this unit. Thus 16 is the 
measure of a distance containing 16 miles. 

Again to measure a man's income we take one pound as our 
imit, and thus if we said (as we often do say,) that a manVincome 
is 500 a year, we should mean 500 times the unit, that is, £500. 
Unless we knew what the unit was, to say that a man's income 
was 600 would convey no definite meaning : all we should know 
would be that, whatever our xmit was, a pound, a dollar, or a 
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16 ELEMENTARY ALGEBRA, 

franc, the man's income would be 500 times that unit^ that is, 
£500, 500 dolkrs, or, 500 francs. 

K.B. Since the unit contains itself onc^, its measure is t^nt^^, 
and hence its name. 

34. Now we can conceive a quantity to be such that when- 
put to another quantity of the same kind it will entirely or iu 
part neutralize its effect. 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 miles, I may say that the latter 
distance is such a quantity that it neutralizes part of my first 
journey, so far as regards my position with respect to the point 
from which I started. 

Again, if I gain £500 in trade and then lose £400, I may say 
that the latter sum is such a quantity that it neutralizes part of 
my first gain. 

If I gain £500' and then lose £700, I may say that the latter 
sum is such a quantity that it neutralizes all my first gain, and not 
only that, but also a quantity of which the absolute value is £200 
remains in readiness to neutralize some future gain. Regarding 
this £200 by itself we call it a quantity which will have a ^vh- 
tractive effect on subsequent profits. 

Now, since Algebra is intended to deal with such questions ia 
a general way, and to teach us how to put quantities, alike or 
opposite in their effect, together, a convention is adopted, founded 
on the additive or mbtractive effect of the quantities in question, 
and stated thus : 

" To the quantities to be added prefix the sign +, and to the 
quantities to be subtracted prefix the sign — , and then write down 
all the quantities involved in such a question connected with 
these signs." 

Thus, suppose a man to trade for 4 years, and to gain a ponnd9 
the first year, to lose h pounds the second year, to gain c pounds 
the third year, ^nd to lose d pounds the fourth year. 
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ADDITION AND SUBTRACTION. 17 

The additive quantities are here a and c, which we are to 
write +a and +c, 

The mbt/ractive quantities are here h and c?, which we are to 
write —6 and -(/, 

.*. Result of trading = + a — 6 + (j — c?. 

35. Let ns next take the case in which the gain for the first 
year is a, and the loss for each of three subsequent years is a. 

Result of trading = + a — a — a — a 

Thns we arrive at an isolated quantity of a auhtractive nature. 

Arithmetically we interpret this result as a loss of £2a. 

Algebraically we call the residt a negative quantity. 

When once we have admitted the possibility of the independent 
existence of such quantities as this we may extend the application 
of the rules for Addition and Subtraction, for 

(1) A negative quantity may stand by itself, ani we may 
then add it to or take it from some other quantity or expression. 

(2) A negative quantity may stand first in an expression 
which we may have to add or to subtract from any other 
expression. 

The Rules for Addition and Subtraction given in Art. 21 will 
be applicable to these expressions, as in the following Examples. 



ADDITION. 

(1) 5a-7a=-2a. 

(2) 4a-36-6a + 76=:-2a+46. 
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(3) 


To 4a 




To ba - 36 




Add - 3a 
Sam a 




Add -.2a -26 




Sam 3a — 56 


(4) 


6a -5b- ic+ 6 




(5) 7a; - 5y + 92; 




-5a + 7b-12c-l7 




-18a; + 9y-6« 




- a-Sb + 19e+ 4 




- 3a5-8y+ » 




-66+ 3c- 7 


- 14aj- 4y + 55? 




SUBTRACTIOJS. 


(1) 


From X subtract — 


y. 








-y 





a + y 

or we might represent the operation thus, 

(2) a + 6 - (- a + 6) = a + 6 + a - 6 = 2a. 

(3) -a-6-(a-6) = -a-6-a + 6 = -2a. 

(4) _3a+ 46- 7c+10 

5a- 96+ 8c +19 



-8a +136 -15c- 9 

(5) a.-3,_[3a:-{-5aj-(-4y + 7a:)}] 
= aj — y — [3a;- {— 6a5 + 4y — 7a:}] 

= a;-y-[3a; + 5a5-4y + 7a5] 
= a; — y — 3a5 — 5a5 + 4y — 7aj 
= - 14a; + 3y. 

(6) 7a+ 56+ 9c-12c^ 
-36 -12c- 8d+ 6e 



7a+ 86 + 21c- 4:c?-66 



* Note. — ^The meaning of Subtraction is here extended so that the result in 
Art. 1 8, Case 17. may be true when b is less than c. 
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ADDITION AND SUBTRACTION 19 

Iq this example we liave deviated from our previous practice 
of placing Wee terms under each other. This arrangement is 
useful to facilitate the calculation, but is not absolutely neces- 
sary, for the terms which are alike can be combined independently 
of it 

Examples. — V, 
Addition, 
Add together 

1. 6a + 76, -2a-46, and 3a-66. 

2. -5a+66-7c, -2a + 136 + 9c, and 7a-296 + 4c. 

3. 2aj-3y + 4:2?, -5aj+4y-7«, and -8aj-r9y-3«. 

4. — a + 6 — c + e?, a — 26-3c + <f, —56 + 4c, and -Sc + d, 
6. a + h-c+7y -2a-36-4c+9, and 3a + 2h + 5c-l6. 

6. 5aj-3a-46, 6y-2a, 3a-2y, and 56-7a% 

7. + 6 — c, c — a + 6, 26-c + 3a, and 4a — 3c, 

1, Prom a + 6 take —a — 6. 

2, From a -6 take — 6 + c. 

3, From a~6 + c take — a + 6 — c. 

•4. From 6aj-8y + 3 take -2a?+9y-2. 

5. From 5a - 126 + 17c take - 2a + 46 - 3c. 

6. From 2a + 6-3aj take 46-3a + 5iB. 

7. From a + 6-c take 3c-26 + 4a. 

8. From a+6 + c-7 take 8-c-6 + a. 
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CHAPTER II. • 

MULTIPLICATION. 

36. The operation of finding the sum of a numbers each 
equal to & is called Multiplication. 

The number a is called the Multiplier. 

h Multiplicand. 

This Sum is called the Product of the multiplication of h by a. 

This Product is represented in Algebra by three distinct 
methods : 

(1) By writing the symbols side by side, with no sign between 

them, thus, ah ; 

(2) By placing a small dot between the symbols, thus, a. 5; 

(3) By placing the sign x between the symbols, thus, a x 6 ; 
and all these are read thus, •" a into 6," or " a times 6." 

In Arithmetic we chiefly use the third wb.j of expressing a 
Product, for we cannot symbolize the product of 5 into 7 by 57, 
which means the sum of fifty and seven, nor can we well 
represent it by 5.7, because it might be confounded with the 
notation used for decimal fractions, as 5*7. 

37. In Arithmetic 

2x7 stands for the same as 7 + 7. 

3x4 ...; 4 + 4 + 4. 

In Algebra 

ah stands for the same as & + & + &+... with h written 
a times. 
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(a + 6)c stands for the same as c + c + c ... -with c written 
a + 5 times. 



38. To shew that 3 times 4 = 4 times 3. 

3 times 4= 4 + 4 + 4 

= 1 + 1 + 1 + 1 ] 
+ 1 + 1+1 + 1 I. 
+ 1 + 1 + 1 + 1 J 

4 times 3= 3 + 3 + 3 + 3 

=1+1+1 > 
+1+1+1 
+1+1+1 
+1+1+1 



II. 



Kow the results obtained from I. and II. must be the same, 
for the horizontal columns of one are identical with the vertical 
columns of the other. 



39. To prove that ah^ha. 

ab means that the sum of a numbers each equal to ft is to be 
taken. 

.*. ab=i 6 + 6 + with h written a times 

= h 
+ 6 

+ 6 

+ 



to a lines 

= 1+1+1+ 
+1+1+1+ 
+1+1+1+ 

+ 

to a lines. 



to h terms 
to h terms 
to h terms 



I. 
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22 ELEMENTARY ALGEBRA. 

Again, 

5a= a + a+ with a written h times 

= a 

+ a 

+ a 



to & lines 

= I + I4-I+ toa terms " 

4- 1 + 1 + 1 + to a terms 

+ 1 + 1 4- 1 + to a terms 

+ 

to h lines. 



!!• 



Now the results obtained from I. and IL must be the same, 
for the horizontal columns of one are clearly the same as the 
vertical columns of the other. 

40. Since the expressions db and ha are the same in meaning, 
we may regard either a or 6 as the multiplier in forming the pro- 
duct of a and &, and so we may read ab in two ways : 

(1) a into hy 

(2) h into a. 

41. The expressions abcj acb, hoc, boa, cab, cha are all the 
same in meaning, denoting that the three numbers symbolized by 
a, by and c are to be multiplied together. 

42. Each of the numbers a, &, c is called a Factor of the 
product abc. 

43. When a number expressed in figures is one of the factors 
of a product it always stands first in the product. 

Thus the product of the fiictors Xy y, z and 9 is represented by 
^xyz. 
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44. Any one or more of the factors that make up a product 
is called the coefficient of the other factors. 

Thus in the expression 2ax, 2a is called the coefficient of x, 

45. When a symbol a occurs as a factor tioice the product would 
be represented, in accordance with Art. 36, by aa; when ^re^ times, 
by aaa. In such cases these products are, for the sake of brevity, 
expressed by writing the symbol with a number placed above it on 
the righty expressing the number of times the symbol is repeated ; 
thus 

instead of aa we write a* 



These expressions a', a', a* are called the second, third, 

fourth Powers of a. 

The number placed over a symbol to express the power of the 
symbol is called the Index or Uocponent, 

a' is generally called the sqtiare of a. 
a* the cuhe of a, 

46. The product of a' and a" 
= a'xa^ 
= aax aaa 
= a>aaaa 
= a\ 

Thus the index of the resulting power is the sum of the indices 
of the two factors. 

Similarly a*x a^ = aaaa x aaa>aaa 

= (ma(maaaaa 

= a**\ 

If one of the factors be a symbol without an index, we may 
assume it to have an index ^ , that is 
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24 ELEMENTARY ALGEBRA. 

Examples in multiplying powera of the same symbol are 

(1) axa« = a^** = a». 

(2) 7a» X Sa'^ = 7 X 5 X a* X a» = 35a«+^ = ZM\ 

(3) a' xa*x «• = «•+•+• = a". 

(4) a'yxa^ = aj*.y.a;.y' = iB'.aj.y.y* = aj**^y*** = fiB'y*. 

(5) a'6 X a6» X a»6» = a«+^*». 6^+»*^ = a\ V\ 





FiTAKPKKB. 


V. 


Multiply 






1. 


X into y. 


11. 


a* by Sa*. 


2. 


3a; into 4y. 


12. 


ia'bx by 5o6'y. 


3. 


3a^ into ia^. 


13. 


19a^ya by ixy'z'. 


4. 


Soie into oc. 


14. 


nab'z by 36cV. 


5. 


a* into a*. 


15. 


Gx-y*** by 8«'y'«'. 


6. 


a' into a. 


16. 


3a&c by 4aa^. 


7. 


3a'6 into ie^lf. 


17. 


a'b*c by 8a'6'c. 


8. 


7a*c into Sa'ftc*. 


18. 


9w»'np by m'n'p*. 


9. 


15aJV by 12a'6c. 


19. 


ay'z by ft****. 


10. 


7aV by Wbe'. 


20. 


lla'ix by 3a"6'W. 



47. The roles for the addition and subtraction of powers are 
similar to those laid down in Chap. I. for simple quantities. 

Thus the sum of the second and third powers of x is repre- 
sented by 

fic' + aj", 

and the remainder after taking the fourth power of f/ from the 
fifth power of y is represented by 

and these expressions cannot be abridged. 
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But when we Iiaye to add or sab tract the same powers- of the 
same quantities the terms may be combined into one : thus 

iB* + «• = 2aj", 

Again, whenever two or more terms are entirely the same 
with respect to the symbols they contain, their sum may be 
abridged. 

Thus ad-^ad=:2adf 

7a*a - lOa'aj - 12a*aj = - 15a'aj. 

48. From the multiplication of simple expressions we pass 
on to the case in which one of the quantities whose product is to 
be found is a compound expression. 

To shew that (a + 5) c = ac + 6c. 

(a + 5)<j = c + c4-<J4-... with c written a + 6 times, 

=-{c-\-c-^c-\- ... with c written a times) + (c + c + c ... 

with c written h times), 

= 00-^ he. 

49. To shew that (a — b)c = ae-^hc. 

(a-6)c = <j + c + (j+ ... with c written a — i times, 

= (c + c + c + ... with c written a times) — (c + c + c . . . 
with c written h times), 

Note, We asstime that a is greater than h. 
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50. Similarly it may be shewn that 

{a --h - c) d = ad ~hd - cd^ 

and henoe we obtain the following general role for finding the 
product of a single symbol and an expression consisting of two or 
more terms. 

'^ Multiply each of the terms by the single symbol, and connect 
the terms of the result by the signs of the several terms of the 
compound expression." 

51. From this it follows an expression containing several 
terms may be expressed in factors, whenever a particular number 
or symbol is found as a factor of each term. Thus 

a* + a* + a = a (a* + a + 1 ), 

SB* + afy + xy* = a; (a* + ory + ^, 

2a* + 6a + 8 = 2(a«+3a + 4). 

Examples.— VI. 
Multiply 

1. a + 6 — c by a. 

2. a+36-4c by 2a. 

3. cf + 3a* + 4a by a. 

4. 3a*-5a*-6a + 7 by 3a*. 

5. a*-2a6 + 6* by ah. 

6. a*-3a*6* + y by 3a'6. 

7. 8m* + 9ww + IOti* by mw. 

8. 9a* + 4a*6 - 3a*6* + 4a*6* by 2ah. 

9. a»y«-a:»y« + a^-7 by xy. 

10. m*-3m'7H-3mw*-n* by n. 

1 1. 12a*6 - Qa^'V' + 5a6* by 12a*6*. 

12. 13aj»-17iB'y + 5a:y*-2^ by Sxy. 
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Express in feictors 

13. a^ + So' + ^iB. 

14. o'y + a^ + s/'. 

15. 2««-4. 

16. 9aj'4-27a;'+36aj. 

17. 5aj»y+ 10ay-15a^. 

18. 12a»" + 3a;V + 9«". 

52. We next proceed to the case in which both multiplier 
and multiplicand are tvx) comp(mnd expreadons. 

First to multiply a + 6 into c-^d. 

Bepresent c-\-d\yj x. 

Then (a + 6) (c + c?) = (a + 6) a; 

= ax + hxy hj Art. 48, 

= ac-had+bc-{-bdj by Art. 48. 
The same result is obtained by the following process : 

a-hh 



ac-\-ad 

+ bc + bd 



ac + ad -^ he + bd 

which may be thus described : 

Write a + 5 considered as the mvltiplier under c-^d considered 
as the multiplicand^ as in common Arithmetic. Then multiply 
each term of the multiplicand by a, and set down the result. 
Next multiply each term of the multiplicand by by and set down 
the result under the result obtained before. The sum of the two 
results will be the product required. 

Note, The second result is shifted one place to the right. 
The object of this will be seen in Art. 55. 
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53. Next, to multiply a + b into c — d. 

Represent c — dhyx. 

Then {a + h){c-d) = {a + b)x ^ 
= ax+ bx 

= a(c-d) + b{€"d) 
= dc — (id -h be — bd, hy Art. 49. 

From a comparison of this result with the factors from which 
it is produced it appears that if we regard the terms of the multi- 
plicand c — d as independent quantities, and call them + c and — d, 
the effect of multiplying the positive terms + a and + b into the 
positive term 4- c is to produce two positive terms + ac and + be, 
whereas the effect of multiplying the positive terms -f a and + b 
into the negative term — c? is to produce two negative terms — ad 
and — bd. 

The same result is obtained by the following process : 
c-d 
a-^-b 



ac^ad 

+ bc-bd 
ac — ad+ bc—bd 
This process may be described in a similar manner to that in 
Art. 52y it being assumed that a positive term multiplied into 
a negative term gives a negative result. 

Similarly we may shew that a — 6 into c + d gives 
ac + ad—bc — bd, 

54. Next to multiply a — b into c — d. 

Represent c - c? by «. 

Then (a- 6)((j-c?) = {a-b)x 
= ax—bx 

= a {c — d) - b {c — d) 
= (ac- ad) - (be — bd), by Art. 49, 
=^ ac — ad — be -{- bd, by Art. 18, Case iv. 

uigitizea Dy vjjv_^v_/v lv. 
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When we compare this result with the factors from which it 
is produced, we see that 

The product of the positive term a into the positive term c i^ 
the positive term ac. 

The product of the positive term a into the negative term - d 
is the negative term — ad. 

The product of the negative term - 6 into the positive term c 
is the negative term — he. 

The product of the neg.ative term —.6 into the negative term 
— c? is the positive term hd. 

The multiplication of a — 5 by c — c? may be written thus : 

c~d 
a — h 



ac — ad 
-bc-hbd 

ac — ad—bc + bd 

The results obtained in the preceding Article enable us to 
state what is called the Bule of Signs in Multiplication, which is 

" The product of two positive terms or of two negative terms is 
positive : the product of two terms, one of which is positive and the 
other negative^ is negative,^' 

We shall now give some examples in illustration of the princi- 
ples laid down in the last three Articles. 

55. JSxamples in Multiplication worked out. 

(1) Multiply x + 5 by a? + 7. 

x-\- 5 
x-\- 7 



+ 7a; + 35 

o' + lSic+SS 
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The reason for shifting the second result one place to the 
right is that it enables us generally to place like terms under each 
other, 

(2) Multiply x-5 by as + 7. 

a? — 5 

aj + 7 



+ 7aj-35 
a"+2a;-35 



(3) Multiply aj + 5 by aj-7. 

rc + S 
aj-7 



-7a:-35 
jc«-.2a:-35 

(4) Multiply a? - 5 by aj - 7. 



a?- 


6 




aj — 


7 




»•- 


5aj 




- 


7a; + 


35 



a?-lix + Z5 



(5) Multiply a? + y' by (c'-y*. 
as' + y' 
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(6) Multiply Zax—bhy hj 7ax—2bi/. 

Sax-- 5by 
7 ax- 2hy 

21oV-35a6ajy 

- 6aja;y4-106y 

21aV-41a6ajy + 106y 

5Q. The process in the multiplication of factors, one or both 
of which contains more than two terms, is similar to the pro- 
cesses which we have been describing, as may be seen from the 
following examples : 

(1) Multiply a? + QDy-\-y^ by x-y, 

a^ + ocy +^ 
X -y 

a^ + x'y + xy^ 
-x^y-xy'-y^ 



x'-y' 

(2) Multiply a" + 6a + 9 by a» - 6a + 9. 

a"+ 6a +9 
a'- 6a +9 



a*+ 6a" + 9a" 

- 6a»-36a»-54a 

+ 9a» + 54a + 81 

a* -18a" +81 

(3) Multiply 3a" + 4rcy-y' by 3x' - ixy -^ y^. 

Sa?+ 4tOsy - y* 
3ic'— 4ajy + y" 

9aj*+12ajV- ^ic'y" 

-12a'y-16aj»y" + 4V 

+ 3a;y + 4a^-2/* 
9a;*-16a:"/+ 8x/ -^y* 
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(4) To find the continued product of » + 3, oj + 4, and x+Q, 

To effect this we must multiply a: +3 by a + 4, and then 
multiply the result by sc + 6. 



«+ 3 
a3+ 4 



«!' + 

+ 


3aj 
4a; 


+ 12 




X + 


7x 
6 


+ 12 




+ 




+ 12a! 

+ 42a! + 


72 



»» + 13a:' + 54a; + 72 

Nois. The numbers 13 and 54 are called the coefficients of 
remand 05 in the expression a;* + 13a^ + 54aj + 72, in accordance 
with Art. 44. 

(5) Find the continued product of a; + a, x + b, and as + c. 



x + a 




x + b 




a^ + ax 




+ 5aj -hab 




ixf-hax+bx + ab 




x + c 




a^ + aoi^ -h bx^ -^ abx 




■hca^+acx+bcx + 


ahc 



»* + (a + 6 + c)a^ + (a6 + oc + 6c)a; + ahc 

Note. The coefficients of a? and a; in the expression just 
obtained are a + 6 + c and ab-^cbc + bc respectively. 

When a coefficient is expressed in letters^ as in this example, 
it is called a literal coefficient. 
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Examples. — ^VII. 
Multiply: 

1. a; + 3 by a; + 9. 6. a-3bya-5.* 

2. aj+16 by a;-7. 6. y-6byy+13. 

3. aj-12 by a+10. • 7. a«-4bya;«+5. 

4. a;-8bya:-7. 8. iB»-6iB + 9 by a5«--6aj + 5. 

9. a* + 5a;-3 by aj"-5a;-3. 

10. a"-3a + 2 by a*-3a' + 2. 

11. a3"-a5 + l by o' + aj-l. 

12. o' + ajy + y* by o^-ajy + y*. 

13. ic' + icy + y" by a-y. 
J4. a'-aj* by a* + aV + aj*. 

15. aj"-3a' + 3aj-l by aj"+3aj+l. 

16. aj» + 3ajV + 9ajy* + 27y by a;-3y. 

17. a« + 2a«6 + 4a6' + 86'» by a-26. 

18. 8a« + 4a'6 + 2ai« + 6» by 2a-6. - 

19. a» - 2a»6 + 3a6« + 46* by a' - 2ah - 36*. 

20. a« + 3a*6-2a6*+36» by a«+2a6-36\ 

21. a*-2aa;+4a' by a' + 2ax + ix'. 

22. 9a' + 3aa; + aj' by 9a' - 3aa; + a". 

23. a* - 2aa;" + 4a* by x* + 2aaf + 4a". 

24. a' + 6'+c*-a6--ac-6c by a + 5 + c. 

25. aj» + 4ajy4-5y" by aj"-3a;'y-2a;y'+3y^ 

26. aft + cc? + oc + 5(3? by a6+cc? — oc— 6c?. 

Find the continued product of the following expressions : 

27. x-a^ x + a, a^-^a\ x* + a\ 

28. aj-a, x-hh, x-^c. 
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29. !-«, 1+0^ \+x% l+JB*. 

30. a-y, aj + y, «"-ay + y*, a" + ay + y". 

31. «-«, a + fic, a' + os", «*+«*, a' + as*. 

Find thQ coefficient of a; in the following expansions : 

32. (aj-a)(aj-i)(a;-c). 

33. («-2)(aj-3)(a; + 4). 

34. (aj'+3aj-2)(aj»-3a:+2)(aj*-5). 

35. (»■-«+ l)(»" + a:-l) (»*-«■ + 1). 

36. (aj'-9na?+l)(aj'-»KB-l)(aj*-m*a:-l). 

57* Our proof of the Rule of Signs in Art 54 is founded on 
the supposition that a is greater than h and c is greater than d. 

To include cases in which a is greater than h, or c greater 
than d, we must eoctend our definition of Multiplication. For 
the definition given in Art. 36 does not cover this ca£(e, nor in- 
deed can any definition cover it, for to demand that c shall be 
taken —d times is to demand what is impossible. 

Still as we frequently are required to find a product where one 
of the fisictors is an isolated negative quantity we are bound to 
exhibit the process by which we arrive at the result. 

We extend, then, our definition of Mtdtiplication in the fol- 
lowing way. *^Bj/ Mvltiplication we mean such cm operation 
ikaJt, the prodtict of the factors a — i and c — d will he equivalent to 
ac — ad—bc + bd, whatever may he the values of a, 6, c, c?." 

Kow since 

(a — b)(c — d) = ac-'ad — bc + bd, 

make a = and d = 0. 

Then (0-6)(c-0) = Oxc-OxO-6c + ixO, 

or — J X c = — &c. 
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So also we may shew that 6 x — c » — 6c* 
Simikrlj it may be Bhewn that 

Examples.— VIIL 
Multiply : 

L a* by -J. 2. a« by -a*. 

3. a*i by -oft*. 4. -4a«6 by- Soi*. . 

5. Myhy^^xi^. 6. a»-a6 + 6* by -o. 

7. 3a* -f 4a*- 6a by -^a*. 

8. ^a*-a*^a by -a-1. 

9. 3a»y- 5a^ + 4^* by -2«- 3y. 

10. -5ii»*-6w» + 77i" by -w + w. 

11. 13r"-17r-45 by ~r-3. 

12. 7aJ"-8a'«-9«* by -«-». 

13. -aj* + aj*y-^y* ^7 -y-«« 

14. -y"-a5y*-ir^y-aj" by -« -y. 

58. To this part of Algebra belongs the process called /n- 
vo^u^iort. This is the operation of multiplying a quantity hy iiaelf 
any number of times. 

The power to which the quantity is raised is expressed by 
the number of times the quantity has been employed as a factor 
in the operation. 

Thus, as has been already stated in Art. 45, 

a* is called the second power of a, 

a' is called the third power of a. 

59. When we have to raise negative quantities to certain 
powers we symbolize the operation by putting the quantity in a 
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bracket with the letter denoting the index (Art 45) placed -over 
the bracket on the right hand. . 

Thus (— a)* denotes the third power of — a, 

(- 2xy denotes the fourth power of — 2x. 

60. The signs of all even powers of a negative quantity will 
be positive^ and the signs of the odd powers will be negative. 

Thus • (-a)» = (-a)x(-a) = a', 

(^a)» = (-a).(-a).(-a) = aV(-a)=:-a«. ' 

61. To raise a simple quantity to any power we midtiply the 
index of the quantity by the number denoting the power to which 
it is to be raised, and prefix the proper sign. 

Thus the square of a' is a*, 

the cube of a' is a% 

the cube of — o'y^* is - x^yhK 

62. "We form the second, third and fourth powers of a + 6 in 
the following manner : 

a + b 
a + b 





by- 

b)'-. 

by^ 


a' + ab 
+ ab +b' 


+ b* 
+ b' 


+ h* 




(«4 


= a' + 2ab + b' 
a + b 


/Google 


(a + 


,+ a'b + 2ab' 
a + b 




a*+3a'b+3a'b* 
+ a'b + 3a'b^ 


+ ab' 
+ 3ab' 


(a4 


= a* + ia'b + 6a'b* 


+ M>' 


+ b* 
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Here observe the fpllowing laws : 

1. The indices of a decrease by unity in each term. 

2. The indices of h increase by unity in each term. 

3. The numerical coefficient of the second term is always 

the same as the index of the power to which the 
binomial is raised. 

63. We form the second, third and fourth powers of a- 6 in 
the following manner : 

a — h 
a — b 





-by-, 
-by. 
-by> 


a'- 


-ab 
-ab +b' 


•i» 




(«■ 


a- 


-2«6 + 6» 






a'- 


-2a'b + ab' 
- a'b+2ab'- 




(a. 


a- 


-3a'b + Sab'- 
-b 


-6" 






a*- 


-Wb + ia'h' 
- a'b + Sa'b' 


-3ab' 


+ b* 


(«- 


= a*- 


-ia'b + 6a'b' 


-iah' 


+ b* 



Now observe that the powers of a — J do not differ from the 
powers of a+b except that the terms, in which the od(f powers 
of i, as Jb^, b*, occur have the sign — prefixed. 

Hence if any power of a + 6 be given we can write the corre- 
sponding poT^er of a — i : thus 

since {a + 6)* = a* + 5a*b + 10a«6" + lOaV + 5a6* + b\ 
(a - by = a* - 5a'b + lOaV - lOaW + 5ab' - b' 
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64. To form the square of a trinomial : 
a +6 + C 



a* + oi + ac 
+ a6 + 6* + 6c 



If we examine this result we see that it is composed of two 
sets of quantities : 

I. The squares of the quantities a, hy c* 

2» The double products of a, h^ c taken two and two. 

Now, if we form the square of a — 6 — c, we get 

a —b — e 
a —b — c 



a* — ah — etc 
^ah+b' + bc 
— ac + bc + c^ 

a' - 2ab + b' -2ae + 2bc + c^ 
The law of formation is the same as before, for we have 

1. The squares of the quantities. 

2. The double products of a, — 6, - c taken two by two: 

the sign of each result being + or — , according as 
the signs of the algebraical quantities composing it 
are like or unlike. 
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65. The same law holds good for expressions containing more 
than three terms, thus 

(a + 6 +<? + €?)• = a* + 6* + c' + cr + 2a5 + 2a<? + 2a^+2fc + 2M+2af. 

(a-.64-c-^)*=:a» + 6* + c» + cf-2a5 + 2ac-2a^-2fc+2W-.2cc;. 

And, generally, the square of an expression containing 3j 3^ 4 
or more terms will be formed bj the following process : 

'^ To the sum of the squares of each term add twioe the product 
of each term into each of the terms that follow it." 







EXAHFLES.- 


-TX. 


rm i 


tlie square ( 


of each of the following express 


1. 


x + a. 


11. 


m + n-p-r. 


2. 


x—a. 


12. 


a!'+2a!-3. 


3. 


x + ^. 


13. 


af-Qx+l. 


4 


x-Z. 


14. 


2a?-7x+9. 


6. 


a? + y'. 


15. 


«?• + »•-«•. 


6. 


^-y'. 


16. 


in^-Wy' + y. 


7. 


cf + V. 


17. 


a' + J' + c*. 


& 


a*-b*. 


18. 


aj'-y'-a'. 


9. 


x + y + z. 


19. 


x + 2y- 3«. 


10. 


x-y + z. 


20. 


a?-2y' + 5s?. 



Expand the following expressions : 

21. (x + ay. 26. (a»-iy. 

22. («-«)». 27. (a + 6 + c)». 

23. (aj + l)». 28. (a-6-c)'. 

24. (aj-l)'. 29. (m + w)*.(m-n)*. 

25. {x + 2)\ 30. {m + n)\{m^-n'). 
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66. An algebraical product is said to be of 2, 3 dtTnen- 

810718, when the sum of the indices of the quantities composiDg 
the product is 2, 3 

Thus ah is an expression of 2 dimensions, 

_ s a'b'c is an expression of 5 dimensions. 

67. An algebraical expression is called homogeneous when 
each of its terms is of the same dimensions. 

Thus of + Qcy ^ y* is homogeneous, for each term is of 2 dimen- 
sions. 

Also 3aj* + ia?y + 5^" is homogeneous, for each term is of 
3 dimensions, the numerical coefficients not affecting th^ dimen- 
sions of each term. 

68. An ex'pression is said to be arranged according to powei-s 
of some letter, when the indices of that letter occur in the order 
of their magnitudes, either increasing or decreasing. 

Thus the expression a* -I- a^x -f- oaj* -i- oj" is arranged according 
to descending powers of a, and ascending powers of x. 

69. One expression is said to be of a higher order than 
another when the former contains a higher power of some distin- 
guishing letter than the other. 

Thus a' + a'jB + 005" + aj' is said to be of a higher order than 
a' + ax + a^y with reference to the index of a. 



Digitized 



by Google 



CHAPTER III. 

ON THE RESOLUTION OF EXPRESSIONS INTO FACTORS. 

70. We shall discuss in this Chapter an operation which is 
the opposite of that which we call Multiplication. In Multipli- 
cation we determine the product of two given factors : in the 
operation of which we have now to treat the product is given and 
tlis /actors have to be/oimd, 

71. For the resoltdion, as it is called, of a product into its 
component factors no rule can be given which shall be applicable 
to all cases, but it is not difficult to expldin the process in certain 
simple cases. We shall take these cases separately. 

7i. The simplest case for resolution is that in which all the 
terms of an expression have one common factor. This factor can 
be seen by inspection in most cases, and therefore the other factor 
may be at once determined. 

Thus a'-^ab = a{a-{-b)f 

2a' + 4a" +Sa = 2a (a* + 2a + 4), 

daf^jZ-lSaf^ + Sixt/ = 9xt/ (aj*- 2a:y + 6). 



EZAHFLES.- 


-X. 


Besolve into &ctors : 






1. Bai'-lBx. 


B. 


af-aaf + ha^ + ex. 


2. 3a^+18ai'-6a!, 


6. 


3«'y'-21«y + 27ajy. 


3. 49y»-14y + 7. 


7. 


Bia'b'+10Sa'b*-2i3a'b'. 


4. ia?f/-lixy + 8xi^. 


8. 


45a!y'-0.0«'y'-360«V- 
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42 ELEMENTARY ALGEBRA. 

73. The next case in point of simplicity is tliat in which four 
terms can be so arranged, that the first two have a common 
fiictor and the last two have that same Victor as a common factor. 

Thus 

g^ + ax + hx-k-ah = (a^ + oo;) + (&e + a5) 

= aj(a; + a) + 6(aj + a) 
= (a? + i) (« + «)• 
Again 

ac-orf-6c + M=(ac-a6?)-(5c-W) 
= a(c-cf)-6(c-.cf) 



EXAMPLES.- 


-XL 


Eesolve into factors: 




1. a?-'Cm-hx-\-ah. 5. 


aha^-aacy+hxy^ff. 


2. ai + ax-bx-a^. 6. 


abx-aby-^-cdx-cdy. 


3. ftc + 6y-cy-y*. 7. 


cda^-^drnxy-'Cmayy-mm^. 


4. bm-^rnn-hah+an. 8. 


abcx^h^dx-acdy-^hd^y. 



74. Before reading the Articles that follow the student is 
advised to turn back to Art. 55, and to observe the manner in 
which the operation ofv multiplying a binomial by a binomial 
produces a trinomial in the Examples there given. He wiU then 
be prepared to expect that in certain cases a trinomial ccm be re- 
solved into two binomud /actors, examples of which we shall now 
give. 

75. To find the factors of - 

aj* + 7a:+12. 
Our object is to find two numbers whose product is 12, 

and whose sum is 7. 
These will evidently be 4 and 3, 

.'. a" + 7a5+12 = (aj + 4)(aj + 3). 
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Again, to find the fitctors of 

«" + 56aj + 66". 
Our object is to find two numbers whose product is 6&S 

and whose sum is 56. 
These will clearly be Zb and 26, 

*•. aj" + 56aj+66» = (aj + 36)(aj + 26). 

Examples.— XIE 

Resolye into factors i 

\. aj* + llaj + 30. 9. j/* + 19ny + 48/i«. 

2. «*+17aj + 60. 10. «* + 29/?»+100p». 

3. y* + 13y+12. 11. a;* + 5aj*+6. 

4. y» + 21y+110. 12. ^• + 4a? + 3. 

5. m»+35»» + 300. 13. a:*y»+ 18a:y + 32. 

6. w* + 23w + 102. 14. a;«y* + 7ajy+12. 

7. a* + 9aJ + 86». 15. m*V10m»+16. 

8. aj" + 13«ia + 36m*. 16. n« + 27n3' + 140^. 

76. To find the factors of 

ic'-9aj+20. 
Our object is to find two negative terms whose product is 20, 

and whose sum is — 9. 
These will clearly be — 6 and — 4, 

.-. a*-9a; + 20 = (aj-6)(aj-4). 

Examples. — ^XIIL 
Kesolve into Actors : 

1. jb*-7aj+10. 6. n»-57n+56. 

2. «"-19aj+190. 7. a*-7a? + 12. 

3. y* - 23y + 132. 8. aV - 27a6 + 26. 

4. y»-30y+200. 9. 6V-116V + 30. 
5.. n"-43n + 460.. 10. ajfy'a;*- 13*3^ + 22. 
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77. To find the factors of 

aP + 5a;-84. 

Our object is to find two terms, one positive and one negative, 
whose product is — 84, and whose sum is 5. 

These are clearly 12 and —7, 

.-. aj" + 5aj-84 = (aj + 12)(aj-7)/* 



Examples. — ^XIY, 



Resolve into factors : 

1. a^ + 7a;-60. 

2. a:*+12aj-45. 

3. a*+lla-12. 

4. a«+13a-140. 

5. 5* + 136 -300. 



6. 6« + 256-150. 

7. a» + 3a;*-4. 

8. a:*y* + 3a;y-154. 

9. m" + 15m»-100, 
10. w« + 17n-390. 



78. . To find the factors of 

a:'-3a;-28. 

Our object is to find two terms, one positive and one negative, 
whose product is — 28, and whose sum is — 3. 

These will clearly be 4 and — 7, 

.-. aj*-3aj-28 = (aj + 4)(a;-7). 





EXAHPLES. 


—XV. 


ioIt 


e into factors : 




1. 


af-Sa!- 66. 


6. «'-15a-100. 


2. 


x*-U-l%. 


7. «"-9a!'-10. 


3. 


m'-9»»-22. 


8. e'd'-^icd-UQ. 


4,, 


n'-ll»-60. 


9. m'n'-m'n-2. 


5. 


y«_13y-14. . 


10. ^y*-5pV-84. 
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79. We have said, Art 45, that when a number is multiplied 
by itself the result is called the Square of the number, and that 
the figure 2 placed over a number on the right hand indicates 
that the number is multiplied bj itsel£ 

Thus ^ a* is called the square of a^ 
(05— y)* is called the square of x-'y. 

The Square Koot of a given number is that number whose 
square is equal to the given number. ' 

Thus the square root of 49 is 7, because the square of 7 is 49. 

So also the squai*e roQtof a' is a, because the square of a is a': 
and the square root of (as- y)* is a— y, because the square oi x — y 
is (x-yy. 

The symbol ^ placed before a number denotes that the square 
root of that number is to be taken : thus ^25 is read '* the square 
root of 25." 

Note. The square root of a positive quantity may be either 
positive or negative. For 

since a multiplied by a gives as a result a', 
and — a multiplied by — a gives as a result a\ 

it follows, from our definition of a Square Boot, that either a or 
— a may be regarded as the square root of a*. 

But throughout this chapter we shall take only the positive 
value of the square root. 

80. We may now take the case of Trinomials which are 
perfect squares, which are really included in the cases discussed in 
Arts. 75, 76, but which, from the importance they- assume in a 
later part of our subject, demand a separate consideration. 

81. To find the factors of 

a*+12a; + 36. 
Seeking for the Actors according to the hints given in Ai*t. 75 
we find them to be a; + 6 and x-^6. 
That is «• + 12aj+ 36 = (a + 6)». 
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Examples.— XVL 


Besolve into factors : 




1. as* + 18a! + 81. 


6. a*+14a'+A9. 


2. «' + 26a!+169. 


7. ai'+10a!y + 25y'. 


3. a? + 34a! +289. 


8. »»«+16»»V + 64n*. 


4. y' + 2y+l. 


9. a!* + 24a!' + 144. 


5. a* + 200a + 10000. 


10. «?y+162ay + 656L 


82. To find the factors of 




a?- 


12a! +36. 



Seeking for the &ctors according to the hints given in Art. 76, 
we find them to be a; — 6 and 05 — 6. 

That is, (B*- 12aj + 36 = («- 6)«. 

Examples.— XVII. 
Resolve into fiu^tors r 

1. aj«-8«+16. 6. aj*-22x«+121. 

2. aj*-28aj+196. 7. aj'-30a^ + 225/. 

3. aj»-36a; + 324. 8. m*~32mV + 256»\ 

4. y«-40y + 400. 9. «•- 38a:« + 36U 

5. «• - 100« + 2500. 10. a»y* ~ Sixi/ + 1764. 

83. We now proceed to the most important case of Resolution 
into Factors, namely that in which the expression to be resolved 
can be put in the form of two squares wUk a negative sign 
between them. 

Since m* — w* = (w + n) (m — n), 

we can express the difference between the squares of two quan- 
tities by the product of two fiswjtors, determined by the following 
method : 

Take the square root of the first quantity, and the square 
root of the second quantity. 
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The sum of the results will form the first &iotor. 

The difference of the results will form the second &cton 

For example^ let a'- 6' be the given expression. 

The square root of a' is a 

The square root of 6' is 6. 

The sum of the results is a + &. 

The difference of the restdts is a-&. 
The &Gtors will therefore be a + & and a-h, 
that is, a"-6»=(a + 5)(a-6). 

84. The same method holds good with respect to compound 
quantities. 

Thus, let a'— (i — c)' be the giyen expression. 

The square root of the first term is a. 

The square root of the second term is 5 — e. 

The sum of the results is a + h^c. 

The difference of the results l3 a—b + c. 

.•. a»-(6-c)* = (a + 6-c)(a-6 + c). 
Again, let (a — i)* — (c — ^)* be the given expression. 

The square root of the first term is e;^ - 5. 

The square root of the second term is c — d. 

The sum of the results is a-6 + c-cf. 

The difference of the results is a - 6 - c + A 
... (a-6)«-(c-^)' = (a-6 + c-e/)(a-6-c + cf). 

85. The terms of an expression may often be arranged so as 
to form two squares with the negative sign between them, and 
then the expression can be resolved into factors. 



Digitized 



by Google 



48 ELEMESTARY ALOEBRi, 

Thus a» + 6*-c*-(?" + 2a5 + 2<^ 

= a* + 2a6 + 6* - c" + 2ce? - f?' 





Examples.— XVIII. 




Resolve into two Motors : 








1. 


o^-y'. 


11. 


(o_6)«_c'. 




. 2, 


af-9. 


12. 


(^•-(OT-n)', 




3. 


W-25. 


13. 


(fl + h)'-{e + d)\ 




4, 


a* -of. 


14. 


{x + yy-{x-yy. 




5. 


a*-l. 


15. 


«'-2a!y + y'-«'. 




6. 


«•-.!. 


16. 


(a-by-{m + n)'. 


■ 


7. 


a;"-!. 


17. 


a'-2ae + e*-b*- 


2W-<i'. 


8. 


TO*- 16, 


18. 


2bc-b'-c'+a'. 




9. 


36/- ^g**. 


19. 


2i»y + a'+y-«'. 


\»- 


10. 


81iB'/-121aV. 


20. 


2mn-m'- n'+ a'+ 6'-2«6. 
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CHAPTER IV. 

DIVISION. 

86. Division is the process by which when a product is given 
and we know <yne of the £Eu;tors the other factor is determined. 

The product is, with reference to this process, caUed the 
Dividend. 

The given &ctor is called the Divisob. 

The &ctor which has to be found is called the Quotient. 

87. The operation of Division is denoted by the sign -^ . 
Thus ab-T-a signifies that a5 is to be divided by a. 

The same operation is denoted by writing the Dividend over 

the Divisor with a line drawn between them, thus — . 

a 

In this Chapter we shall treat only of oases in which the 
Dividend contains the Divisor an exact number of times. 

Oase L 

88. When the Dividend and Divisor are each included in a 
single term we can usually tell by inspection the fiustors of which 
each is composed. The Quotient will in this case be represented 
by the factors which remain in the Dividend, when those factors 
which are commcm to the Dividend and the Divisor have been 
removed from the dividend* 
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Thus ^=a, 

3a' Zaa „ 

— = = 3a, 

a a ^ 



aaa 



= cui^^a . 



Thus when one power of a number is divided by a smaller 
power of the same number the quotient is that power of the 
number whose index is ih^ difference between the indices of tlie 
dividend and the divisor. 



Thus -5^ 

a* 



-— -— s 5a^h 
dab 



89. The quotient is unity when the Dividend and the 
Divisor are equal 

Thus -=1; ^=1; 

and this will hold true when the Dividend and the Divisor are 
compound quantities. 

Thus ^J=l; ^=1. 

a + 6 « -y^ 

Divide 

1. 9fhj a», 6. 72a*5V by 9oVc, 

2. «j" by «». 7. 256a»6V by 16a6c», 

3* xY by a:y. 8. 1331mV*jp" by llmV^*. 

4. afy*«' by a^«, 9. 60aVy» by 5ay, 

6. 24a6*c by 4a6* 10. 96aWc8 by 126c* 
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90. If the Divisor be a single term, while the Dividend con- 
tains two or more terms^ the quotient will be found by dividing 
each term of the Divisor separately by the Dividend and connecting 
the results with their proper signs. 

Thus = a + 6, 

X ' 

aV-\-aV-\-ax , , , 

= a'ar + oo? + Ij 

cue 



Divide 



Examples. — XX. 

1. »" + 2aj" + a by «. 

2. y'-j^ + y'-s/' by y». 

3. Sa* + 16a*6 + 2iab* by 8a. 
i* mpoc^ + m'p'x' + m*p* by mp. 

5. 16a»ajy-28aV + 4aV by ia'x. 

e. 72a»y«- 36a:y- ISajy by Qaj'y. 

7. 8l7»V-54wV+27wV;> by 3wV. 

8. 12a;y - 8ajy - iafy* by 4aj». 

9. 169a*6 - 117aV + 91a'6 by 13a'. 
10. 3816V + 2286V - 1336V by 196«c. 

91. Admitting the possibility of the independent existence of 
a term affected with the sign — , we can extend the Examples in 
JixtB, 88 — 90, by taking the first tei*m of the Dividend or the 
Divisor, or both, negative. In such cases we apply the Rule of 
Signs in Multiplication to form a IliUe of Signs in Division. 
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Thus since — a x 6 = — a5, we conclude that — j— = — a, 

ax-6 = -o5, .^^^=a, 

-ax-6 = ai, , • — r = -a: 



and hence the rules 

I. When the Dividend and the Divisor have the same 
sign the Quotient is positive* 

IL When the Dividend and the Divisor have different 
signs the Quotient is negative. 

92. The following Examples illustrate the conclusions just 
obtained : 

(I) ^—'^ 

(4) « - a + 6. 

Examples. — ^XXI. 
Divide 

1. 72a6 by -9a6. 

2. -60a« by -.4a'. 

3. -84«»y» by 4a^y". 
4 -18mV by Smn. 
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Divide 

5. -128aVc by -.85c. 

6. -aV-aV-aa5 by -aas» 

7. -34a' + 51a'-.17aa' by 17a. 

8. -8aV-24a*y + 32a'^5» by ~4aW. 

9. - Uisi? + 108a:'y - 96«/ by 12a^ 
10. 6V««-.6V«*-6y«">y -6V. 

Case III. 

93. The third case of the operation of division is that in 
which the Divisor and the Dividend contain more terms than one. 
The operation is conducted in the following way : 

Arrange the Divisor and Dividend according to the powers 
of some one symbol, and place them in the same line as 
in the process of Long Division in Arithmetia 

Divide the first term of the Dividend by the first term of 
the Divisor. 

Set down the result as the first term of the Quotient. 

Multiply all the terms of the Divisor by the first term of 
the Quotient. 

Subtract the resulting product from the Dividend. If there 
be a remainder, consider it as a new Dividend, and 
proceed as befor& 

The process will best be understood by a careful study of the 
following Examples : 

(1) Divide a' + 2a6 + 6" by a + 6. ^ 

a + 6) a"+2a5 + 6* (a + 6 
a'+ah 



ab-\-b' 
ab-hb' 
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(2) Divide a* - 2ai + 6" by a - 6. 
a"— oj 

-ab + V 



(3) Divide aj*-y* by aj*-y*, 

«*y* - a*y* 
aj'y* - y* 

(4) Divide a^-4aV + 4aV-a« by aj»-a". 
jB«-a')a^-4aV + 4aV-"a*(aJ*-^3aV + a* 

a* — a V • 



-3aV + 4aV-a« 
- 3aV + 3aV 



(5) Divide Sajy + a^ + y"-! by y + aj-1, 
arranging the Divisor and Dividend according to descending 
powers of as. 

aj + y-l)aj'+3ajy + y'-l (ai'-a:y + a: + y* + y+ 1 
aj' + aj*y - «* 







■Say- 


fy-- 


-1 




as*- 


fa!y' + 2a!y + y"-l 
f«y-a! 

a:!S/» + a!y + a! + ^-l 

asy'+y'-y* 






ay + as + y*-! 
asy + y'-y 






a!+y-l 
a!+y-l r 
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94. We must now direct the attention of the student to two 
points of great importance in Division. 

1, The Dividend and Divisor must be arranged according 

to the order of the powers of one of the symbols 
involved in them. This order may be aacendmg or 
descending. In the Examples given above we have 
taken the descending order^ and in the Examples worked 
out in the next Article we shall take an ascending 
order of arrangement. 

2. In each remainder the terms must be arranged in the 
same order, ascending or descending, as that in which 
the Dividend is arranged at first. 

95. To divide 1-x* by »• + «* + «+!, 

arrange the Dividend and Divisor by ascending powers of Xy thus : 



l+x + af + x^ l-a;*(l-a; 



- oj - ic* — a° - aj* 

— « — «?• — «' — »* 



To divide 

48a^ + 6-35a^ + 58aj*-70a;'-23aj by 6»" - 5aj + 2 - 7a:', 

arrange the Dividend and Divisor by ascending powers of x, thus : 

2 - 5a; + e**- 7af) 6 - 23aj + 48»" - 70a« + 58aj* - 35a:* (3 - 4aj + So' 
6-15aj+18a:"-21a:» 



-8aj+30a:"-49a;' + 58a;* 
-8aj + 20a:*-24a:» + 28aj* 

""" 10a:"-25a:» + 30a:*-35a:* 
10a:»-25aj' + 30a;*-.35a:» 
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Examples.— XXII. 
Pi vide 

1. of+\5x + 50 by aj+10. 

2. iB*-17aJ + 70 by a5-7, 

3. aj' + aj-ia by «-3. 

4. »"-13a^-30y* by a?-15y. 

5. aj* + y* by a? + y. 

6. sc^-y* hj x — y. 

7. a*-6* + 26<j.-c* by a-^b + c. 

8. 6-36»+36«->6* by 6-1. 

9. a'-b'-<^ + d^-2(ad-hc) by a + J-c-rf. 

10. a^+j^ + z*-3xt/z by aj + y + «. 

11. a;" + y»^ by aJ« + y". 

12. 2?*+jE>j + 2/>r-2g^ + 75r-3r* by p-q + 3r. 

13. a» + a«6« + o*6* + o'6* + 6» by a* + a«6 + a V + a6» + 6*. 

14. rB' + a*y* + «y + aj'y* + 3/" ^7 a?* - «V + ^3^ - */ + y*- 

15. W-af + ix by 2a* + 3a;-i-2. 

16. a* -243 by a -3. 

17. A;**-* by Aj'^-I. 

18. aj'-5aj"-46a;-40 by a +4. 

19. 48aj»- 76aa;'- 64a*a: + 105a» by 2a;- 3a. 

20. 18a;*-45a^+82a«-67aj + 40 by 3a^-4a; + 5. 

21. 16a;*-72aV + 81a* by 2aj-3a. 

22. 81a:* -256a* by 3a; + 4a. 

23. 2a' + 3a«6-2a6«-36" by a* -h\ 

24. {x^ + 2a3i^-'a*x-'2a'' by »«-a*. 
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Divide 

25. af + a*a^"2a^ by a?-h2a\ 

26. a*-a«6«-126* by a*+36«. 

27. aJ*-9aj*-6a:y-y* by a5* + 3a; + y. 

28. a;*-6ic"y + 9aj«y«-4y* by «?• - 3a?y + 2y«. 

29. aJ*-81y* by aj-3y. 

30. a*- 166* by a -26. 

31. 81a*- 166* by 3a + 26. 

32. 16a;* -Sly* by 2a; + 3y. 

33. 3a*+ 8a6 + 46^+ 10ac + 86c + 3c» by a + 26 + 3c. 

34. a* + 4aV+ 16«* by a* + 2ax + isi?. 

35. »* + iB*y*+y* by of-ay + y*. 

36. 256a;*+16a*y* + y* by I6af + ixt/ + y\ 

37. ' flJ*-4aj'+6«».-4aj + l by af-2x+l. 

38. aaj' + 3aV-2a'aj~2a* by x-a. 

39. a"-iB* by a: + a. 

40. 2aj" + a?y-3y*-4y«-a»-«" by 2aj + 3y + «. 

41. 9aj+3a;*+14aj'+2 by l + 5x + x\ 

42. 12^38a?+82aj«-112aj»+106a;*-70a» by 7a;'-5a; + 3. 

43. »* + y* by sc^ - afy + a^y* - ost^ + i/^. 

44. (aV + 6»y')-(a'6* + a;y) by ckc -^hy -if ah •\- xy. 

45. a6(»* + y*) + ajy(a* + 6*) by aaj + 6y. 

46. aj* + (26^-a»)a^ + 6* by a" + a« + 6«. 

96. Before we proceed to describe other processes in Algebra, 
we shall give a series of examples in illustration of the principles 
already laid down. 

The student will find it of advantage to work every example 
in the following series, and to accustom himself to read and to 
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explain with facility those examples is which illustrations are 
given of what may be called the short-hand method of expressing 
Arithmetical calculations by the symbols of Algebra^ 



Examples. — XXTIT. 

1. Express the sum of a and h, 

2. Interpret the expression a — 6 + c. 

3. How do you express the double of a? 1 

4. By how much is a greater than 6 % 

5. If a; be a whole number what is the number next 
above it ] 

6. Write five consecutive numbers in order of magnitude, so 
that X shall be the third of the five. 

7. If a be multiplied into 'zero, what is the result ? 

8. If zero be divided by a, what is the residt ? 

9. What is the sum of a + a + a . . . written d times ? 

10. If the. Product be (tc and the Multiplier a, what is the 
Multiplicand ? 

11. What number taken from x gives ^ as a remainder ? 

12. ^ is a? years old, and £ ia y years old ; how old was A 
when B was bom 1 " 

13. A man works every day on week-days for x weeks in the 
year, and during the remaining weeks in the year he does not 
work at all. During how many days does he rest ? 

14. There are x boats in a race. Five are bumped. How 
many row over the counse ? 

15. A merchaut begins trading with a capital of x pounds. 
He gains a pounds each year. How much capital has he at the 
end of 6 years ? 

16. A and B sit down to play at cards. A has x sliillings 
and B y shillings at first. A wins 5 shillings. How much has 
each when they cease to play ? 
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17. There are 5 brothers in a funily. The age of the eldest 
is X years. Each brother is 2 years younger than the one next 
above him in age. How old is the youngest ? 

18. I travel x hours at the rate of y miles an hour. How 
many miles do I travel ? 

19. From a rod 12 inches long I cut off re inches, and then 
I cut off y inches of the remainder. How many inches are left ? 

20. If n men can dig a piece of ground in q hours, how many 
hours will one man take to dig it ? 

21. By how much does 25 exceed x% 

22. By how much does y exceed 25 } 

23. If a product has 2m repeated 8 times as a factor, how do 
you express the product ? 

24. By how much does a + 26 exceed a — 2})% 

25. A girl is x years of age, how old was she 5 years since ? 

26. A boy is y years of age, how old will he be 7 years 
hence? 

27. Express the difference between the squares of two num- 
bers. 

28. Express the product arising from the multiplication of 
the sum of two numbers into the difference between the same 
numbers. 

29. What value of x will make ix equal to 16 1 

30. What value of a; will make 28® equal to 66 1 

X 

31. What value of sb will make ^ equal to 4 1 

32. What value of a? will make x+2 equal to 9 1 

33. What value of a will make x- 7 equal to 16 1 

34. What value of a will make «'+ 9 equal to 34 1 

35. What value of a; will make a^- 8 equal to 92 1 
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Examples.— XXIV. 
Explain the operations symbolized in the following expressions : 

(1) a+b. (8) J7. 

(2) a'-h\ (9) 7?T7. 

(3) 4a' + 6*. (10) a + 2(3-c). 

(4) 4 (a* + 6'). (11) (a + 2)(3-c). 

(5) a' -26+ 3c. (12) '^~. 

(6) a + my.b-e. (13) ^^Zl^. 

(7) (a + «»)(6-c). (14) ^^^. 

v«+y 

EXAHPLES.— XXV. 

If a stands for 6, b iot 5, x for 4, and y for 3, find the value 
of the following expressions : 

(1) a + x-b-y. (14) JEb. 

(2) a + y-b-x, (15) ^. 

(3) 3a + 4y-6-2!e. (16) {Ji)*. 

(4) 3(» + 6)-2(a:-y). (17) iJa + b)'. 

(5) (a + a:)(6-y). (18) ^/56i. 

(6) 2a+3{x + y). (19) 72^. 

(7) (2a+3)(a,+y). (20) J^^- 

(8) 2a + 3a!+y. (21) 3a+(2a!-y)'. 

(9) ^. (22) {a-(6-y)}{«-(x-y)}. 

(10) abx. (23) (a-6-y)' + (a-x + y)'. 

(11) ab{x + i/). (24) 3(a + 6-y)'+4 (« + «)*. 

(12) ay(6 + a;)'. (25) 3{a-by + {ix-y')'. 



(13) ab{x-yy. 
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Examples. — XXYI. 

1. Rnd the value of 

3a5c--a' + 6* + c*, when a = 3, 6 = 2, c = l. 

2. Find the vaJae of 

a^ + y*-«'+3a^ when a;=3, y = 2, « = $. 

3. Subtract a" + c' from (a + c)*. 

4. Subtract (aj-y)* from 05* + y*. 

5. Find the coefficient of a; in the expression 

(a + 6)*a?~(a + 6aj)'. 

6. Find the continued product of 

^x-fif^ 2a; + n, a; + 2m, x-2n. 

7. Divide 

acf'+(6c + aef)r'+(6c? + a«)r + 6e by ar + 6; 
and test your result by putting 

a^b=^c = d=e=ly and r=10. 

8. Obtain the product of the four factors 

(a + 6 + c), (6 + c-a), (c + a-6), (a + 6-c). 

What does this become when c is zero ; when h + c = a; 
when a = 6 = c] 

9. Fiud the value of 

(a + 6)(6 + c)-(c + c?)(c? + a)-(a + c)(6-(f), 
when b ia equal to d, 

10. Find the value of 

3a + (26-c* + {c*-(2a+3i)} + {3c-(2a + 3*)}*, 
when = 0, 6 = 2, c= 4. 
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11. If a si, 6 = 2, o = 3| (f=4, shew that the numerical 
values are equal of 

{c/-(<.-6 + a)}{(c?+c)-(6 + a)}, 
and of d["-(c» + 6') + a« + 2(6c-a«?). 

1 2. Bracket together the different powers of as in the foUo win <; 
expressions : 

(a) aaf + bsc^-hcx + dx, 

(y) 4i«'-aa^-3aj'-6aj'-5aj-caj. 

(8) (a + aj)»-.(6-a;)«. 

(e) {niaf + qx+ 1)" - (naj'+ graj + 1)'. 

13. Multiply the three Actors aj — a, x — b, x — c together, 
and arrange the product according to descending powers of x, 

14. Find the continued product of (x + a) (aj + b) {x + c)» ' 

15. Find the cube of a-^b + c; thence without fiirther multi- 
plication the cubes of a + 6 — c; 6 + (?— a; c + a-b; and subtract 
the sum of these three cubes from the first 

1 6. Find the product of (3a + 2b) (3a + 2<? - 36), and test the 
result by making a = 1, 6 = c = 3* 

17. Find the continued product of 

a — Xy a + as, a'-^a^, a*-¥a:^, a^ + o*. 

18. Subtract (6-a)(c — c?) from {a — b){c — d). 
What is the value of the result when a = 26 and d = 2cl 

19. Add together (6 + y)(a + a;), aj-y, ax-by, and a(aj+y). 

20. What value of x will make the difference between 
(aj + l)(a; + 2) and (a; -- 1) (a? - 2) equal to 54? 

21. Add together ax-^bt/, «-y, a;(aj-y) and (a-a;)(6-y). 

22. What value of x will make the difference between 
(2a? + 4)(3aj + 4) and (3aj-2)(2aj-8) equal to 261 
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23. Add together 

2mx-3nf/, x + y, 4(m+n)(a;-y)y and mx + ny. 

24. Prove that 

(aj + y + «)* + «*+y' + «"=(a + y)" + (y + «)*+(aj + «)'. 

25. Find the product of (2a + 35) (2a + 3c - 2b), and test the 
result by making a= 1| 6=4, c=2. 

26. What Talue of x will make the difference between 
(aj+l)(a + 2) and (aj-l)(aj-2) equal to 541 

27. What value of x will make the dijQTerence between 
(2a5 + 4)(3a5 + 4) and (3aj-2)(2aj- 8) equal to 96? 

28. If a,b,Cf dyC ... denote 9, 7, 5, 3, 1, find the values of 
-^^; {bc'-ad){bd-'ce)', ^^^ ; and d»-c*. 

29. Find the value of 

3a5<?-a' + 6* + c^ when a=0, 6 = 2, c = l. 

30. Find the value of 

3a' + Y. when a = 4, 6 = 1, c= 2. 

31. Find the value of 

(a-6-c)*+(6-a-c)* + (c-o~6)* when a=l, 6 = 2, c=3. 

32. Find the value of 

(a+6-c)* + (a-6+c)' + (6+c-a/ when a=l, 6 = 2, c=4. 

33. Find the value of 

(a + 6)* + (6 + c)' + (c + a)' when a = -l, 6 = 2, c=-3. 
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Examples.— XXVIL 

1. Shew tbiit if the sum of any two quantities divide the 
difference of their squares, the quotient is equal to the difference 
of the two quantities. 

2. Shew that the product of the sum and difference of anj 
two quantities is equal to the difference of their squares. 

3. Shew that the square of the sum of any two consecutive 
integers is always greater by one than four times their product. 

4. Shew that the square of the sum of any two consecutive 
even whole numbers is four times the square of the odd number 
between them. 

5. If the number 2 be divided into any two parts, the differ- 
ence of their squares will always be equal to twice the difference of 
the parts. 

6. If the number 50 be divided into any two parts, the 
difference of their squares will always be equal to 50 times the 
difference of the parts. 

7. If a number n be divided into any two parts, the differ- 
ence of their squares will always be equal to n times the difference 
of the parts. 

8. If two numbers differ by a unit, their product together 
with the sum of their squares is equal to the difference of the 
cubes of the numbers. 

9. If the difference of the squares of two numbers be divided 
by the sum of the numbers, the quotient is equal to the difference 
of the numbers* 

10. Shew that the sum of the cubes of any three consecutive 
whole numbers is divisible by three times the middle number. 
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CHAPTER V. 

OK THE METHOD OF FINDING THE HIGHEST COMMON 
FACTOR. 

97. An expression is said to l>e a Factor of another expres- 
sion, when the latter is divisible by the former. 

Thus 3a is a &.ctor of 12a^ 

^xy of ISaj'y*. 

98. An expression is said to be a Common Factor of two 
or more other expressions, when each, of the latter is divisible by 
the former. 

Thus 3a is a common factor of 12a and 15a, 

bTry of 15a;y and 21a;y, 

4« of 8«, 12;5« and 16«'. 

99. The Highest Common Factor of two or more expressions 
is the expression of highest dimeTisiona by which each of the former 
is divisible. 

Thus 6a* is the Highest Common Factor of 12a' and 18a*, 

5a;'y of lOaj'y, 15ic»y* 

and 25x*^, 

100. That which we call the Highest Common Factor is 
termed by others the Greatest Comm^on Measwre or the Highest 
Common Divisor. Our reasons for rejecting these terms will be 
given at the end of the chapter. 
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The words, Highest Common Factor are abbreviated thus, 

H.C.F. 

101. To take a simple example in Arithmetic it will readily 
be admitted that the highest number which will divide \2, 18, 
and 30 is 6. 

Now 12 = 2x3x2, 

18 = 2x3x3, 
30=2x3x5. 

Having thus reduced the numbers to their simplest factors, it 
appears that we may determine the Highest Common Factor in 
the following way. 

Set down the factors of one of the numbers in any order. 

Place beneath them the factors of the second number, in such 
order that factors like any of tJiose of the first nvmber shaU stand 
under those factors. 

Do the same for the third number. 

Then the number of vertical columns in which the numbers 
are alike will be the number of factors in the H.C.F., and if we 
multiply the figures at the head of those columns together the 
result will be the h.c.p. reqidred. 

Thus in the example given above two vertical columns are 
alike, and therefore there are two factors in the h.c.f. 

And the numbers 2 and 3 which stand at the heads of those 
columns being multiplied together will give the H.C.F. of 12, 18 
and 30, 

J02. To find the h.c.f. of a'6'aj and a"6V. 
aVx = aaabbx, 
a^b'a^ = aabhhxx ; 
.*. H.CF. =aai^&a; 
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103. To find the h.c.f, of 34a"6V and 51a'6V, 

34a"6V = 2xl7xaa.6 bbhhh . cqcc, 
51a'bV = 3 X 17 X aaabbbb .cc; 

•*. H.C.P. = ITaabbbbcc 
= 17a»6V, 

104. To find the H.C.F. of a* - 1, (a; - If and a» + 2a; - 3. 

a»-l = (a;-l).(a; + l), 
(a;-l)« = (a;-l).(a; + l), 
a:* + 2a:- 3 = (a;- 1) . (a + 3) ; 

.'. H.c.p.?=a;-1. 

Examples.— XXVIII. 
Find the Highest Common Factor of 

(1) a*b and a'b\ 

(2) a?y'z and x^yV. 

(3) Ua^y and 24a;V 

(4) 45mVp and 60m*np\ 

(5) 18a6V^ and 36a"6c^'. 

(6) a»6», a'b^ and a*6\ 

(7) 4a5, lOoc and 306c. 

(8) 17pq\ Sip'q and 51pV- 

(9) 8a;y«*, 12a^/«» and 20a;y««. 
(10) 30a;y, 90a^2^' and 120a;y. 

105. In large numbers the factors cannot often be determined 
by inspection, and if we have to find the h.c.p. of two such num- 
bers we have recourse to the following Arithmetical Bule. 

" Divide the greater of the two numbers hy the less, and the 
divisor by the remainder, repeating the process until no remainder 
is left : the la^t divisor is the h.cf. required." 
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Thus, to find the H.a.F. of 689 and 1573. 
689) 1573 (2 
1378 




195) 689 (3 
585 




' 104) 195 (1 
104 

91) 104 (1 
91 




13) 91 (7 
91 
.•. 13 ifl the H.C.F. of 689 and 1573. 



Examples. — XXIX 
Find the h.c.p. of 

1. 6906 and 10359. 4. 126025 and 40115. 

2. 1908 and 2736. 5. 1581227 and 16758766. 

3. 49608 and 169416. 6. 35175 and 236845. 

106. The Arithmetical Rule is founded on the following 
operation in Algebra, which is called the Proof of the Rule for 
finding the Highest Common Factor of two expressions. 

Let a and h be two expressions, arranged according to de- 
scending powers of some common letter, of which a is not of 
lower dimensions than 6. 

Let h divide a with p as quotient and remainder c, 

c h q J, 

d c r with no remainder. 

The form of the operation may be shewn thus : 
h) a (p 

c)h{q 

d) c (r 
rd 
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Then we can shew 

I. That J is a common factor of a and h, 

II. That any other common factor of a and 6 is a factor of 

J, and that therefore d is the Highest Common Factor 
of a and h. 

For (I.) to shew that (^ is a fector of a and h : 

h =i qe-\-d 
= qrd + d 
= [qr-vVjd, and .'. o? is a factor of h) 

and a = ph -^ c 

= p{qc + d) 4- c 

= jogc ^pd-^c 

= pqrd + pd + rd 

= (pjr +jo + r)c/, and ,\ d is & factor of a. 

And (IL) to shew that any common factor of a and ^ is a 
factor of d. 

Let 8 be any common factor of a and 6, such that 
a = mS and b = nS. 

Then we can shew that 8 is a fector of d. 

For d = h-qc, 

= 6 — ga + /?g'6 

= w8 — 5'»i8 + pqnS 

= {n'-qm+pqn)S, and .'. 8 is a factor of d. 

Now no expression higher than d can be a factor of d; 

,\ d ia the Highest Common Factor of a and b, 
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107. To find the h.c.f. of a' + 2a; + 1 and of -^t-^^^ 2x + 1. 

a" + 2aj + l)aj'+2aj*+2aj+l (as 
a;"+2a;' + aj 



x+1) «' + 2aj + l (aj+l 

oc^ + x 



a; + l 
a?+l 

Hence a; + 1 being the last divisor is the H.C.F. required. 



108. In the Algebraical process four devices are frequently 
useful. These we shall now state^ and exemplify each in the 
next Article. 

I. If the sign of the first term of a remainder be negative, we 

may change the signs of all the terms. 

II. If a remainder contain a factor which is clearly not a 

common factor of the given expressions it may be 
removed, 

III. We may multiply or divide either of the given ex- 
pressions by any number which does not introduce or 
remove a common factor. 

IV. If the given expressions have a common &ctor which 
can be seen by inspection, we may remove it from both, 
and find the Highest Common Factor of the parts 
which remain. If we multiply this result by the ejected 
factor, we shall obtain the Highest Common Factor of 

the given expressions. 

109. Ex. I. To find the h.c.f. of 2aj'-aj-l and 6a*-4aj-2. 

2a;'-aj-l)6a"-4aj-2(3 
6aj«-3aj-3 

-a + 1 
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Change the signs of the remainder and it becomes as— 1. 

a-l)2«»-a?-l(2aj+l 
2aj"-2a; 



x-l 
The H.C.P. required is a; - 1. 

Ex. IL To find the h.c.p. of oj* + 3aj + 2 and x^-^-^x-^ 6. 

aj* + 3a?+2) a^ + 5a5 + 6 (1 
iB*+3aj+2 



2aj + 4 

Divide the remainder by 2, and it becomes 05 + 2. 

aj + 2)a;" + 3a5 + 2 (x + l 
iB* + 2a5 



a; + 2 
a; + 2 

The H.C.P. required is cc + 2. 

Ex. III. To find the H.ar. of 12aj' + a - 1 and ISo* + 8aj + 1. 

Multiply 15aj» + So? + 1 

by 4 



12a' + aj-l)60jB" + 32aj + 4(5 
600"+ 5aj~5 



27a; +9 

Divide the remainder by 9, and the result is 3a; + 1. 

3a; + l) 12a:*+aj-l(4aj-l 
12a;" + 4a5 



-3a;-l 
-3a;-l 

The H.C.F. is therefore 3a;-*-l. 
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Ex. IV. To find the h.c.p. of a?" - So" + 6aj and of - lOaf + 21a:. 

Remove and reserve the factor x, which, is common to both 
expressions. 

Then we have remaining »■ ~ 5a; + 6 and a?*— 10a; + 21. 

The H.c.F. of these expressions is x — Z. 

The H.C.P. of the original expressions is therefore a;* - 3a;. 

Examples.— XXX. 

Find the h.c.f. of the following expressions : 

1. a;" + 7a; + 12 and a;" + 9a; + 20. 

2. a;'+12a; + 20 and a;"+14a; + 40. 

3. a;"- 17a: + 70 and a;" -13a; + 42. 

4. 8:* + 5a;- 84 and 3;*+ 21a; + 108. 

5. a:^ + a:— 12 and a:* — 2a; — 3. 

6. a;* + 5ajy+6y* and a;" + 6a^+9y*. 

7. a:" - Qxy + 8/ and ix^-'8xy+ 16y*. 

8. x*-lSxy- 30y* and a;* - 18a:y + 45/. 

9. x^-j^ and a:"-2a:y + y'. 

10. a;" + y' and a;' + 3a:'y + 3a:/ + y*. 

11. x*-i/* and af — 2xy-hy'. 

12. a:* + / and x^ + y\ 

13. a:*-/ and a:*+2a:y + y*. 

14. a»-6» + 25c-c' and a'+ 2a6 + 6"- 2a<;- 2k + c'. 

15. 12a:' + 7a:y + / and 28a;» + 3a:y - y". 

16. 6a:" + a:y - / and 39a;' - 22a:y + 3j/'. 

17. 15a;*-8a:y + y' and 40a;'-3a:y-/. 

18. a^- 5x^ + 5x^-1 and a:* + a:*- 4a:' + a:+ 1. 

19. a:* + 4a:'+16 and a:* + a:*- 2a;" + 17a:"- 10a; + 20. 
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20. iC* + a*y' + y* and aJ* + 2aj'y + SxV + ^ay' + y*. 

21. a;«-6aj*+9aj"-4 and aJ« + a* - 2a;* + Sas* - a? - 2. 

. 22. a'^+V-c'^+^ahc and a'+2a"6+a6'-a6c-ac"-6"c+6c*. 

23. 15««-14a;V+24a^-7y' and 27y"+33a;V-20a;2/2+22/^ 

24. 21a;'-83a;y-27aj + 22y' + 99y and 12a"-35a:y-6aj 

-33y* + 22y. 

25. 3a"-12a'-a*6+10a6-26« and 6a'- 17a'6 + 8a6"-&\ 

26. 18a'-18a»aj+6aa:"-6a;'* and 60a»- 7 5aaj+ 15a;". 

27. 21a;' - 26a;' + 8a; and 63;" - a; - 2. 

28. 6a;* + 29aV+9a* and 3a;'- 15aa;' + a'a;- 5a'. 

29. a^ + x^^' + afy-^j/^ and x*-y\ 

30. 2a;' + 10a;" + 14a; + 6 and a;' + a;" + 7a: + 39. 

31. 45a'a; + 3aV - 9aa;' + 6x'' and 18a"a; - 8a;'. 

110. If the highest common factor of three expressions 
a, 5, c be required, find first the h.c.p. of a and 6. If d be the 
H.C.F. of a and 6, then the h.c.p. of d and c will be the h.c.f. of 
a, bj e. 

111. Ex. To find the h.c.p. of a;' + 7a;' -a; -7, a;'+5a;"-a;-o, 
and as*- 2a; + 1. 

The H.C.F. of x^ + 7ixf-x-7 and a^ + dx'-x-d will be 
found to be a;"— 1. 

The H.C.P. of a;* - 1 and a;" - 2a; + 1 will be found to be 
a;-l. 

Hence a;— 1 is the h.cp. of the three expressions. 

Examples. — ^XXXI. 

Find the Highest Common Factor of 

1. a;'+5a; + 6, a;'+7a;+10, and a;"+12a; + 20. 

2. a;' + 4a;'-5, a;'- 3a; + 2, and a;' + 4a;' - 8a; + 3. 
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3. 2a* + aJ - 1, a' + 5aj + 4, and aj' + 1. 

4. /-s/'-y + l, 33^-2^-1, and y»-/ + y-l. 

5. »'-4a* + 9a?-10, »'+2a'-3aj + 20, and 

a* + 5aj* - 9a; - 35. 

6. a;'-7a^ + 16aj-12, 3a^- 14a^+ 16a;, and 

5a;«-10a;" + 7a;-14. 

7. y'-^Z+lly-lS, y»~/+3y + 5, and 

2/-7y* + 16y-15. 

iTo^e. "We use the term Highest Common Factor instead of 
Greatest Common Measure or Highest Comnwn Divisor for the 
following reasons : 

(1) We have used the word '^ Measure^* in Ai-t. 33 in a dif- 
ferent sense, that is, tojdenote the number of times any quantity 
contains the unit of measurement. 

(2) Divisor does not necessarily imply a quantity which is 
contained in another an eocact number of times. Thus in per- 
forming the operation of dividing 333 by 13, we call 13 divisor^ 
but we do not mean that 333 contains 13 an exact number of 
times. 
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112. A QUAirriTY a is called an Exact Divisor of a quantity 6, 
when h contains a an exact number of times. 

A quantity a is called a Multiple of a quantity 6, when a 
contains h an exact number of times. 

113. Hitherto we have treated of quantities which contain 
the unit of measurement in each case an exact number of times. 

"We have now to treat of quantities which cordain some exact 
divisor of a primary unit an exact number of times. 

114. We must fii'st explain what we mean by a primary unit 
"We said in Art. 33 that to measure any quantity we take a 

known standard or unit of the same kind. Our choice as to the 
quantity to be taken as the unit is at first unrestricted, but when 
once made we must adhere to it, or at least we must give distinct 
notice of any change which we make with respect to it. To such 
a unit we give the name of Primary Unit, 

115. Next, to explain what we mean by an exact divisor of a 
primary unit. 

Keeping our Primary Unit as our main standard of measure- 
ment, we may conceive it to be divided into a number of parts of 
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equal magnitude, any one of which, we may take as a Svhordinaie 
Unit. 

Thus we may take a pound as the unit by which we measure 
sums of money, and retaining this steadily as the primary unit, 
we may still conceive it to be subdivided into 20 equal parts. 
We call each of the subordinate- units in this case a shilling, and 
we say that one of these equal svhordinate units is one-twerUieth 
part of the primary unit, that is, of a pound. 

These subordinate units, then, are exa^ct divisors of the primary 
unit. 

116. Keeping the primary unit still clearly in view, we 
represent one of the subordinate units by the following notation. 

We agree to represent the words one-third, one-fifth, and 
one-twentieth by the symbols :«, v, qt., and we say that if 

the Primary Unit be divided into three equal parts, ^ will repre- 

o 

sent one of these parts. 

If we have to represent two of these subordinate imits, we do 

2 3 

so by the symbol ^ ; if three^ by the symbol ^ ; iifouVy by the sym- 
o o 

4 
bol -x , and so on. And, generally, if the Primary Unit be di- 
vided into h equal parts, we represent a of those parts by the sym- 
boll 





117. The symbol t we call the Fraction Symbol, or more 

briefly a Fraction. The number hdow the line is called the 
Denominator, because it denominates the number of equal parts 
into which the Primary Unit is divided. Tlie number above the 
line is called the Numerator, because it enumerates how many 
of these equal parts, or Subordinate Units, are taken. 
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118. The term nurnber may be correctly applied to Fractions, 
since they are measured by units, but we must be careful to 
observe the following distinction: 

An Integer or Whole Number is a multiple of the Primary 
Unit. 

A Fractional Number is a multiple of the Subordinate Unit. 

119. The Denominator of a fraction slyws what multiple the 
Primary Unit is of the Subordinate Unit. 

The Numerator of a fi-action sliews what multiple the Fraction 
is of the Sabordinate Unit. 

120. The Numerator and Denominator of a Fraction are 
called the Terms of the fraction. > 

121. Having thus explained the nature of Fractions, we next 
proceed to treat of the operations to which they are subjected in 
Algebra. 

122. If the quantity x be divided into h equal parts, and a 

of those parts be taken, the result is said to be the fraction 

a - 
- of X. 



li X be the unit, this is called the fraction ^ . 

123. If the unit be divided into h equal parts, • 

-T will represent one of the parts. 

2 . 
-r two 

... 

-r three 

And generally, 

Ob 

-J will represent a of the parts. 
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124. Next let us suppose that each of the h parts is sub^ 
divided into c equal parts : then the unit has been divided into he 
equal parts, and 

J- will represent one of the subdivisions. 

2 

he ^^^ 

And generally, 

a 

he ^ 



125. To shew that ^ = %. 
he h 



Let the unit be divided into h equal parts. 

Then j- will represent a of (heae parts, , (1) 

Next let each of the h parts be subdivided into c equal 
parts. 

Then the primary unit has been divided into he equal parts, 

and J- will represent ae of these suhdimsions (2) 

Now one of the parts in (1) is equal to c of the subdivisions 
in (2), 

.-. a parts are equal to ae subdivisions; 

•'• h^hi' 

Cor. We draw iconx this proof two inferences : 

I. If the numerator and denominator of a fraction be mvUi- 
plied by the same number, the value of the fraction is 
not altered. 
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II. If the numerator and denominator of a fraction be 
divided hj the same number^ the value of a fraction 
is not altered. 

126. To make the important Theorem established in the 
preceding Article more clear, we shall give the following proof 

4 16 ; . 

that ^ = oTv l>y taMng a straight line as the unit of length. 

I I I I I I I 1 I I I I I t I I I I I I I 

A E D F B C 

Let the line AC\>Q divided into 5 equal parts. 
Then, if B be the point of division nearest to (7, 

AB \b- oi AG. (1). 

Next, let each of the parts be subdivided into 4 equal parts. 
Then AG contains 20 of these subdivisions, 
and AB 16 

.-. -4^ is ^ oi AG. (2). 

Comparing (1) and (2), we conclude that 

416 
5""20' 

127. From the Theorem established in Art. 125 we derive 
the following rule for reducing a Fraction to its lowest terms. 

Fi/nd the highest common factor of the numerator cmd 
denominator and divide both hy it. The resulting fraction vntl 
he one equivalent to the origin^ fraction expressed in the simplest 
terms. 

128. When the numerator and denominator each consist of a 
single term the s.c.f. may be determined by inspection, or we 
may proceed as in the following Example : 
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To reduce the fraction y^ai»» to its lowest terms, 

lOa'6'c* 2x6 X aaabhcece 
12aW 2x6Kaabbbcc ' 
We may then remove factors common to the numerator and 

denominator, and we shall have remaining -^ — j- ; 
.•. the required result will be -^r-. 

129. Two cases are especially to be noticed. 

(1) If every one of the factors of the numerator be removed, 
the number 1 (being always a factor of every algebraical ex- 
pression) will still remain to form a numerator. 

Til 3a*(? _ • 3aac _ 1 

12aV ~ 3 X 4 X aaa/ic "" 4ac ' 

(2) If every one of the factors of the denominator be removed, 
the result will be a whole number. 

^, 1 2a"c* 3 X 4 X (maec . ■ 

Thus ~irr- = — Q = 4»<?- 

3a c 3 X aac 

This is, in fact, a case of exact division^ such as we have 

explained in Art. 88. 

Examples.— XXXII. 

Eeduce to equivalent fractions in their simplest terms the 
following fractions : 

4a^ 4 aay 

^* 12a»* Zahc 

9 _8^ 51ay'g 

."•36a;'' '* 34aV' 

lOaV « 15a5V 



^- 24a'6»' ^' 12aVc»' 

^- 2ia»6V 42w-ny' 
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Examples.— XXXIII. 

1 ^' 10 ^Q«-^Oy 

3 ^ ,0 ^ab + 4cd 

' 3ajy»-5arV«* 27a-6-aj-48cVV' 

^ 4fla? + 2g' xy-xyz 

' Bcuc*-2a?* ^^- 2a«-2a«'' 

abc + hcy' ^*' Ua'ftcaj* - I4a*6cy« ' 



12a'5-6a5 10a'+20a5 + 106 ^ 

c«-4a* ,- 4a:'-l8a;y + 4y' 



17. 



• c« + 4a<; + 4a*' ' 48(«-y/ ' 

130. We shall now give a set of Examples, some of which 
may be worked by Resolution into Factors. In others the h.c.p. 
of the Numerator and Denominator must be found by the usual 
process. As an example of the latter sort let us take the fol- 
lowing : 

To reduce the fraction ^x^-^of-Z^x + ^l ^ ^ ^^^^^ ^^^^^' 
Proceeding by the usual rule for finding the H.C.F. of the 
numerator and denominator we fiud it to be as — 7. 
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Now if we divide a^— 4a^ — 19a;— 14 by as -7, the result is 
a« + 3aj + 2, and if we divide 2aj* - 9aj* - 38a? + 21 by a:- 7, the 
result is 2aj*+5aj-3. 

Hence the fraction ^-^ — 'k~Z\ ^ equivalent to the proposed 
fraction and is ia its lowest terms. 



Examples.— XXXIV. 

a'+7g + 1 .„ a'+4a'^5 

a« + 5a+6' a"-3a+2' 

g'-9a; + 20 ,„ ^ + 4^-56 

a;'-7a?+12' 6»-66 + 5 ' 

aj"-2a;-3 ,. m' + 3m'-4m 

14. 



iB"-10aj + 21' m'-7m + 6 * 

g'-18gy + 45y a' + l 

• »» - 8a;y - 105y« * ' a' + 2a* + 2a + l' 

a;*4.a;«+l 3aa;'-13aa; + 14a 

^' a» + aj + l' 7aj»-17a'+6aj ' 

a;*+2a;'y« + y* ,- 14x'-34a; + 12 

^' a:«-.y« ' ' 9aa"-39aa; + 42a* 

^ {«»-4x" + 9a;-10 ^g 10a-24a" + 14a« 



*' aJ" + 2a;*-.3a; + 20' * 15 - 24a + 3a" + 6a' ' 

a;»_5a»« + lla;-15 ,g 2a5' + o6' - 8a6 4- 5a 

^- aj»-a» + 3aj + 5 ' ' 76*' -126* + 56 ' 

^"-83^+213;- 18 «Q a«-3a' + 3a-2 

3aj'-16aj" + 21aj ' ' a»-4a* + 6a-4' 

,^ aj»-7a;» + 16a!-i2 «, 3aj" + 2aj-l 



;5aj^-14ic" + 16aj ' ' aj*+a?-a;-.l ' 

.* »*— a:*y — a^ — y*' ''* a'+a — 12' 
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23. 






a* + y* + «* 

2a;^-a?'-9a:'-t>13x-g 15 a« + a6-25' 

16a;^-53a:'4-45a; + 6 « g*-7a?+10 

• 8iB*-30aj» + 31a;--12* ' 2aJ»-aj-6* 

2_ 4a^-12aa? + 9a* „^ 03*+ 3a? +4a?+12 

8iC»-27a' • a^ + 4a;» + 4a; + 3 • 

«^ 6g»-23a;' + 16a;~3 o^ g?* - a?' - 2a; + 2 

^' 6aj,-17aj"+lla;-:i- 2aJ»-a:-l * 

Q fl?'~6a?'+lla;-6 a^- 2a:' ~ 15a; + 36 

a;"- 23;* -a; + 2 3a;»-4a;- 15 * 

m' + m' + m-3 3a;' + a;* -53? + 21 

m' + 3wi" + 5m+3' 6aj'+29a;'+26as-:il * 

„- a^ + da^ — a^ — Sx ^^ a;* - as" - 4a;* - a; + 1 

^^^ V + 3a»-.a;-3 ' "4a^ -~3i*":^8a;"^r ' 

a«,5«^26c~c* a'-7a* + 16a-12 

^^' a* + 2a6 + 6*-c'' ' aa"- 14a*+ 16^ • 



131. The fraction ^ is said to' be a proper fraction, when a \h 
less than b. 

The fraction jt is said to be an improper fraction, when a is 
greater than b* 

132. A whole number x may be written as a fractional num- 

X 

b^r by writing 1 beneath it as a denominator, thus y • 
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133. To prove th(U^o/^=^^. 

Diyide the unit into hd parts. 

he 
Then =-^ will represent be of these parts ; 
ocC 

therefore -j will represent he of these parts. 

Now to take r of be parts, we divide the be parts into b sections, 

each containing e parts, and if we take a of these sections, we shall 
take ae parts ; 

therefore t of -^ will represent ae parts, 

nc 
But Tj will represent ac parts ; 

therefore t of j = r^ • 

From the Theorem established in this article is derived the Rule 
for proceeding in what is called Multiplication of Fractions. 

C * Of 

When we are required to midtiply a fraction j ^7 a fraction v^, we 

interpret the word multiply to mean " find what fraction t ^ ^^ 
the fraction -j ." We then take the product of the numerators to 

form the numerator of the resulting fraction, and the product of 
the denominators to form the denominator. The same rule holds 
good for the multiplication of three or more fractions. 

o a be 
The quotient, oj, of j- divided by -^ is such a quantity that x 
c CI 

midtiplied by the divisor -3 will give as a result the dividend y • 

uigitized Dy VJJV_^v_/v LV. 





FRACTIONS, 




xc 
•*• d 


a 


d 

e 


< 


e b' 


•' 


oced 

' cd 


ad 
~be' 




•'. aj = 


ad 



85 



Hence we obtain a rule for what is called Division op 
Fbactions. 

Q. a c ad 

^'^'^l^d'Tc' 

a c a d 
b ' d b o' 

Hence we reduce the process of division to that of multipli- 
cation by inverting the divisor. 

135. The following are examples of the Multiplication and 
Division of Fractions. 

,-. 205 „ 2x 3a 6ax 2x 

^^ 2b' ^""26 • T'"26''3^'6^"2^' 



(3) 



4a^ 3c ^ 3 X 4 X a'c 2a 
9c' "" 2a""2x9xac»""3c* 

Ux\ 7x Uo^ 9y _ 9 X U X a?'y 2x 
27y • 9y " 27/ "^ 7ic ~ 7 x 27 x a:/ " 3^' 



, . 2a ^ 5c _ 2ax96xSc 3 

^^ 36''l0c''4a""36xl0cx4a"4" 

/fi\ ^'""^^ a?+7x _ ag(ag- 4) a? (ag + 7) 

^^ *'+7«*'^'^3r""aj'(aj + 7)'^ aj-.4 



ag(a;-4)ag(a?+7) . 
'■aj"(a; + 7)(a;-4)'" • 
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^'^ a" + 3a6 + 6" ' a^ + aJb " a* + 2a6 + 6* "^ 4 (a» - a5) 

{a ■^h){a- h) a(a-^h) 
"~ (a + 6) (a + h) 4:a{a - 6) 

_ (a'hh)(a-h)a(a-\'h) 
~ (a + 6) (a + 6) 4a (a - h) 

1 

= 4- • 



Examples.— XXXV. 

Simplify the following expressions : 

- 3a; 7aj a ^^ — — 

3a 25 3«V^^^12«« 

46 3a' '• 4a»' 6ay 20ajy»' 

4«» 3aj 7a''6* 20cV 4ac 

• 9y'''2y* ^' 6?5^''42a*6»''36c;' 

8a'6' 153?^ 9mV 5p'g 24^ 

46a:»y "" 24aV ^' 'S^ '^ 2ay "^ 90mn ' 

Oic'y'g 20a'6'c -^ 25^ 70/^'^ 3pm 

^' 10aV(j''l8aJ3^«- ^^- 14^ '^ 75/«» "" 4A:»n ' 



"RTATtfPTTRg. ^XXXYI. 

Reduce the following to simple fractions in their lowest 
terms : 

a-6 a"-6« 



1. 



a' + a6 a*-a6* 

a?+ix 4a? - \2x 
irr3^''3aj'+12a;' 

«* + 3aj + 2 aj*-7a + 12 
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6. 
6. 
7. 
8. 
9. 
10. 



a;'-i-a;~2 3^-133? + 42 
a"-7« »* + 2a5 

g'~4 g'-25 
a* + 5ic »* + 2« ' 

a*-4g-i-3 aV9«+20 o*^a 
a«-.5a + 4'^a»-10a + 2l "^a'-da' 

5«--76 + 6 5' 4-106+ 24 5'-85 ' 
6« + 36-4''6»- 146 + 48 ""ft'+eft* 

«*--3a5y + 2y" af-k-xy («-y)'* 

{a + hy^<f c'-(a-6)' 
a'-(6-c/''c--(a + 6)-* 



Examples.— XXXVII. 

SimpUfj ihe following expressioiiB : 
- 2a 36 

1. r 17- 

a; oc 

15y^5^ 
14« • 7« ' 

, 8a;V . 2x ^ 



2a 


36 


r 

a; 


5<j" 


15y 




8x«y 


2a^ 


15ai' 


' • 30a6'" 


4a 

. .-1. 

tW5 ■ 


3ai. 


3p 
2i>- 


. 2p 
2 p-\ 



5. ^ '^ ^^-=^.. 10. 



1* 


4a 
6as- 




5a: 
7 


+ 2. 




6.V 

7 


+ 2. 






1 


. 1 


x*. 


-3» + 2 


■ x-V 




1 


1 



a»-17aj+30 ' x-^U 
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136. We are now able to justify the use of the Fraction 
Symbol as one of the Division Symbols in Art. 87^ that is» 

we can shew that t- is a proper representation of the quotient 

resulting from the division of a by h. 

For let X be this quotient. 

Then, by the definition of a quotient, Art. 86, 

But, from the nature of fractions, 

a ^ 



137. Here we may state an important Theorem, which we 
shall require to assimie hereafter. , . 

1£ ad = bc, to shew that t=^* 
a 



Since (id=bc, 






ad be 




M^M' 




a e 




•■• 6-5- 
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CHAPTER VII. 

THE LOWEST COMMON MULTIPLE. 

138. An expression is a Common Multitle of two or more 
other expressions, when the former is divisible by each of the 
latter. 

Thus 24a;' is a common multiple of 6, Saf and 12z\ 

139. The Lowest Common Multiple of two or more expres- 
sions is the expression of lowest dimenaiona which is divisible by 
each of them. 

Thus 18a;* is the Lowest Common Multiple of 6a;*, 9a;* and 3a^ 

The words Lowest Common Multiple are abbreviated into L.C.M. 

140. Two numbers are said to he prime to each other which 
have no common factor but unity. 

Thus 2 and 3 are prime to each other, 

141. If a and h be prime to each other the fraction j- is in 

its lowest fcerms. 

Hence if a and h be prime to each other, and j-^-j, c is the 

d 

same multiple of a that d\&oih. 

Also, if m be the h.c.f. of c and dy 



a=i— and 6 = — . 
7n tn 
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142. In iinding the Lowest Common Multiple of two or more 
expressions, each consisting of a single term, we may proceed bj 
the role in Atithmetic as given in Bama/rd Smith's Arithmetic, 
Art 57, as in the following Examples : 



(1) To find the l.c.m. of 4a"a5 and iSaaf, 



ia'x, 


ISaa? 


2a'x, 


Qaaj* 


2a% 


9a? 



L.aiL =2xax«x2a"x9aj"==36aV. 



(2) To find the i<.aic. of ab, ac, be. 



a 


ah, ac, be 


b 


b, c, be 


c 


1, c, e 




1, 1, 1 



L.c.M. = ax6xtf = a5<?. 
(3) To find the L.aM. of 12a% 146c* and 36db\ 



2 


I2a*c, 


Uhc\ 36<*» 


6 


Ga'e, 


Tftc*, 18a6* 


a 


a*e, 


TSc*, 3ai* 


h 


ae, 


Iht?, 36' 


e 


ae. 


Tc*, 36 




a. 


la, 36 



L.aic. = 2x6xax6xcxax7cx 3i = 252a*4V. 
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Examples.— XXXVIIL 
Find the L.C.M. of 

1. 4a"a5 and 6aV. 

2. Za^y and 12ajy". 

3. 4a»6and8aV. 

4. ax^ a*x and aV. 
d. 2aA;^ 4aa^ and ai". 

6. a6, a"c and 6V. 

7. a"aj, a^y and a*y*. 

8. 51aVf Ziaa? and oaj*. 

9. 5/?»g, lOg^r and 20p5r. 
10. ISoa;*, 72ay" and 12ajy. 

143. The method of finding the L.O.M., given in the preceding 
article, may be extended to the case of compound expressions, 
when one or more of their factors can be readilj seen or deter- 
mined. Thus we may take the following Examples : 

(1) To find the i^aK. of a — a;, a' — a^ and a* + axCj 



a—x 


a — x, a' — a*, a' + ax 


a + x 


1, a + Xy a'-\-ax 




1, 1, a 



UCH. = (a- a?) (a +«) a= (a* - a^ a =a*- oaf. 
(2) TofindtlieL.c.M,ofiB*-l, a!*-l, and4i8'-4«*, 



a^-l 



«•-!, «*-l, 4af-4x* 



1, iB'+l, 4** 

L.C.H. = («• - 1) (x* + 1) ias* - (a* - 1) 4** = 4a? - 4a;*. 
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Examples.— XXXIX. 
Find the L.C.1C. of the following expressions : 

1. of and ax + of. 4. 2a?- 1 and 4a5* - 1. 

2. af-l sxidx'-x. 5. a + haada*+h\ 

3. a'-5*and a" + a6. 6. oj + l, a?- 1 and a;*-.!. 

7. aj + 1, aj"-! andar* + a; + l. 

8. a; + l, a;" + l and aj"+ 1. 

9. a;-l, a;*-l andaj"-!. 

10. a"-l, «»+landaj*-l. 

11. x' — Xy aj"— 1 and aj* + l. 

12. «•-!, aj"-a; and a;'- 1. 

13. 2a + 1, 4a" - 1 and 8a' + 1, 

14. aj + y and 2a' + 2xt/. 

15. (a + 6)«anda«-6». 

16. a + 6, a- 6 and a" -6*. 

17. 4(l+a;), 4(l-aj)and2(l-aj^. 

18. a;-l, aj" + aj + l and a;*-l. 

19. (a-6) (a-c) and (a-c) (6-c). 

20. («+ 1) (aj + 2), (aj + 2) (a? + 3) and {x + 1) (a? + 3). 

21. aj»-y', (aj + y)'and(aj-y)». 

22. (a*+3)(a + l), (a + 3)(a-l)anda*-l. 

23. a?{x-y\ a; (aj* - y^, and aj + y. 

24. (a;+l)(a? + 3), (aj + 2)(aj + 3) (a? + 4) and (a; + 1) (a; + 2). 

25. aj"-y*, 3(aj-y)*,andl2(a^ + y*). 

2^, 6(a;" + «y), 8(a^-y^ and 10(aj"-y^. 
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x + a 


a?-a* 


m-a 


a? + a* 


x+a 


a?-a' 
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144. The method which we have just explained for finding 
the L.0.1C. requires some ezpertness in perceiving the divisors of 
simple algebraical expressions. We therefore advise the student 
to make himself thoroughly familiar with the following ex- 
amples in division, testing each, and committing the results to 
memory : 

= « + », 

= aj" — 005 + a', 

= aj" + oaj + a". 
x—a 

Examples in illustration of the first two of these divisions have 
been given at the end of Chapter II. 

We shall now give some examples in illustration of the last 
two. The student will observe that the results may be thus 
stated. 

Xhe sum of the cubes of two numbers is divisible by the sum 
of the numbers. 

The difference between the cubes of two numbers is divisible 
by the difference between the numbers. 

2^ote, The following table of the squares and cubes of num- 
bers from 1 to 12 should be remembered. 

Numbers, 
123456789 10 11 12 

Squares, 
1 4 9 16 25 36 49 64 81 100 121 144 

Cubes, 
1 8 27 64 125 ' 216 343 512 729 1000 1331 172P 
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Examples. — ^XL. 
Express in fiictors tke following expressions : 

1. Q? + a\ 6. «» + 64y». 

2. aj"-a\ 7. «»-216. 

3. a»-8. a 8iB» + 27y*. 

4. aj" + 27. 9. 64a"- 10006". 

5. 5"- 125. 10. 729aj"+512y". 
Express in^bitr factors each of the following expressions : 

11. a^-y*. 13. a«-64. 

12. a*-l. 14. 729 -y^. 

145. The chief use of the rule for finding the L.C.H. is for 
the reduction of fractions to common denominators, and in the 
simple examples, which we shall have to put before the student 
in a subsequent chapter, the rules which we have already given 
will be found generally sufficient. But as examples are frequently 
proposed in which it is required to find the L.C.M. of two or more 
expressions in which the elementary factors cannot be determined 
by inspection, we must now proceed to discuss a Kule for finding 
the L.aM. of two expressions which is applicable to every case. 

146. The rule for 'finding the L.C.H. of two expressions a and 
h is this. 

<* Find d the highest common factor of a and h. 

Then the L.C.M. of a and 5 = -^ x 5 ; 

h 
or, =^xa. 

In words, the l.c.m. of two expressions is found by the 
following process. Divide one of the expressions by the h.c.f. 
and multiply the quotient by the other expression. The result 
is the i<.c.H. 

The proof of this rule we shall now give. 
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147. To find the li.cjkL of two algebraical expressions. 
Let a and h be the two algebraic expressions. 

Lot d be iheir H.aF., 

X the required L.C.H. 
Now since a; is a multiple of a and 5, we may say that 
X = Twa, x = nh 'y 



^ = *, Art 137. 
n a 



Now since a; is the lowest common multiple of a and h, 
m and n can have no common &ctor. 



the fraction —'must be in its lowest terms : 
n 



.*. ^ = ^9 ^J Ai**. 141, 
a 



and w = J • 
a 

Hence, since x = 7na, 



d 



Also, since x = nby 

b. 
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US. To find the L^aif. of »'-13a; + 42aiida;'-19a;+84. 

First we find the H.C.F. of the two expressions to be ae - 7. 

Then 

(aj'-13ar+42)x(iB'-19aj+84) 

«-7 

Now each of the factors composing the numerator is divisible 
by a?- 7. 

Divide «•- 13a; + 42 by a?— 7, and the quotient is 05- 6. 

Hence 

L.0.1I. = («- 6) («•- 19aj+ 84) 

= «"- 25a* + 198a;- 504. 



Examples. — ^XLI. 

Find the L.C.H. of the following expressions : 

1. aj* + 5a;+6 and a*+6aj+8. 

2. a"-a-20 and a"4-a-12. 

3. a:* + 3aj + 2 and a« + 4«j+3. 

4. a;"+lla;+30 and a;*+12a; + 35. 

5. af-9x-22 and a;*-13aj + 22! 

6. 2a:* + 3aj + l and a;*-a;-2. 

7. o' + o'y + ajy + y" and x*-y\ 

8. a:*-8aj + 15 and a;*+2aj-15. 

9. 21a«-.26aj + 8 and 7«'-4a'-21aj + 12. 

10. a? + a*y+«y* + y' and a;* - a*y + ay * - y*. 

11. a» + 2a«6-a6«-26» and a*-.2a«6-a6" + 2y. 

12. a^-.«»-4a»-a;4 1 and 4aj"-3aj*-8aj-l. 

13. 6aj*-«-l and 2«« + 3«-2, 
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149. To find the l.c.m. of three expressions, denoted by 
a, 5, c, we find m the l.c.m. of a and h, and then find M the 
L.O.M. of m and c, M is the l.cm. of d^ h and c. 

The proof of this rule may be thus stated : 

every common multiple of a and 5 is a multiple of m^ 

and every multiple of m is a multiple of a and 6, 

therefore every common multiple of m and e is a common 
multiple of a, h and c, 

and every common multiple of a, h and c is a common 
multiple of m and c, 

and therefore the l.c.m. of m and e is the L.C.U. of a, 6 
andc. 

EXAMPJJES. — ^XLIL 
Eind the L.aM. of the following expressions. 

1. »"-8aj + 2, a?-4aj+3 and a5'-5aj + 4. 

2. a3" + 5a; + 4, a" + 4aj+3 and a* + 7a5+12. 

3. a'-9a; + 20, a;'- 12a; + 35 and a"-llaj + 2.8. 

4. Gib'-aj-^, 21a'-17{?? + 2 and 14a;" + 6»-.l, 

5. /b"-!, aj" + 2aj-3 and 6a;*-»-2. 

6. jc»^27, aj"-15aj+36 and aJ»^3Aj'-2aJ + «. 



s. A. 
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CHAPTER VIII. 

ON ADDITION AND SUBTRACTION OF FRACTIONS. 

150. Hayinq established the Eules for finding the Lowest 
Common Multiple of given expressions, we may now proceed to 
treat of the method by which Fractions are combined by the pro- 
cesses of Addition and Subtraction. 

151. Two Fractions may be replaced by two equivalent 
fractions with a Common Denominator by the following rule : 

!E*ind the L.O.M. of the denominators of the given fractions. 

Divide the L.C.M. by the Denominator of each fraction. 

Multiply the first Numerator by the first Quotient 

Multiply the second Numerator by the second Quotient 

The two Products will be the Numerators of the equivalent 
fractions whose common denominator is the i<.c.iL of the original 
denominators. 

The same rule holds good when three, four or more fractions 
are to be reduced to equivalent fractions with a common de- 
nominator. 

152. Keduce to equivalen!^ fractions with the lowest common 
denominator, 



2x + 5 , ix-7 
— s — and — 3 — 
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Denominators 3, 4. 

Lowest Common Multiple 12. 

Quotients 4, 3. 

New Numerators 8aj + 20, 12a; - 21. 

Equivalent Fractions — =-» — , z-^r — . 

Keduce to equivalent fractions with the lowest common de- 
nominator, 

56 + 4c Qa-2c 3a -5b 
ab ^ ac ^ be ' 

Denominators db^ ac^ be. 

Lowest Common Multiple ahc. 

Quotients c, b, a. 

New Numerators 5bc + 4c", 6ab — 26c, 3a' - 6ab, 

X, . 1 X -c ,. ^ 56c-f 4c» eab-2bc 3a»-5a6 

Equivalent Fraction^ 1 , j , r . 

^ abc abc aoc 

Examples. — XLIIL 

Beduce to equivalent fractions with the lowest common de- 
nominator, 

.,. 3a; - 4a; 

(1) ^and-^. 

/ox 3a;-7 ,4a;-9 

(2) -g-and-^g-. 



(3) 



2a; -4y , 3a;- 8y 
go and ,^ . 



,,, 4a +56 ,3a -46 

<^) -2^«^^-5^' 

,^. ia-Sc , Za-2c 

(5) — « and ,^1 « ■ - 

^ ' 5ac 12a c 
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(7) 3 ^^3 

(8) 2 ^^ 2 



(9) _^and.j-^.. 
^ ' l-as 1-ar 

(10) -and ^ 



e c (6 + ») ' 

1 



<1^) (a- 6) (6 - c) *°^ (a -6) (a-c)- 
(12) ...„_L._.^ '^°d ^ 



a6 (a - 6) (a — c) acia — c) {b — c)' 

153. To shew that ?+U^5fy^. 
a hd 

Suppose the unit to be divided into hd equal parts. 

Then j-z will represent ad of these parts, 

he 
and ^ will represent he of these parts. 

Now T=-r^, by Art. 125, 

Hence ^ + -3 will represent ad + he of the parts. 

But — j-i — will represent ad + he of the parts. 

__ _ a c a>d + 6c 
Therefore j+5=-U— 
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By a similar process it may be shewn that 
a c _ad — hc 

154. Smce3+3=-3^, 

our Kule for Addition of Fractions will run thus : 

" Beduce the fractions to equivalent fractions having the Lowest 
Common Denominator. Then add the Numerators of the equiva- 
lent fractions and place the result as the Numerator of a fraction, 
whose Denominator is the Common Denominator of the equivalent 
fjractions. 

The fraction will be equal to the sum of the original fractions." 

The beginner should, however, generally take two fractions 
at a time, and then combine a third with the resulting fraction, 
as will be shewn in subsequent Examples. 

.- . a c ad — he 
Also, smoe t — i = — n — s 
b d bd ^ 

the Rule for Subtracting one fraction fit)m another will be, 

" Reduce thefractions to equivalent fi-actions having the Lowest 
Common Denominator. Then mbtract the Numerator of the 
second of the equivalent fractions from the Numerator of the first 
of the equivalent fractions, and place the result as the Numerator 
of a fraction, whose Denominator is the Common Denominator of 
the equivalent fi-actions. This fraction will be equal to the differ- 
ence of the original fractions." 

These rules we shall illustrate by examples of various degrees 
of difficulty. 

Note, When a negative sign precedes a fraction, it is best to 
place the numerator of that fraction in a bracket, before combining 
it with the numerators of other fractions. 
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155. To simplify 

ix-Zy 3aj + 7y 6x-2y 9aj + 2y 
7~ ■^■"H W "*" 42 • 

Lowest Common Multiple of denominators is 42. 
Multiplying the numerators by, 6, 3, 2, 1 respectively, . 

24a; -ISy 9a; + 21y 10a; -4y 9a;+2y 

45 ■^~1E2 42 ■*" 42 

24a; - 18y -f 9a; + 21.v - (lOo; - 4y) + 9a; -f 2y 

4:i 

24a;- 18y + 9a; + 21y- lOa;-*- 4.y 4- 9a;4- 2y 

42 
32a; -f9y 
~ 42 • 

156. To simplify 

2a; + l 4a; 4- 2 1 
3a; ~ 6a; 7' 

Lowest Common Multiple of denominators is 105a;. 

Multiplying the numerators by 35, 21, 15a;, respectively, we get 

70a; +35 84a; + 42 15a; 
105a; 105a; "*" 105a; 

_ 70a; + 35 - (84a; + 42) + 15a; 
105a; 

70a; +35 -84a; -42 + 15a ; 
105a; 

a;--7 
105a;' 

Examples.— XLIV. 

4a;+7 3a;- 4 
^' ""5~"^~l5"- 

3a-46 2a-5 + c 13a -4c 
2- —7 "3 ■*""12~- 
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3. 


ix-Zy Sx-\-7y 5x-2y 9x-^2y 
7 ' 14 21 ^ 4:^ • 


4. 


3aj-2y 5aj-7y . 8a; + 2y 
5a; ' lOa? ' 25 *' 


?* 


4a;"- 7y" 3a;- 8y 5-2y 
3a;' ' 6a; ^ 12 • 


. 6. 


4a» + 56" 3a 4- 26 7- 2a 
26" ' 56 ' y • 


• 7. 


4aj+5 3a;-7 9 


3 5a; ' 12a;»' 


8. 


5a + 26 4c-36 6ah-7ho 
3c 2a ' 14a<; ' 


9. 


2a-h5c 4ac-3c» 5ac-2c». 
a«c ac' a^c* 


10. 


3a^-4 52^« + 7 6a;'-ll 
xY xy^ x^y ' 




a-h 4a-5h ^a-lh 


11. 


a% ' a'hc ' 6V ' 


157. To simplify 




a— 6 a+6 
a + 6 a-6* 



L.aM. of denominators is a" — 6*. 

Multiplying the numerators by a - 6 and a + 6 respectively, 



*L 


-2ah + b' 
a'-b' 


+ — 


+ 2aJ + 6' 
a'- 6' 


a'- 


-2a^ + b*+a' + 2ab+b* 




a" 


-6* 




2a' 


' + 26' 







a'-b' 
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Examples. — ^XLV. 



1. 


«-6 x+5' 


2. 


1 1 




x-1 x-Z' 


3. 


1 1 

l+x 1-x 


4. 


x+y x~y 


x-y x+y 


6. 


1 2 






05 a; 



a? + y aj-y 

8. -i-. + ,_5_ 

9. -1- + . 3. 



158. To simplify 



flj + a (aj + a)'* 
10. 11 



^{a+x) 2a{a-xy 



3 S 

• + ■ 



1+y l-y i+y'' 
Taking the first two fractions 

3 5 

i+y'^i-y 

- ^~^y 5 + 5y 
_8+2y, 

. 3^5 6 



1+y l-y i+y* 
8+2y 6 
l-y'^l+y* 
8 + 2y+8y' + 2/ e-6y* 
1-y* 1-y* 

8+2y+8y'+2y'-6 + 6y' 

1-y 
2y' + 14y' + 2y-i-2 
1-y* 
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169. To simplify 

{a-b){b-c) {a-b){c-a) (b-e){e-ay 
ikCiL of the first two fractions is (a-6)((-e)(«-a) 

2e-2a 26 -2c 2 

= (a_6)(6-c)(c-o)*(«-6)(6-c)(o-a)*(6-c)(c-o) 

26- 2a . 2 

~{a-b) (6-c) (c-o) (6- c)(<j-a)* 

LaiL of these two fractions is (a-6)(6-o)(o-a) 

26-2«-f 2g-26 
■(a-6)(6-c)(o-a) 


(o-6)(6-c)(c-a) 

= 0. 
EXAHFLU.— XLVL 



1. 


1 1 2a 
l + a'l-a'l-a'- 


2. 


1 1 1 2« 


l-« l+aj ! + »•' 


a 


a^ « 
1-a! l-** ' \+af' 


4. 


1 1 26 46* 


a-6 a+6 a' + 6' o« + 6* 


6. 




6. 


05 + 3 . «-4 aj + 5 
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7. 


X — \ 85 — 2 85 — 3 

85-2 ' aj-3 ' 85-4' 


8. 


3" 4o 5a' 
85-a (x-a)' (x-a)'' 


9. 


1 1 3 


85-1 85+2 (a!+l)(a! + 2)' 


10. 


1 3 


(« + l)(«+2) (85+1) (85 + 2) (85+ 3)* 


11. 


a;" 85 8! 
aj'-l 'as-l ^ x + V 


12. 


1 1 


(a + c)(a+d) (a + c) (a + e)' 


13. 


a—b b—e c—a 


(6 + c)(<5 + a) ' {c + a){a + b) ' (a + 6)(6 + <5)' 


14. 


x — a _ 85 — 6 (a— J)' 
85 — 6 85 — a (85 — a) (a: — 6) * 


15. 


x + y 2x , a^y — af 



y x-¥y t/{x^-yy 

ifi « + & 5 + c c + a 

• (6-c)(c-a)'*"(c-a)(a-6)"*"(a-6)(6-c)' • 

17. «? , 2a^ 

18. 2,2,2 ^ (a^6)' + (6-c)' + (c-a)' ^ 
a — h b — c c — a {a - b) {b — c) {c -- a) 

1 Q a + ^ _ 2a a'6 - a* 

1 11 



20. 



(w+ l)(7j + 2) (w4- 1) (w+ 2) (71+ 3) {n + 1) (» 4- 3) ' 



rt, a' -bo V-ac i?-ab 

21. 7 7V-7 V + 75 ^75 -T + 
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160. Since -^ = a, 

and ^^—r =a, Art. 91, 
— 

ah ^--ab 

From this we learn that we may change the sign of the deno- 
minator of a fraction if we also change the sign of the numerator. 

Hence if the numerator or denominator, or both, be expres- 
sions with more than one term, we may change the sign of every 
term in the denominator if we also change the sign of every term 
in the numerator. 

Fop a-6^-(a-6) 

or, writing the terms of the new fraction so that the positive terms 
may stand first, 

161. To simplify 

g (g + a?) 5aa5 — aj* 
a—x x—a 

Changing the signs of the numerator and denominator of the 
second fraction, 

a? (g + a;) — box + x* 
a^x a — a; 

aa?+g'-(-5ga; + a?*) 
a~x 

^OM ■¥ of -¥ box — of 
" a-x 

_ 6aa? 
"a-a;* 
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162. Again, since — a6 = the product of ~ a and h, 
and ah = the product of + a and 6, 

the sign of a product will be changed by changing the signs of 
one of the factors composing the product. 

Hence (a-6)(6-c) will givea set of terms, 

and (&~a)(6-c) will give the same set o/terms with dif- 
ferent eigne. 

This may be seen by actual multiplication : 

(a- 6) (6— c) = a6 - ac-6" + 6c, 

(6-a)(6-c)=-a& + ac + 6*-6c. 
Consequently if we have a fraction 



and we change the &ctor a — b into & ~ a, we shall in effect chcmge 
the eign of evert/ term of the expression which would result from 
the multiplication of (a - 6) into (h — c). 

Now we may change the signs of the denominator if we also 
change the signs of the numerator ; 

, 1 -1 

•*• (a-6)(6-c) (6-a)(6-c)* 

If we change the signs of two factors in a denominator, the 
sign of the numerator will remain unaltered, thus 

1 1 



(a-6)(6-c)~(6-a)(c-6)* 



163. To simplify 

1 



(a-6)(ft-c) (6-a)(a-c) (c''a){C''b)' 
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First change the signs of the factor (6 — a) in the second 
fraction, changing also the sign of the numerator ; and change 
the signs of the j&u^or (c — a) in the third fraction, changing also 
the sign of the numerator, 

1-1-1 



the result is 



(a-6)(6-c) (a-6)(a-c) (a-c)(c-^)' 



Kexty change the signs of the factor (c— &) in the third, 
changing also the sign of the numeratori 

the result is 



(a«6)(6-c) {a^b)(a-c) {a^c){h-c)' 
This, since l.c.il of the three denominators is (a— &) (6— c) (a— c). 



■(a-^b){b-'C){a-c) (a - 6) (a - c) (6-c) (a-6)(a-c)(6-c) 
g -. c — 5 + c - (g — 6) 
(a-b){b-c){a'-c) 





{a-b)(p~c){a-c) 






0. 


Ei^PLES.— XLVIL 






1. 


x-y y-x 






2. 


3 + 2a! 2-3aj 16a! -«* 

2-aj '2 + x ' a!'-4 ' 






a 


aj a! a^ 
a!+l 1-a! ai*-!' 






4. 


^ .2 1 


1 




(«»-i)(«*-3) (»»-l)(3-»») {m- 


-2> 


5, 


1 1^4 
6y + 6 2y-2 3-3y'' 






6. 


1 1 

=^^ T^+ -; r-. r. 







(a- 6) (a + 6) - a) («+a) ' 
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1 1 1 

7. -rr, -V - -r-, r; + - 



4(1+0!) 4(a!-l) 2(l+a;')' 
a* + V 2a6' 2a'b 



(aj-y)(y-«) (y-a)(aj-«) («-a;)(«-y)' 

10 1 _^ 1 ^ 1 

a (a — 6) (a - c) 6 (6 — a) (6 — c) c (c — a) (c - 6) ' 

164.. To simplify 

1 1 



a:"-lla;+30 iB"-12a; + 35' 

Here the denominators may be expressed in &ctors, and 

we have 

1 1 

(aj-6)(a;-6)"*" (« - 6) (a; - 7) ' 

Tlie L.C.M. of the denominators is (a; — 5) (a:— 6) (a;- 7), and we 
have 

a;~7 x-6 

(a:-6)(a;-6)(a;-7) "^ {x-5) (aj-6) (a:-7) 

2a?- 13 
"(a;-5)(a;-6)(a;-7)' 



Examples.— XLVIII. 



1. . } , .. 1 



aj*+9a;+20 a"+12a:+35' 



3. 



a»-13a; + 42 a*-15aj + 54- 

1 JL 

aj* + 7a;-44'*'a;"-3aj-"143' 



1 2a: 1 

4. -5 S S + -T 3 o + 



a' + 3a; + 2 a;* + 4a;+3 af + bx + Q' 
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fn 2m 2mn 

5. — + ■ 



n m+n (m + rCf' 
^ 1 +aj 1 — 05 2 

6. := 5 + 



l+aj-fo" l-aj + o" l+a' + a* 
5 2 . 7aj 1x 

7. TTT^ r--:; +- 



3(l-aj) l + oj 3a' + 3 Sic'-S' 

°- 8(«-l)"^4(3-a:)^8(a;-.5) (l-a;)(«-3)(a;-5)- 
9. 1 -a; + a;'-a;' + 



1 + a: * 
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CHAPTEB IX. 

ON MISCELLANEOUS FRACTIONS. 

165. This chapter may be regarded as supplementary to the 
three which precede it. In it we shall treat of various matters 
connected with Fractions, so as to' exhibit the mode of applying 
the Elementary rules to the simplification of expressions of a more 
complicated kind than those which have hitherto been discussed. 

166. The attention of the student must first be directed to a 
point in which the notation of Algebra differs from that of Arith- 
metic, namely when a whole number cmd a fraction stand side by 
side with no sign between them, 

3 3 

Thus in Arithmetic 2 = stands for the sum of 2 and •= • 

But in Algebra x - stands for the prodvict of x and - . 

z z 

So in Algebra 3 stands for the product of 3 and ; 

.t^ X . o « + ^ 3a + 36 

that IS, 3 = . 

c 

Examples. — ^XLIX. 
Simplify the following fi.-actions : 

1. a + aj + 3-. 

X 

^ a'-^ax g.x — a 
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3. ^Zl + 2-^ 



4. 4 



x-y 



167. A fraction of which the Numerator or Denominator is 
itself a fraction, is called a Complex Fraction. 

Thos - , -3 and •^ are complex fractions. 
a a m, 

b n 

A Fraction whose terms are whole numbers is called a Simple 
Fbaction. 

All Complex Fractions may be reduced to Simple Fractions 
by the processes already described. "We may take the following 
Examples : 



a 

b a m a n an 

vn, 

n 



V/ '^'^ b ' n" b w* brn 



a c 



b d ^fa c\ ^ fm p\ _ ad — be ^ mq — np 



(2) ^ ^ (^ c\ /m p\ 
^"^ m p \b dj \n q) 



bd nq 



ad— be nq ^nq{ad-bc) 

bd mq-^np bd (rnq — np) * 

(3) li|=(i+<.)+(i + l) = (i+«)^^ 

X 

l+oj flj x(l-^x) 
1 aj+1 l + x 

S- ^ Digitized by GoC^Ie 
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W g. 1 \l-X 1+xJ \1-X I + Xj 

l-a!"''X + « 

_l+a5— 1 + sB x + af+l —X 

2as 1-a^ 2x 



3 3 3 3 



1 + 



3 l-aj + 3 l-a:+3 4-a 

1 + = ~i 

1 -ap 1-a; 



3 3(4-a;) _ 12-3a ? 

"*4-ajK3-3a;"'4-aj + 3-3a;"' 7-4« " 
4-« 

"Ptampt.tm . — ^L. 

Simplify tKe following expressions : 





SB 


4. 


•0-1) 


.2.^ *. 
• as-y 




6. 


1 

5+x+-f - 


2-« + ^ 






6. 


1 
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1 «-y «+y 
a — -s H 

a «+y «— y 



1-- 



+ — 

x+a x—a 






•2x 




!lf-cf 




ix 




-.^" 




*.-l = 


1 

. -1 



12. 



13. 



10. — ^ +1 :r . 14. 

1 + 



, 1 1 ' 

1 + - + -, 

X ar 

a-^h b 
b a-^b 
1 1 ■ 

w 

2m- 1 • 



X 



_^ a6 ac be 
a6 



1 68. Any fraction may be split np into a number of fractions 
equal to the number of terms in its numerator. Thus 

aJ* ""«* a* aJ* aC* 

1111 

= - +-5 + ZJ + Z4- 

« ar ar fir 

EXAHFLES. — ^LL 

Split up into four fractions, each in its lowest terms, the fol- 
lowing fractions : 



1. 
2. 



25* 



abed 
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3. 
L 
5. 
6. 



9a*-12a*+6a~3 

108 
18p^+12^-36r' + 72g* 

3/)5'r« 

10a^-25g' + 75a;-125 

1000 



169. The quotient obtained by dividing the unit by any 
fraction of that unit is called The Reciprocal of that fraction. 

Thus - , that is, - is the Eeciprocal of j- . 

h 

170. "We have shewn in Art. 126, that the fraction symbol 

^ is a proper representative of the Division of a by h. In Chap- 
ter IV. we treated of cases of division in which the divisor is 
contained an exact number of times in the dividend. We now 
proceed to treat of cases in which the divisor is not contained 
exactly in the dividend, and to shew the proper method of repre- 
senting the Quotient in such cases. 

Suppose we have to divide 1 by 1 — a. We may at once re- 
present the result by the fraction . _ . But we may actually 

perform the operation of division in the following way : 
1-a) 1 (l+a + a" + a'*+ ... 
1-a 



a 








a- 


-a* 








a' 






«•- 


■ a* 








a* 








a»- 


«♦ 
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The Quotient in this case is intermincMe. We may carry on 
the operation to any extent, but an exact and terminable Quotient 
we shall never find. It is dear however that the terms of the 
Quotient are formed by a certain law, and such a succession of 
terms is called a Series. I^ as in the case before us, the series 
may be indefinitely extended, it is called an Infinite Series. 

If we wish to express in a concise form the result of the 
operation, we may stop at any term of the quotient and write the 
result in the following way : 



= =l + a + .i , , 

l-a 1-a 

1-a 1-a' 

always being careful to attach to that term of the quotient^ at 
which we intend to stop, the remainder at that point of the 
division placed as the numerator of a fraction of which the divisor 
is the denominator. 

Examples. — LIL 

Carry on each of the followiog divisions to 5 terms in the 
quotieat r 

1. 2byl + a. 7. 1 by 1 + 2aj - 2«". 

2. 97»bym + 2. 8. l+a? by 1 -« + «". 

3. a-6bya + 6. 9. 1+6 by 1-26. 

4. a' + aj' by «•-«». 10. aj»-5* by aj + 6. 

5. axhj a-x. 11. a* by 05-6. 
6; 6bya + aj. 12. a"by(a + «)*. 
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13. If the. divisor be as— a, the quotient a^ — 2ax^ aud the 
remainder 4a', what is the dividend 1 

14. If the divisor be m — n, the quotient nf + 5m' + 15m+ 34^ 
and the remainder 75, what is the dividend f 

171. If we are required to multiply such an expression as 

9? X \ . X \ 

we may multiply each term of the former by each term of the 
latter, and combine the results by the ordinary methods of addi- 
tion and subtraction of fractions, thus 



SB* X 1 




X 1 




2 ~3 




a^ «• « 
i+6 + 8 




a? X 


1 


~ 6~ 9 


12 


if X 

4 +72 


1 
12 



Or we may first reduce the multiplicand and the multiplier to 
single ^fractions and proceed in the following way : 



(^ X l\ (X 1\ 





12 




6 






18a» + «- 


-6 








72 










IS*" X 
~ 72 +72 


6 

"72 








4 72 


1 
12' 






This latter 


process will be found the 


simple by a 


banner. 
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EXAKPLES.— LIIL 

Multiply 

- aj* « 1 - 05 1 

-, «• a 1 - a 1 

,.11.1 ' 

X ar ' X 
4. as'-l+ibya^+l + p. 

^111,111 

6. --r +- by- +^ +-. 

7. 1+- + -I by I--+-5. 

8. l + la! + ia^lyl-i« + ga!'-jga?. 

- 6 37,2 11 
*'• ^*x~3*'^'^^x~2' 

10. g,+-, + 2byp--.-2. 



3 1 



172. If -we have to divide such an esqtreaaon as a?+3x+ - + . 

by as + - , we may proceed as in the diviaon of whole numbers by 

ihe following process, carefully observing tliat the order of do- 
flcending powers of a; is 



•'^' ^' ^ x' ?' ? 
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Any isolated digits, as 1, 2, 3 .... will stand between x and - . 

Thus the expression 

. 1 A • 3 ^ 5 

4 + «" +-1 + 3a;*'+ -, + 5a; + -, 
^ , X X 

arranged according to descending powers of x will stand thus 

X ay OF 

The reason for this arrangement will be given in a subsequent 
part of the work, 

«+-j 05^+ 3a5 + -.+ -j V^"*"^"**^^ 
0^+ or 



• 


3 




2x 


X 

2 




2x 


+ - 

X 






1 


1 






- 


X 


«• 


• 


i 


1 




- -k-^ 




a; 


«■ 



Or we may proceed in the following way, which will be found 
simpler by the beginner : 



(^.w54).(„3) 

"^ a^ ' X 



aJ»+3aJ* + 3aj* + l x 

st'J-^ u- , X 
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x* + 2af+l 



** 2aj* 1^ 
. or 



Examples. — ^LIV. 



Divide ; 



1. a^-^^y^ + i- 

2. a-Tabya-j. 

5. ^ + 2 + gby?+y. 
y or " y X 

- 1 1 1,111 

7. ^_g-3? + 3?^by5-y. 
y* as^ y X '' y X 

a --r"-ix*+-^7?'--raf — j-x + 27 by ^-aj + 3. 
4 o 4 4 2 

9* 13+ -i by 5^ + -. 
6" a* '' b a 



,^1113.111 

10. -,+ 73 + -|--r- V +!■♦•-• 
a" b* 0* abo '^ a o 
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173. In dealing with expressions involving Decimal Fractions 
two methods may be adopted, as will be seen from the following 
example : 

Multiply -108-% by 'OSaj + ^y. 

We may proceed thus, applying the Rules for Multiplication, 
Addition and Subtraction of Deciinals. 

•laj-'2y 
•03a;+-4y 



•003iB*--006ay 

+ -04 xy- -08/ 

•003aj* + -034jcy--08y"* 



Or thus 



(■l.-»,,(*3...«.(f„4j)(^.g) 

_«-2y 3a;+40y 
- 10 "" 100. 

3g*+34a?y-80y' 
1000 

= -OOSaj* + -0340^ - -OSy*. 

The latter method will be found the simpler for a beginner. 

EXAMPLTW. — ^LV. 

1. Multiply 'laj~-3 by -50?+ 07. 

2. Multiply •05« + 7 by '20; -3. 

3. Multiply '3aj - '2y by •4« + ^y. 

4. Multiply 4-3« + 5-2y by '04aj - -OGy. 

5. Find the value of 

a'~5* + c' + 3a5c whena = '03/6=*l andc=-07. ' 

6. Find the value of 

aj"-3aaj"+3a*a>-a" when «= ;7 and a = :03. ,, 
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7. Pind the value of 
a*(ft-<j) + 6«(c-.o) + c*(a-.5), wlieiia=:-2, 6 = -3, c=-4. 

174. When any expression E is put in a form of which/ is a 



&ctor«then -^ is the other fiictor. 

Thus a+6 = a(?^) 



So ab+ae+le=abe. 



a) 
ab+ae + he 



abe 

/I 
dbe. 



n 1 1\ 
and a? + 2xy,.^ = a?.(t±^^±^ 



Examples. — ^LVL 

1. Write in fiustors, one of which is a^Xj the series 

2. Write in £sustorS| one of which is xyz^ the expression 

xy^xz-^-yis. 

3. Write in &ctors, one of which is a?f the expression 

aj' + ay + y*. 

4. Write in &ctors, one of which is a + (, the expression 
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175. We shall now give two examples of a process by whicliy 
when certain fractions are known to be equal, other relations 
between the quantities involved in them may be determined. 

This process will be found of great use in a later part of the 
subject, and the student is adyised to pay particular alttention 
to it 

(1) If f =^, shew that 

a + 6 _6-\-d 
d — b " c — d' 

Let | = X 

Then |"^' 

e=^Xd. 

a^h \h-\-h h(\-\-l) X+1 
a-6"A6-6'"6(\-l)~X-r 

c-^-dXd-hd d(\-\-l) \-\-l 
^"^ c-rf"Xrf-rf~4x-l)"X-l' 

Hence 7 and , being each equal to r — :r are equal to 

a-b o-d ° ^ X-1 

one another. 

^ f a^b b-e c-a' 

shew that w + ?i + r = 0. 

Let - — 7=X, 

a — 

^ =X, 
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.'. m + n + r=Xa-A& + A&-A« + A«-Xa 
= 0. 

Examples.— LVII. 

Cb C 

1. ^^ T =* 5 > prove the following relations : 







(2) ".= " . 




^"^^ ia-5b~ic-5d- 


,y. 11a +6 13a + 6 
^^ llc + c^ I3c + d' 


„^ a* + V c' + rf* 


,0, o'-aft + 5- c*-cef+ef« 


. If ^ - »" „ ** 
a — 6 6 - c c — a 


tlien?+7?i + w=0. 


L K =-=-. = -t: . Drove t 


hat ^ = -^ = -. 



4. If —r— = = • prove that a = = c. 

b c a ' ^ , 

5. If £i=«a=«.,Bhew.that«a = 2«rt3».±4«,. 

*i 6, 6,' b^ :i6, + 36,+ 46, 

6. If T> ;7> ^ be in descending order of magnitude, shew 
that f — ^ — 2i ^ 1®S8 than . and greater than y. 
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8. If-=-,Bhewthat^^^=^-^-^.. 

6 a 3a + 06 dc + 5a 

10. If ^ be a proper fraction^ shew that t is greater than 

^ , c being a positiYe qaaiitit7« 

11. If ^ be an improper fraction, shew that t — is less than 
r 9 c being a positive quantity. 

176. We shall now give a series of examples in the working 
of which most of the processes connected with fractions will be in- 
ti*oduoed. 

Examples.— LVIIL 

3 11 

1. Multiply |a'-5a* + ja;+ 9 by g«"-aj+3. 

2. Find the value of 3a" + 7= when a = 4, 5 = rr, c = l. 

3. Simplify 4(a + 26)-r3a-4(a-(26^|)|l. 

h 

<* + — ;;. 

1+r 

4. Simplify -2..(a«.6«), 

a 

>-5 



„, 2x + Z , 13a:»-24a! + 13 
^"^^ 2*^3 ^"^ -6?rT3iT6- 
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6, Multiply a5* + -^- (« + -) + ! by » + -, and arrange the 
product in descending powers of x^ 

, 7. Shevthat (6aj-ay)" + (a»-CK)* + (cy-6«)* 

8, Divide -i+T-3tT--j) + 4(-+-) by-+-. 

or ar \ar or J \a xj '^ a x 

9, The product of two expressions is 

46*- lloft' - 4aV+ 5a*6- 6a*, 
and one of them is 2 (a* + 25') - 3a6 : find the other, 

10. Shew that (a« + a6 - 6")' - (a* - a6 - 6")« is divisible by 
4a*-46'. 

11. Simplify -^^^-j2^^5-. 
1^- Simplify ^.^^^,^5 v 

IQ TJ^ « + l 1 , 1-23? 

\6. }^Mce 2(a;«+l)-(a^+l)(a;» + l)"^3(a;*-a;+l)- 

_3^ 

«. i.y. «6c 3-a-6 + c 

14. SuDph^ ^^^^^ - ^^^_^ . 

ic CO a6 

_1 \_ ^_« y_ 

15. Simplify ^ ^ 

(a-y)(a-aj)-"(a-aj)(a-y)' 

16. Shew that 

=:2a6c(a + 6 + c). 

17. Resolve 4(a6 + (jrf)'- (a'+ f-c'-c?*)* into fourfactors. 
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18. The prodact of two expressions is 

4:aV'k-2 (3a*- 26*)-a6 (5a»- 116*), 
and one of them is da' + 2ah — b* : find the other. 

19. Shew that («• + ay + /)•-(«»- ay + /)• is divisibfe by 
4a^ + 4y». 

20- Simplify .^/a^ryTy- ' 

«, «. ,.^ a!'-39a!+70 

21. Simplify ^_3^_7o - 

_ , l-2a! as+l . 1 

22. Reduce =-7:3 -tt + imyr i\ + / 



3(a:'-a! + l) 2(a!' + l)'^6(a!+l)" 



6 1 1 J. 1 

«, o- IV ^"^^ « «'"V 

23. Simplify -^5—^— X ij J. 

24. Simplify 



1 .1 yixyz+x+z)' 

y + - 

25. Resolve (a6 + ci) (c* + c?") + «f (a* + 6* - c* - ef ■) into two 
factors. 

2Q. Shew that 
a(y + «)(y* + «'-»*) + y(aj + «)(«' + aj"-y*) + «(a; + y)(aj*+y*-»') 
= 2ay«(«+y + «). 

27. Add together ^-^+g, ^-^ + ^, and 

«" a* y* 

and subtract «*-«■ + ^ from the result. 
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28. The product of tyro algebraioal expressions is 

and one of them is ? : find the othen 

y « 

on ^^• -J «* ^^ a ^y . y" , oj 2(aj + y) 

29. Divide -3 4 + -£+4^ by ^^ — ^. 

IT y X of ^ y X 

a-hp a-p 

30. Simplify SEililS. 

a-p a-^p 

«, ™. -I xi. 1 /. a* + 5*-c'4-2a6 , i . 1 

31. Find the value of -^ — ri — g — hir ^*i®^ a =4, 6 = 0, 

c=l. 

5 7 a* 

32. Multiply 5a» + 3aaj-^a* by 2a^^ax- ^. 

cf^V ^, 36« 

33. Shew that -. ^t « « + 26 + — t . 

(a- 6)" a-h 

34. Shewthat^2^alI^l:^ = 12«-25 + ^,. 

5a^ + 9aj - 2 05+2 

35. Simplify i:i^+J?^+g::^. 

^«- Simplify ^^y^_g^_y^^3 . 

87. SimpUfyj^* L_ I ' •' 

1-aj 



l+aj-T 

1-aj 



38. Simplify a + ai + J* ^a + a6 + y --^V 
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39. M.iltiply together (l + J) h + ?,) (l - -j V • 

40. Add together — -^ , ^ — - , , and shew that if 

their sum be equal to 1, then ahc = a + ( + c + 2'. 

41. Divide — 1 -+-+_bv x-cb. 

a a a* X 7? " 

a h c , 

^ -r C + - -^ a + - -r O 

42. Simplify , , and shew that it is equal 

a c 

to -^^ r^ — >_ — ^-^ ^ if 2«= a + &+ c, 

be 

43. Shew that Lg- + \ + L_ = _/_^* . 

a-7-x a-i-x a -rar 

44. Reduce j^^ ^ij^^^ij^__^ to its lowest terms. 

45. Simplify v + —-7 - 2 -r-— . 

l+oj 4a? Sx 1-a; 

4G. Simphfy-^-^ , ^^, l-a;« "' 



,n a- I'f ^ + 6^ a' + J* 

47. s^pWy^6-2^ + 2^(^r6)- 

48. Simplify —5 5-jr-r rr j-a ^ 1 yt • 

* c^' - 3a6 (a-b)- b a + 6 
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49. Simplify 

X 2x' -4- y' Sjy'- Sr c'-y' _ 4V--2 a; y-y 
y ay i'y a?y 

.■ ) 

50. Reduce ^^ "^ v^* - ^ ) ^ - ^^y ^^ .^ l^^gg|. ^^.^^g 

«y + 2 

52. Simplify 



53. Simplify 



(ic*-l)' 2a;*-4a; + 2 l-a;"' 
a* + 6* + 2a6-c* a + 5 + c 



54. Simplify (-^. 1 -^) . (T^I-""^) • 

a; a; 

55. Find the value of ( A ^rr, when x= . 

\B — b/ x+a-40 2 

fi« a- vf a'-(f>-c)' 6'-(a-c)' c'-(a-6)' 

. -iK-(-^l)}- 

68. SItnphfy^_^^.-^ 

69. Simpli^/-'-;)^"'!.- 

* -^ (a+l)*(a*-a)'* 

«n Q. vr 1 1 I 1 aJ-1 3 

60. Simphfy^ + -,---^-^,^-j^+^^-^^.-^^,. 
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61. Simplify J- + J- - 2 (a" + b*). 

* "^ a — 6 a + 6 ^ ' 

62. Divide-i--+---^b7---. 

a a X OCT ax 

63. Simpli^ 6a^ + a^-44x + 2 T' 

/,. a- vi. f « + 5 a- 6 26* )a-h 

64. Simplify |2^-^-^^^^ + ^r-^j- 2^-. 

65. Add together a" - -j, - a"a^ 5a*aj — - — — , and 

1 V a* — 4a*a5 — -- • 
b 

66. Multiply together ooj-c, bx-c, c'—aiba^, and if a; = -. 

a + fr 

shew that the product is equal to J j-^ c\ 

67. Simplify j^.^- 25^. 

68. Simplify — T 7 =T i + -5 7 r 

* "^ «—«(« + 6) + 06 or — a;(a + c) + o<? 

+ 2 



a*-a;(6 + c)+6c' 



69.' Simplify <'^^^^''>'-^<^r;i::t-">'^<'--^)\ 

70. Shewtliat^?l:if±4;-1 = 2-1±^. 

(a-6-c) • 0-6-c 

71. Take 70 — :i ^-^ from 



(3-2a;-7a;y (3-2u?-7«y 
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72. Multiply 3 + 4a; -^-^ 

73. Divide 1 +«+ as* by 1 + - + -=. 

a; ar 

74. Multiply 1 J by 1 + -t — . 

*7Q ot. ^u^ »(«-!) L 6(6-1) (a + 6)(a + 6-l) 

78. Shev tkat j 2 ^ ^"^^ 1 2 " ^ l72 ^ * 

79. Multiply |aj'-5«*4. Jaj+9 by ^-« + 3. 



/ 2a« \ / 2ab \ 



80. Simplify 

a' -ah a* + aft + 6* 
a^-b^ a + 6 

81. Simplify 

_i l_ + _i 1 

2(a; - 1)" 4 («- 1) 4 («+ 1) («- !)»(« + 1)' 

82. Simplify 2^-x^l ■ 

83. Prove that 

11 1 1 

,-+—7 T7-; 7+1 



060; a {a -b) (x - a) b{p'^a){»^b) «(«-«) (a; -6)* 
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84. Add together =. and r > and 9ubtraci from the 

a — 6, . a + 6 

sum tlie quotient on dividing foar times the square of h by the 
difference between the squares of a and h. 

85. Multiply 2 + ?^ by 2-?^::^. 



^^. Shew that -5 ■ w 

or -¥ y • 1\ 



g'-fy' 2^* 



87. If «=a + 6 + c + .., toTiterms, shew that 

8-a % — h B — c /I 1 1 \ 

+ -T— + + ... = «(- +r + - + ... )-w. 

a . b c \a 6 c / 

1 + 1 + , , 

89. Simplify ■ __ -r ' " a _ a;^ * 

a + 05 a*-\-x' 

90. Multiply -;+-5-(-+-) + l by -+-, and arrange 
/ ^ "^ a^ or \(» xj ''a x 

the product in descending powers of x. 

91. Shew that 

{(oa + lyY + (ay - 6a;)»} {{ax + 6y)* - (ay + Ixf) 
= (»*-&*) (a*-y*). 

92. Divide aj^ + l-3(l-a;*) + 4(a? + ^) by a: + ^;- 

93. If « = a + 5 + c+ ... to n terms, shew that 



-»- + + ... = «-!. 

IT A « 
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94. Dmdo (^ -^ by f-^. +-/-,). 
\x-y x + yj •' W + y* i»?-y'J 

l_Jxy_ ,^_yy 

Oft -Tfi (^ + h c4-d ^i.j.ci + ^-^c + d'. 

a 6 c a 

44 4 

97. Divide cb*- 5aj - 10 + z, by a? + 1 + 4 

35 + 5 '' x + 5 

98. Find the value of (1 - «)• (1 + 2a; + 3iB* + 4a;' + 5a;*) when 
a; is equal to ^ . 

Oft -kir li.- 1 o 12aa;-5a;' , . 20aa;-7a;" 

99. Multiply 3a; -. — by 4a; = ^ — • 

^^ 4a- 3a; ^ 5a-'2x 

iHA a- rxu «*-^aj'-36a;"-16a;+320 

100. Simplify -— — —- — -— — , 

^ ^ 4a;»4-3ar'-72a;-16 

101. Divide 1 by l-3a;+2a;' up to x\ 

102. Simplify 6^^Va+5 + ?V and find the value of 
the expression when a=^b = 2. 

103. Simplify 

p* + 4:p*q ^-6p*g^ + ip^ + / ^ p* -h 3p*q ■\- Spq* + q* 
/>*-4p'9 + 6joy-4^g* + g^ \p'-3p'2' + 3/>2''-2^* 



Digitized 



by Google 



CHAPTER X. 

ON THE METHOD OF FINDING THE SQUARE ROOT AND THE 
CUBE ROOT OF ALGEBRAICAL EXPRESSIONS. 

177. In Art. 79 we defined the Squa/re Boot, and explained 
the method of taking the square root of expressions consisting of 
a single term. 

The square root of a positive quantity may be, as we explained 
in Art. 79, either positive or negative. 

Thus the square root of ia* is 2a or — 2af and this ambiguity 
is expressed thus 

JW = ^2a. 

In our examples in this chapter we shall in all cases regard 
the square root of a single term as a positive quantity. 

178. The square root of a product may be found by taking 
the square root of each factor, and multiplying the roots, so taken, 
together. 

Thus JaW = ab, 

V6l«y?=9a*y«». 

179. The square root of a fraction may be found by taking 
the square root of the numerator and the square root of the de- 
nominator, and making them the numerator and denominator of 
a new fraction, thus 

4a» _ 2a 
SW "" 96 



/I 

V i 



2bxY _ 6xy* 
i9«' " 7«« " 
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EZAHPLES. — LIX. 
Find the Square Boot of each of the following expressions : 

9a' 



1. 4iBy- 7. 



IW 



2. B\a'b\ o _1_ 

**• 4a V 

3. laim'VV*. 25«'6' 

4. 64a*yV. 



10. 
6. 169a"6V*. H. 



12 lay 



5. 71289a*6V. '''• 289.v* * 

625a' 
3246' • 



180. We may now proceed to investigate a Rule for the 
extraction of the square root of a compound Algebraical ex- 
pression. 

We know that the square of a + 5 is 

and therefore a + & is the square root of 

If we can devise an operation by which we can derive a + h 
from a* + 2ah + h\ we shall be able to give a rule for the extraction 
of the square root. 

Now the first term of the root is the square root of the first 
term of the square, i a a is the square root of a\ 

Hence our rule begins : 

^'Arrcmge the terms in the crder of magnitude of the indicee 
of one of the qtuintities involved, then take the sqtUMre root o/the 
first term amd set down the result as the first term of the root : 
subtract its square from the given eaDpression, and bring down the 
remainder,^* thus 
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a*-^2ab + b* {a 

2ab + b* 

Now this remainder may be represented thus h (2a + &) : hence 
if we divide 2ab -hb^hj 2a-^b we shall obtain + by the second term 
of the root. 

Hence our rule proceeds : 

^'Datible the first term of the root and Set down the remit as the 
first term of a divisor ;" thus our process up to this point will 
siand thus : 



2a 



2ab + b* 



Now if we divide 2(ib by 2a the result is 6, and hence we 
obtain the second term of the root^ and if we add this to 2a we 
obtain the full divisor 2a -^b. 

Hence our rule proceeds thus : 

^'Divide the first term of the remmnder by this first term of the 
divisor^ and add the resvlt to the fi/rst term of the root and also to 
the first term of the divisor:^* thus our process up to this point 
will stand thus 

a* + 2a6 + 6* (a + 6 



2a + & 



2a64-6« 



If now we multiply 2a + 6 by 6 we obtain 2a^ + 6*, which we 
subtract from the first remainder* * 

Hence our rule proceeds thus : 

^^ Multiply the divisor by the sedond term of the root and mth^ 
tract the resvlt from the first remainder:''^ thus our process will 
stand thus 
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2a + 6' 



2a5 + 6« 



If there is now no remainder, the root has been fonncl. 

If there be a remainder, consider the two terms of the root 
already found as one and proceed as before. 

181. The following examples worked out will make thp 
process more clear. 



.-i 



-2a6+6« 
.-2a6+6« 



Here the second term of the root, and consequently the 
second term of the diyisor, will have a negative sign prefixed, 



because.— 2 — ==-&. 






^p^ + 2ipq+\^q'{^p + iq 




V 




6p + iq 


2ipq+\^^ 
24;?y + 16(?' 






25««-60a;+36'(5a;-6 






25a:« 




10a? -6 


-60aj+36 

-60a; + 36 
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Let us next take a case in which the root contains three 
tei^ms. 





a' 


2a + 6 


2a6 4-6*-2ac-26c + c' 


+ 26-C 





When we obtained the second remainder^ we took the double 
of a+by considered as a single term, and set down the result 
as the first part of the second divisor* We then divided the first 
term of the remainder, — 2ac, by the first term of the new divisor, 
2a, and set down the result, - c, attached to the part of the root 
already found and also to the new divisor^ and then multiplied 
the completed divisor by — c 

Similarly we may proceed when the root contains 4, 5 or 
more terms» 

Examples. — LX« 
Extract the Square Root of the following expressions : 

1. 4a«+12o6 + 96". 

2. iek''-^SIi^P + 9l\ 

3. 4iB»-24a?y + 36y». 

4. a^-6«"y" + 9y\ 

5. «■ + 200a; +10000. 

6. aV+162a6 + 6561. 

7. y*-38y'+36i: 

8. 9a'6V-102a6(j + 289. 

9. a;*-6a" + 19a;»-30aJ + 25. 



Digitized 



by Google 



0/V THE SQUARE ROOT AND THE CUBE ROOT. 141 



10. 9aj* + 12aj» + 10«* + 4a; + 1. 

11. 144a*m»- 216a«mj9" + ^lp\ 

12. 4r*-12r'+13r*-6r+L 

13. m*-2m' + 3m'-2n»+l. 

14. 4n* + 4n'-7n»-4» + 4. 

15. l-6a;+13a*-12aj" + 4aj*. 

16. «• - 4aj' + 10a;* - 12a;» + 9a;». 

17. 4y*-12y«« + 25yV-24y«» + 16«*. 

18. 4aV- 12a»6» + 17aV- 12a»6 + 4^. 

19. a» + 4a6 + 46« + 9c" + 6ac + 126(j. 

20. a* + 2a'6 + 3aV + 4aW + 3a"6* + 2a5» + h\ 

21. a;«-4a;* + 6a;» + 8a;»+4a; + l. 

22. a;'-2a;» + 3a;*-4aJ» + 3a;«-2a;+l. 

23. 4a;* + 8aa;» + 4a V + 1 66 V + 1 6a6'a; + 1 66*. 

24. 4a;'-12a;y + 9/ + 4a»-6y« + ««. 

25. 9-24a; + 68a;«- 116a^+ 129a;*-. 140a;»+ 100a;\ 
2^. 1 6a* - 40a»6 + 25a«6» - 8a6»a; + 646 V + 64a'6a:. 

27. 9a* - 24ay - ZOaH + 16/+ iOpH + 25^. 

28. 4a;*-12ay^y+29a;*y»-30aJ»y» + 25a;y. 

29. 4a* - 12a»6 + 25aV - UaV + 1 66*. 

30. 9a;'y* - 1 2a?3^ + 34a;*i^* - 20a;«y + 25a;«. 

31. 4y*a;'-12y»aJ»+17y«a;*-122^ + 4a;«. 

32. 25a;*/ - 30a?y» + 29a;»y* - 1 2a/ + 4/. 

33. 16a;* - 24a?y + 25a;«/ - J2a/ + 4/. 

34. 4a;*-4a?-3a;«+2a; + l. 

35. a;*-4a?+2a;« + 4a; + l. 
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36. 9aV - 1 2a«aj» + lOaV - iaa^ + aJ*. 

37. 4aV-12a««»+13aV-6a»aj+a*. 

38. 9a' - 12a6 + 24ac - 166c rf 46* + 16e'. 

39. flj* + 9a;"+25-6fic»+10«'-30a5^ 

40. 25a;" - 20ajy + 4y« + 9«' - Uyz + 30aaf. 

41. 4«*(«*-y) +y«(y-2)+y (4a* + l). 

182. When any fracliondt terms are in tlie expression of 
'wliich w£ have to find the Square Boot we may proceed as in 
the Examples just given, taking care to treat the fractional terms 
in accordance with the rules relating to fractions. 

Thus to find the square root of ^"q^+qT' 



^ 8 • 16 



(^^-| 



2x^^x 



8 16 

^9*'*'«r 

-? 16 
9*'*'8T 



8^82814 
Smce 9"*'^ = 9^T = 9''2 = 9- 

Or we might reduce aj*-Qa; + ^toa single fraction, which 

,^^ 81«»-64aj + 16 
would he v^, y 

and then take the square root of each of the terms of the 
fraction, with the following result ; 



— Q — , which IS the same as « - ^ 
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Examples. — LXI. 



1. 


4«V«'r-«V. 


2. 




3. 


««-2+i.. 


4. 





6. a;* + 2ic'-aj-l-7* 

7. 4a*-12a6 + a6' + 96*--y + -jg. 

8. a;« + 8a!' + 24+i|+||. 

9. ^ + 4a* + ^ «V - 3a' - Sa'a; + l^ a'x. 

lb y o 

,^ 1 4 9 4 6 12 
10. —, + -. + -. + . 

n o n 2o on 

12. aV-6aJ«;+?^+9c'.i'+^-«-^. 
7 4y 7 

12ay 
«* ' * a; «* ' 

4m* 6w* . 16m 24n 

14. — r + — i + ^ + • 

n" • m' w m 

^ ' 9 "^ 16 "^ 25 ■*■ 4 6 15 3 10 "^ 4' 5 * 



13. l?!^-^.,^-*-'-^- 

»■ »r «» />• 
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16. 49a;* - 28a^ - 17a;" + 6a; + ? . 

4 

17. 9a;*-3aaf+66a;' + ^-a&B« + 6V. 

4 

18. 9a;*-2aj^-^a;' + 2a?+9. 



ON CUBE ROOT. 

183. The Cube Root of any expressioD is that expression 
whose cube or third power gives the proposed expression. 

Thus a is the cube root of a"^ 

Zh is the cube root of 276*. 

The cube root of a negative expression will be negative, for 
since 

(— a)' = — a X — or X — a = — a', 

the cube root of — a' is — a. 

So also 

— 3a; is the cube root of — 27a;', 

and — 4a'6 is the cube root of — 64a*6*. 

The symbol HJ is used to denote the operation of extracting 
the cube root. 

Examples. — LXIL 

Eind the cube roots of the following expressions : 

1. 8a». 5. 3436"c» 

2. 27a;y. 6. -lOOOaVc". 

3. -125mV. 7. -.1728m"n". 

4. -216a»V. 8. mWV\ 
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184. We now proceed to investigate a Rule for finding the 
Cube Root of a Compound Algebraical Expression. 

We know that the cube of a + ^ is a" + 3a'6 + 3a6* + h\ 

and therefore a + ft is the cube root of a* + 3a'6 + 3a6' + h\ 

Proceeding as in the process for finding the rule for the extrac- 
tion of the square root, we observe that the first term of the root 
is the cube root of the first term of the cube. 

Hence our rule begins : 

Arrange the terms in the order of magmtude of the indices of 
one of the quantities involved^ then take the cube root of the first term 
and set doum the resuU^ as thef/rst term of the root : subtract its cube 
from the given eocpression, and bring doum the remainder ; thus 

a' + 3a'6 + 3a6» + 6» (a 
a' 



3a'6 + 3aft' + y 
Now this remainder may be reprQsented thus, b (3a' + Zab + V) ; 
hence if we divide 3a'6 + 3a6' + 6' by 3a' + 3a6 + 6^ we shall obtain 
+ b, the second term of the root. 

Hence our rule proceeds : 

^^ Multiply the first term of the root by 3, and set down the 
result as the first term of a divisor ;" thus our process up to this 
point will stand thus : 

a' + 3a'6 + 3a5' + y (a 



3a» 



3a'6 + 3a6' + 6» 



Now if we divide 3a'6 hj 3a' the result is 6, and so we obtain 
the second term of the root, and if we add to 3a' the expression 
Zah + V we obtain the full divisor 3a' + 3a6 + 6'. 

Hence our rule proceeds thus : 

" Divide the first term of the revnainder by the first term of 
the divisor amd add the result to the first term of the root. Then 
S.A. 10 
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take three times the jyrod/act of the first arid second terms of the 
root, and also the square of the second term, amd add these results 
to the f/rst term of the divisor" Thus our process up to this 
point will stand thus : 

a'+3a*6 + 3a6' + 6» (a + b 



3a* + 3a6+6' 



3a*6 + 3a6' + 6' 



If we now multiplj the divisor by 6, we obtain 
3a'6 + 3a6' + 6», 
which we subtract from the first remainder. 
Hence our rule proceeds thus : 

** Mvltiply the divisor by the second term of the root and svh. 
tract the resuU from, the first remainder :^^ thus our process will 
stand thus : 

a* + 3a'6 + 3a6* + 6' (a + 6 



3a' + 3a6 + 6* 



3a*6 + 3a6' + 6» 
3a"6 + 3a6' + y 



If there is now no remainder, the root has been found. 

If there be a remainder, consider the two terms of the root 
already found as one, and proceed as before. 

185. The following Examples may render the process more 
clear : 

Ex. (1). a»-12a» + 48a-64 (a-4 



3a»-12a+16 



- 12a' + 48a -64 

- 12a' + 48a -64 



Here observe that the second term of the divisor is formed 
thus: 

3 times the product of a and -4 = 3 xax-4aB-12at 
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Ex. (2). 
3«*-12iB»+15iB»-6a;+l 



a^-6a«+15«*-20iB»+15a;*-6a?+l (a;'-2a;+l 



- 6aj» + 10aj* - 20a? + 1 5aj" - 6aj + 1 
-6a:»+12a;*-8aJ» 



3a;*-12aj«+15«»-6a; + l 
3a;* -12ar» + 15aj*- 6a; 4-1 



Here the formation of the £rst divisor is similar to that 
in the preceding Examples. 

The formation of the second divisor may be explained thus : 

Regarding a;" — 2a; as one term 

3(a;«-2a:)'=3(a;*-4a; +4a;') = 3a;*" 12a;» + 12a^ 

3x(x"-2a;)xl = 3a;**-6a; 

V = 1 



and adding these results we obtain as the second divisor 
3a;*-12a? + 15a;'-6a; + l. 



Examples. — LXIII. 
Find the Cube Root of each of the following expressions ; 

1. a»-3a«6 + 3a6«-6l 

2. a?^+^Q^f-¥Z3(^+\. 

3. 8a' + 12a' + 6a 4-1. 

4. 8aJ-- 36a;*/ + 54a;y- 27/. 

5. a» + 24a'6 +19206" + 5126'. 

6. a« + 3a'6 + 3a6' + 6» + 3a'c + 6a6c + 36'c + 3ac' + 36c' + c». 

7. a?-3a;'y + 3a/-/ + 3a;*5;-6a^« + 3/« + 3a«?'-3?/r+a'. 

8. 27a;* - 54a;» + 63a* - 44a;' + 21a;» - 6a; + 1. 

9. 1 + 3a;+ 6a;' '\-la?-¥ 6** + 3a;' + a;*. 
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10. l-^3a + 6a'-7a»+6a*^3a» + a«. 

11. aj"-3a'y+3ajy'-y»+8a»+6a'«-12ajy« + 6y'«+12a»'-12y3*. 

12. a'-12a» + 64a*-112a»+108a"-48a + 8. 

13. «:•-. 9aj* + 42«j* -117a^ + 210a* -225aj+ 125. 

14. »• + ^a* + 15a* + 20a» + 15a» + 6a + 1. 

15. 8m« - 36w» + 66w* - 63w» + 33m*- 9m + 1. 

16. a:»+6a»y+ 12aJ2^*+8y»-3a;'«-12a:y«-12y««4-3a»*+6y«'-«'. 

17. 8m»-36m'n+54m»'-277j -12mV+ 36mnr-27w'r4- 6mr' 

18. m»+3m*-5 + — ,--1. 

m' 7nr 

186. The,/cmr^A root of the expression is found by taking 
the square root of the square root of the expression. 

Thus 4/16a"6* = ^/4a*6' = 2a'6. 

The sixth root of an expression is found by taking the cube 
root of the square root of the expression. 

Thus 4^64a"6« = IJd^a'h* = 2a'6. 

Examples. — LXIV. 
Find the fourth roots of 

1. 16a* - 96a»a; + 216aV - 216aa^ + 81a^. 

2. l + 24a* + 16a*-8a-32a«. 

3. 625 + 2000a; + 2400ic* + 1280ai" + 256a^. 

Pind the sixth roots of 

4. a«-6a*6 + 15a*6«-20aV+ \Wh^-Qab' + h\ 

5. ai*+6aj* + 15aJ* + 20a:»+15ic* + 6a;+l. 

6. m' - 12m* + 60m* - 160m»+ 240m' - 192m + 64. ' 
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CHAPTER XL 

THE THEORY OF INDICES. 

187. The number placed over a sjiubol to express the power 
of the symbol is called the Index. 

Up to this point our indices have in all cases been Positive 
Whole Numbers. 

We have now to treat of Practional and Negative indices ; 
and to put this part of the subject in a clearer light, we shall com- 
mence from the elementary principles laid down in Arts. 45, 46. 

188. Firstj we must carefully observe the following results : 

a' X a' = a', 
(«•)• = «•. 

For c^xa^sa.a.a.a.assa', 

and (a^)'=:a^«a^=a«a.a,a.a.a8sa*« 

These are examples of the Two Bules which govern all com* 
binations of Indices. The general proof of these Bules we shall 
now proceed to give. 

189. Def. When m is a positive integer, 

a* means a\a,u with a written m times as a &ctor. 

190. There are two rules for the combination of indice& 
Rule I, a"xa* = a**"^*. 

BuLE II. (arY^aT. 
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191. To prove Rule I. 

a*= a . a . i» to m fiictorsy 

H^ ^a.a.a to n factors. 

Therefore 

a**xa"=(a,iv.a to m factors) x {a. a. a to n factors) 

^a.a.a to (77» + n) factors, 

= a"**, by the Definition. 

192. To prove Rule IL 

(arY=a'^,ar, oT to n &ctors, 

s:(a.a.a to m factors) (a. a. a. ..to m factors) ... re- 
peated n timesy 

s:a,a,a to mn factors, 

= a"^, by the Definition* 

193. We have deduced immediatdy from the Definition that 
when m and n are positive integers a" x a* = a""*"". "When m and 
n are not positive integers, the Definition has no meaning. We 
therefore extertd the Definition by saying that a* and a", what- 
ever m and n may be, shall be snch that ar^ar= a""^*, and we 
shall now proceed to shew what meanings we assign to a* in 
consequence of this definition, in the following cases. 

194. Case L To Jmd the meaning of cfi^ p cmd q being 
positive integers. 

p. p. p+p 

p p p p p p_ P-.p .p. 
«»xo«xa«=a«« xa^?=a^ * « ; 

and by continuing this process, 

' ' - t^+i? +' + ... to •!«« 

o» xo» X toj'factorssa* « « 
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But by the nature of the symbol (/ 

s/c^xi/a^ X to q factors =0^; 

.•. €fi -Kcfl X to g^fectorssij/a'x !/a/^x ...to Q'fiictors; 

195. Case XL To find the meaning ofaT'^ 8 being a positive 
nutnher, whole or/rcusHonal. 

We must first find the meaning of a\ 
We have a"xa* = a"** 

.-. a* = l. 
Now €fxa"*=a*-* 

= a* 
«1; 

196. Thus the interpretation of aT has been deduced from 
Bule I. It remains to be proved that this interpretation agrees 
with Rule IL This we shall do by shewing that Bule II. follows 
from Rule L, whatever m and n may be. 

197. To shew ^at (a*)* = oT^ for aU valties o/m and n. 

(i) Let nhes, positive integer : then, whatever m may b^ 
(cry z^a"^ .a^.a"^ to w fsictors 

_, ^mf m +»H- . . » to n tonm 

^) Let n be a positive fraction and equal to - , 2> and q 
being positive integers ; then, whatever be the value of m, 

(a*y X (a'f X to q factors= (a")« *«"^-*''*™ 

= («-)' 
=a-*,by(i), 
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mp mp mp mp 

But a«xa«x to g' fiictors = o « * **" ' 

that ifi^ (a")" = a**. 

(iii) Let n=— tf, « ^V^g & positive ntimber, whole or fno- 
tioiud : then, whatever m may be, 



(«")"=(^«^y^^i95, 



= -^ J by (i) and (ii) of this Article ; 

Of 

that is, (a^Y = — --- 

198. We shall now give some examples of the mode in 
which the Theorems established in the preceding articles are 
applied to particular cases. We shall commence with exarn^ 
of the combination of the indices of two single term)9. 

199. Since af'xaf^af^f 

(1) afxaf^^af^^af". 

(2) afxx = af^** 

(3) af**-*.af-^.a*-*^ = aJ"'**^*'»*'^*^^ 

(4) a'^.h'^xar^.lr^.c 

= a\h\c 
= 1.1.0 
= c. 

200. Since (aj*)»=a^, 

(1) (aO' = a^ = a'^ 

(2) (a;*)4 = a^l = aj«. 

(3) (a«^l = a*«4 = a^ 
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201. Since afi = \Jsft 

(1) ^^J^. 

(2) ««=7;?. 

NoU. When Examples of actual numbers are given raised to 
fractional powers, thej may often be pat in a form more fit fur 
easj solution, thus : 

(1) 144*=*(U4J)» 

= 1-2* = 1728. 

(2) 125* = (125*)* 

= (,yi25)* 
= 5* =25. 

202. Since (aj-)" = «-", 

(1) {(ar)«K= (ar*)" 

= 05"^. 

(2) .{(a-^)-^}* = («-•)*» 

(3) {(»—)•}'= (or**)' 



203. Since ar*=-, 
as* 

ipre may replace an expression raised to a negative, power by 

the reciprocal (Art. 169) of the expression raised to the same 

poftitive power : 

(2) a-' = ^. 



(3) a-l=^. 
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204. Since af -?- of = — = af. ar" = af*^, 

(1) a»4.aj»=a:»-» = a:». 

(2) a»^aj»=a:»-» = a:-» = -^. 

(3) ar-^ai'^ = aj*"^"^» = af''-^***===af. 

(4) a*-5-a^ = a'-^> = a^-«-« = a-^=i, 

(5) aj' -f- a* = aji "i = rc^. 

<^ 18 16811 9 ll 

(6) aj'4.a;Tr = a;*"' = a;'"Tf = aj'"Tr = aj"T = -i. 

a?T 

205.. Ex, Multiply a^^a^'+aT^l by a' + l, 
a^^a^ + a'-l 
ar+1 






Examples. — LXV, 
.Multiply 

1. a^ + ofi/^'^y^ hy a^-'afy^ + ^. 

2. a^+2a^p^ + doTy^ + 27y"* by a"* - 3y, 

3. aJ«-2aa5«+4a" by aJ« + 2aa:»* + 4a«. 

4. a"*+6* + <f by a'^-J^ + cf. 

5. a* + 6*-2cr by 2a'»-6. 

6. aj*"*^-^ by af + y'"*'^, 

7. a^-ar^/^ + y^ by a^+afi/' + y^. 
a o^-^p' + c" by 0^-^+6'^+ c'-*. 
9, Form the square of ai^ + a" + 1, 

10. Form the square of af^-gif + h 
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206. Ex. Divide a^-l by aj"-!. 

aji'-l)aj^-l (aj'' + a«' + ajP+l 

a^-1 






Examples.— LX VI. 
Divide 

1. aj**-y** by aj-y, 

2. a*»+y»» by a + y. 

3. flJ^-y** by aj-y. 

4- a'^' + y"' by a^+J*'. 

5. «"-243 by flj-3. 

6. a*~+ 4a*"aj*'+ 16«*» by a«" + 2a""aj"+ 4a^". 

7. 9a«' + 3aJ^ + 14aj»'+ 2 by 1 + 5aj'+ »*. 

8. 146**<f - 136*"c*"- 56*"+ 46'"c*" by 6*"+ 6"'c*" - 26*"c'". 

9. Find the square root of a**+6a'^+15a**+20a""+15a*"+6a"»+l. 
1 0. Find the square root of a*" + 5*" + c'^ + 2a"»6'* + 2a"»c'" + 26V. 

207. Ex. Mvitiply o* - o*6* + 6* 6y a* + 6i 
a*-a*6*+6* 
o* + 6* . 



a -a*6* + a*6* 

+ a*6*-a*6* + 6 
a +6 
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Examples.— LXVIL 
Multiply 

1. a* - 2aj* + 1 by a* r 1* 

2. aj**-3af+2 by aj**-3aj»*+2. 

3. o*-a5* by o* + a^aj* + ajt 

4. o^ + 6* + c'-a^6^-a^ct-6*c* by a^ + ft^ + c'^, 

5. 5aj* + 2aj*y* + 3aj*y* + 7y* by 2x* - 3yi 

6. m'^ + m*w*+m'w* + m^w^ + w'^ by m^-n''. 

7. m*-2(^W + 4c?* by m* + 2e^W + 4cZ* 
a 8a' + 4aV + 6aV + 96' by 2a*-36*. 

Form the square of eaoh of the following expressions : 
9. Q^ + c^. 13. a;*-2aj^ + 3. 

10. x^-a\ 14. 2aj* + 3aj*4.4. 

11. aj* + y*. 15, oj^-y^ + A 

12. a + 6* 16. »* + 2y*-«*. 

208. Ex. Divide a - 6 6y ^a - ijh. 

Putting a^ for ^o^ and 6^ for ^6, we proceed thus ; 






Digitized by VjOOQ iC 



THE THEORY OF INDICES. 157 

Examples.— LXVIII. 
Divide 
!• flj-y by a*- 2/*. 

2. a-6bya* + 6*. 

3. a;-y by aj^.-y% 

4. a + 6 by a* + 6*, 

5. x + y hj a* + y*. 

6. w — w by Tri^ — n^. 

7. a? - 81y by aj* - 3^^ 

8. 81a -166 by 3a*-: 26^ 

9. a~x by aj' + al 

10. m-243 by m*-3. 

11. aj + 17aj* + 70 by «* + 7. 

12. »* + »*- 12 by aj*-3. 

13. 6*-36* + 36-46*by 6*-l, 

14. a: + y + «— 3x*2/*«* by aj* + y* + «*. 

15. flj-5»*-46aj*«40 by «*+4* 

16. Tw + m'n^ + w by w^ — m^w^ + w* 

17. ;>-4p^+6/?*-4jp* + l by;>*-2p* + l. 

18. 2a5 + aj*y^-3y-4yM-a5^«*-« by 2aj^ + 3y^ + i?i 

19. oj + y by aj*-a'^y* + a5*y*-a5*y* + y*. 
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209. Ex. Mvltvj^y x'^ -^x'^y'^ ^-x'^y'^ ^y'^ hyx'^-y", 

x"-y'' 






and this result may be put in the form — ^ — ^ . 



Examples. — ^LXIX. 
Multiply 

1. a-' + b" by a^-b". 

2. aj-» + 6-» by a?-«~6-. 

3. a;' + a;+fl5"' + a;~* by a -a;"*. 

4. ic" - 1 +aj"* by ic* + 1 +»"'. 

5. a-' + b^'hj a-'-b". 

6. «-* - 6-' + c" by «-» + 6-» + c'\ 
7.1+ a6-' + a'b-' by 1 - aft'^ + a'^"". 

8. a"6-" + 2 + a-»6' by a'S" - 2 - a'V. 

9. 4a;-* + 3a?-* + 2x-' + 1 by a?"' - a;"* + 1 . 

10. |aj-«+3a;-*~^ by 2a;-«~«-*~i. 

210. Ex. Divide af + l + x'' by a?^ 1 + x~\ 

aj~l +aj"*)»' + l+aj"* (aj+l+aj"* 
aj'-a; + l 



a+a;"* 
aj-l+a;"* 



l-a:~' + a;~= 



J 



-« 
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Examples. — LXX» 
Divide 
1. ic* — a;""' by aj + o;"*. 

3, rrf-n"^ by w + w"^ 

4. c»-£^* by c-c?-^ 

6, a;*y"* + 2 + as" V l>y a^"* + ^" V- 

6. a-* + a-V» + 6"* by a"* - a" V* + ft"*. 

7. ojV"' - a5~y - 3a^"* + 3a5" V by a;^^"* - x'^y. 

o 3aj-* , ., 77iB-» 43x-' 33x-* .^ 
4 8 4 a; 

by ^'-aj-* + 3. 

9. a%-* + a-"ft» by aft"* + a'^ft. 
10. a-^+6-' + c-'-3a-'6-'c-» by a-* + 6-*+c-^ 

211. To shew that {aby = a'.b\ 
(aJ)* = a5.a6.a5...to n factors 

= (a. a. a. ..to n Actors) x(b,b,b...ton factors) 
= a\b\ 

We shall now give a series of Examples to introduce the various 
forms of combination of indices explained in this Chapter. 

"Ryam^.ta — ^LXXI. 

1. Divide a?* + 4y* by a?' + 2x^y^ + 2y. 

2. Simplify {(a^)». (aO'}A 

3. Simplify («'•*. a;^)^ 
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4. Simplify 



1 1 x+a x—a 

af-a* x" + a* "" x' + a" 



5. Multiply |ar«+3ar*- I by 2«-*-ar»~|. 

6. SimpUfy ^i^^ . . 

7. Divide af^-y^hjaf-^y*. 

8. Multiply (a* + 6*)' by a* - b\ 

9. Divide a-b hy IJa-lJb. 

10. Prove that (a*)"* = (a"*)". 

11. If a"*" = (a"*)", find m in terms of n, 

12. Simplify iB«'**^.a"'^.a;*-^.«^+^. 

13. Simplify (-)-.(-) . 

a'" 

14. Divide 4a* by -j- . 

15. Simplify [{(a-)-}-] -^KCa"*)-}-*]. 

1 6. Multiply oT + b^- 2c» by 2ar - 36, 

17. Multiply a"*-* 6"^ by a"-** 6^ c 

18. Shew that -^(^•")*-(-'^>* = -/-,. 

19. Multiply a*- a* + 1 by »*-«;* + 1 

and their product by a:^ — a;* - 1. 

20. Multiply a* - boT"' x -h coT^ x* by a* + 6a*"* a ^ co"^ a*. 
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21. Divide jb»ik«-i) _ y«(i»-i) by a^^'^ + 'i/^'\ 

1 _!_ 

22. Simplify {{«"»)"*"«}-+». 

23. Multiply a^ + a:*y + a V + y*^ by af-y'. 

24. Write down the values of 625* and 12"*. 

25. Multiply a;("^»>» - y<«-»>« by af-y*". 

26. Multiply x^ + 3a;* - 1 by a?* - 2a;"*. 

Note. The order of the powers of a is 

a", a*, a*, a^j a"*, a"*, a"' 

a series which may be written thus 

. « 1 1 1 1 



8. A. ^ 11 T 
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212. All nombers which vre cannot exactly determine be- 
cause they are not multiples of a Primary or Subordinate Unit 
are called SuBDS. 

213. We shall confine onr attention to those Surds which 
originate in tKe Extraction of roots where the results cannot 
be exhibited as whole or fractional numbers. 

For example, if we perform the operation of extracting the 
square root of 2^ we obtain 1*4142..., and though we may 
carry on the process to any required extent, we shall never be 
able to stop at any particular point and to say that we have 
found the exact number which is equivalent to the Square 
Boot of 2. 

214. We can approximate to the real value of a surd by 
finding two numbers betioeen which it lies, differing from each 
other by a fraction as small as we please. 

Thus, since ,^2== 1-4142 

J2 lies between ^ and j^ , which differ by j^ ; 

also between— and — , wHch differ by j^ ; 

also between ^^ and J^, which differ by j^. 
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And, generally, if we find the square root of 2 to 2^ places 
of decimals, we sliall find two numbers between which ^2 lies, 

differing from each other laj the fraction j^ , 

215. Next, we can always find a fraction differing from the 
real value of a surd by less than any assigned quantity. 

For example, suppose it required to find a fraction differing 
from ^2 by less than yo • 

Now 2 (12)', that is 288, lies between (16)" and (17)", 

.*. 2 lies between (j^j and (j^j ; 

,-. ,J2 lies between y^ ^^^ rs I 

,'. J2 differs from y^ V ^^ss than ja • 

216. Surds, though they cannot be expressed by whole or 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea^ and we may make three assertions 
respecting them. 

(1) Surds may be compared so far as asserting that one is 
greater or less than another. Thus ^3 is clearly greater than 
^2, and ^9 is greater than */8. 

(2) Surds may be multiples of other surds ; thus 2^2 la the 
doable of ^2. 

(3) Surds, when multiplied togetherj may produce as a 
result a whole or fractional number : thus 

73 73 73 3 
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217. The symbols ^a, Ija, i/a, ;^<h in cases where the 
second, third, fourth and »* roots respectively of a cannot be 
exhibited as whole or fractional numbers^ will represent snrds of 
the second, third, fourth and w* order. 

These symbols we may, in accordance with the principles laid 

down in Chapter XL, replace by a*, a*, a*, a«. 

218. Surds of the same order are those for which the root- 
symbol or surd- index is the same. 

Thus Jay SJ{3h), ij{mn), r* are surds of the same order. 

Like surds are those in which the same root-symbol or surd- 
index appears over the same qucurUity, 

Thus 2^a, 3^a, 4a* are like surds. 

219. A whole or fractional number may be expressed in the 
form of a surd, by raisiug the number to the power denoted by 
the order of the surd, and placing the result under the symbol of 
evolution that corresponds to the surd-index« 

Thus a=Ja% 






220. Surds of differ&rvt orders may be transformed into surds 
of the same order by reducing the surd-indices to fractions with 
the same denominator. 

Thus we may transform l/x and Jy into surds of the same 
order, for 

and 4/y = y^ = y" = ^^y", 

and thus both surds are transformed into surds of the twelfth 
order. ' 
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Examples. — ^LXXII. 
Trausform into surds of the same order : } 

1. ^x and ^y. 4. ^2 and ^2. 

2. 4/4 and ^2. 5. I^a aj^d ^6. 

3. V(18) and ^(50). 6. ^(a-J-6) and V(»-^)- 

221. if a whole or fractional number be multiplied into a 
surd, the product will be represented by placing the multiplier 
and the multiplicand side bj side with no sign, or with a dot ( . ) 
between them. 

Thus the product of 3 and J2 is represented by 3 J2^ 

of4and5^2 by 20^2, 

ofaand Jc hy a ^o. 

222. like surds may be combined by the ordinary processes 
of addition and subtraction, that is by adding the coefficients of 
the surd and placing the result as a coefficient of the surd. 

Thus Ja + iJa = 2Ja, 

223. We now proceed to prove a Theorem of great importance, 
which may be thus stated. 

The root of any expression is the same as the product of the 
roots of the s^arate factors of the expression, that is 

J{ab)=Ja.Jb, 

V{xyz)^XIx.Xly.lJz, 

::/(pqr)=^yp.::/q.::/r. 

We have in foot to shew from the Theory of Indices that 
1 11 
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Now {(a6)« }" = {ahy = a6, 

1 L 1 1 * •» 

and {or . J"}"* (a*)*. (6*)*=o*» . 6« -a. 6 ; 

111 
.-. {(aJ)«}*={a».6»}-; 

111 

224. We can sometimes reduce an expression in the form of 
a surd to an equivalent expression with a whole or fractional 
number as one factor. 

Thus ^{12) = V(36 X 2) = V(36) . ^2 = 6 J2, 
^(128) = ^(64 X 2) = 4^(64) . ^2 = 4^2, 



Examples.— LXXIIL 

Keduce to equivalent expressions with a whole or fractional 
number as one factor* 

11. ^{a'' + 2a'x + aaf). 

12. V(«^~2«»y + ay«). 

13. V(50a"-100a5 + 506"). 

14. V(63cV-42cy + 7y»). 
' 15. 4/(54a«6'). 

16. ^{160aJ*yO- 

17. 4/{108mV«). 

18. 4/(1372a"6^«). 

19. 4^(as* + 3aj"y + 33?*^" + x7/% 

20. 4^(a*-3a»6 + 3aV + a6'). 
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1. 


V(24). 


2. 


V(50). 


3. 


V(4a'). 


4. 


V(125a*rf'^. 


5. 


V(32y«^. 


6. 


V(lOOOa). 


7. 


V(720c'). 


8. 


7.^(396*). 


9. 


>»VGV)^ 


0. 


»Vf' 
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225. An expression containing two &ctors, one a surd, the 
other a whole or fractional number, as 3,^2, ajjx, may be trans- 
formed into a complete surd. 

Thus 3,y2 = (3')*.V2 

= J9.^2 
= ^(18), 

= >•■> 

Examples.— LXXIV. 
Beduce to complete surds : 

1. 4^3. 7. 4oV(3«). 

2. 3V7. 8. 2axy(2^). 

3. 5V9. 9. (.H-n).y(^3. 
• 4. 2 4^6. 10. (a+6)(-ji^)*. 

V 7 \x + ^J \iii'-2xy + jf'J 

6. 3^0. 

226. Surds may be compared by transforming them into 
sards of the same order. Thus if it be required to determine 
whether ,^2 be greater or less than <3^3, we proceed thus 

^2 = 2' = 2* = 4/2' = ^8," 

J/3 = 3* = 3* = ;/3'=;^9. 

And since ^9 is greater than ^^8, 

^3 is greater than ^2. 
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^3 and ^4. 


2. 


VIO and ;i/l5. 


3. 


2 ^3 and 3 J2. 


4. 


^/l "^^ ^Q 


5. 


ZJ7 and 4^3. 
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ExAMPLKa— LXXV. 
Airange in order of magnitude the. following surds : 

6. 2^87 and 3^33. 

7. 2 V22, 3 »/7 and 4 ^2. 
a 3^19, 6^18 and 3'/83; 

9. 2 i^l4, 6 •/2 and 34^3. 
10. 1^2, 1^3 and J ^4. 

227. The following are examples in the application of the 
rules of Addition, Subtraction, Midtiplication and Division to 
Surds of the same order. 

(1) Find the sum of ^18, ^128 and ^32. 

^(18) + ^(128) + ^(32) = V(9 X 2) + V(64 x 2) + ^(16 x 2) 
= 3^2 + 8^2 + 4^2. 
= 15^/2. 

(2) From Z J{1S) take 4^(12). 

3^(75) - 4 ^(12) = 3 ^(25 x 3) - 4 ^(4 x 3) 
= 3.5.^3-4.2.^3 
= 15^3-8^3 
= 7^3. 

(3) Multiply ^8 by ^(12). 

^8x^(12) = V(8xl2) 
= V(96) 
= V(16x6) 
= 4^6. 

(4) Divide ^32 by ^18, 

^(32) ,7(16x2) 4 ^2 4 
V(18) ^(9x2) -3V2"3' , 
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Examples.— LXXYI. 
Simplify 

1. V(27) + 2^(48) + 3^(108). 11. V^x^S. 

2. 3V(1000)+4V(50) + 12^(288). 12. V(l^) ^ n/(20). 

3. aj{a'x) + h^{b'xy+c^{c*x). 13. ^(^0) x ^(200). 

4. »^(128)+^(686) + ^(16). 14. ^(Sa'b)xU{9ah'). 
6. 7 4/(54) + 3 »/(i6) + V(432). 15. «/(12a6) x y{8a«6«). 

6. V(96)-V(54). 16. V(12)-V3. 

7. y(243)-^(48). 17. V(1S)-V(50). 

8. 12V(72)-3V(128); 18. ^{a'b)-^ i/{ab'). 

9. 5 8/(16) - 2 «/(54). . 19- , 4/(«'^) - ^ W- 

10. 7 4/(81) - 3 V(1029). 20. J{af + aj^) - V(«^ + 2ajV+«y)- 

228. "We now proceed to treat of the Multiplication of Com- 
pound Surds, an operation which will be frequently required in a 
later part of the subject.' ' 

The Student must bear in mind the two following Rules : 

Bvlel. ^ax^b=J{ah\ 
Bide II. Jax Ja^a, 
which will be true for all values of a and b. 



Examples.— LXXVII. 
Multiply 



1. 


V« ^7 ijy- 


5. 


6 Va! bj 3 7a!. 


3. 


J{x-y)hy ^y. 


6. 


1 ^{x+\)hjBJ{x+\). 


3. 


J{x + y)\>j^{x + y). 


7., 


10jxhj9^{x-l). 


4. 


V(a!-y)by V(a! + y).. 


8. 


^(3x)hy^{ixy 
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9. ^xhj-^x. 13. J{x-7)hj-^x. 

10. V(a:-l)by-V(aJ-l). U. ' ^2j(x + 7)hj -3Jx. 

11. 3^a;by-4V«. 15. ^4V(a«-l) by-2V(a"-l). 

12. -2^ahj^3Ja. 16, 2V(a'-2a+3) by -3V(a'-2a+3). 

229. The following Examples will illustrate the way of pro- 
ceeding in forming the products of Compound Surds. 

Ex. (1) To multiply Jx + 3 hj Jx-^ 2. 
Va+3 
ijx+2 

x + S Jx 
+ 2 ^a? + 6 

x+5jx+6 

Ex. (2) To multiply 4^a;+3^y by iJx-Zjy. 

^Jx^-Zjy 
^ljx-3Jy 

lQx-¥\2J{xy) 
^l2J{xy)^9y ^ 

16a; -9y 



Ex. (3) To form the square of J{x - 7) - Jx. 
J{x^7)-Jx 
J(x^7)'-Jx 

X--7 -^J{^'-7x) 

-J{a?-7x) + x 



2x-^7^2J{a?-7x) 

Examples.— LXXVIII. 

Multiply 
1. Jx+7 by ^x-k-2. 2. ^aj-S.by ^a: + 3. 

3. V(« + 9) + 3 byV(a + 9)-3. 
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4. V(«-4)-7 by ^(a-4) + 7. 

o. Z Jx^-l hy Jx + i. 

6. 2^(a-6) + 4 by ZJ{x^S)--^. 

7. V(6 + a;) + ^aj by ^(6 + x) - ^a:. 

8. V(3« + 1) + V(2a; - 1) by J{Zx) - V(2a; - 1). 

9. Ja+J(a^x)hj Jx-J{a^x). 

10. V(3 + a:) + ^a;by V(3 + a:). 

11. Jx + Jy^JzhyJx-Jy-^Jz. 

12. Ja-¥j(a"x)-^Jxhj Ja-J{a-x)+Jx, 

Form tbe squares of the following expressions : 

13. 21+^{»'-9). 17; 2^«-3. 

14. ^(a: + 3)+V(aJ+8). 1«. J{x + y) ^ J{x - y). 

15. Jx + J{x-i). 19. ^a;.V(aJ+l)-V(«'-l). 

16. V(a;-6)+^ar. 20. V(« + 1) + n/«?. n/(«-1)- 

230. "We may now extend tlie Theorem explained in Art 83. 
We there shewed how to resolve expressions of the form 



into factors, restricting our observations to the case of perfect 
squares. 

The Theorem extends to the difference between any two 
quaniittes. 



Thus 



o?-y^{x + Jy){x^Jy). 
l-i»-(l + V«')(l-V«). . 

Digitized by VjOOQ IC 



172 ELEMENTARY ALGEBRA. 

231. Hence we can always find a multiplier which will free 
from surds an expression of any of the ybt«r forms 

(1) a-¥jb or (2) > + V^ 

(3) a-^h or (4) ^a-^h. 

For since the first and third of these expressions give as a 
product a* — 5, which is free from surds, and since the second and 
fourth give as a product a — b, which is free from surds, it follows 
that the required multiplier may be in all cases found. 

Ex. 1. To find the multiplier which will free from surds 
each of the following expressions : 

(1) 5 + V3. (2) ^6 + ^5. (3) 2 - ^5. (4) J7 - J2. 

The multipliers will be 
(0 5-V3. (2) V6-^5. (3) 2 + ^5. (4) Jl ^ J2. 

The products will be . 
(1) 26-3. (2) Q-6. (3) 4-5. (4) 7-2. 

That is, 16, 1, -1, and 5. 

Ex. 2. To reduce the fraction r- to an equivalent 

fi'action with a denominator free from surds. 

Multiply both terms of the fraction by 6 + ,Jc^ and it be- 
comes 

ah + ajc 

which is in the required form. 

Examples. — ^LXXIX 
Express in factors : 

\. c~d. 4. 1 -y. 

2. c*-d 5. \-^x\ 

3. c-cZ*. 6. 5m"- 1. 

Digitized by VjOOQ iC 



ON SURDS. 173 



7. 4a»-3^. 10. y-4r. 

8. 9-871. ' 11. |?-35». 

9. Il7i'-16. 12. a"~-6". 

Reduce the following fractions to equivalent fractions with 
denominators free from surds. 

13. ^. 19. ^{«-±-^*. 

14 ^^'' 20 ^•^^'^ 

15 i±V^ 01 J{(^-^^) + J{<^-^) 

' 3-2^2' • v'(« + «^)-V(«-«^)* 

16 -A_ 90 x/(^'^l)-x/K-l) 

• 2-^2' VK+1) + VV-1)- 



17 x/3 03 « + n/(«'--1) 

• '^^^ 2-^3* i^V(a'^r)- 

18 2— ^/2 24 ^±_n/(?^^0 
2 + V2' a-^(a--a;«)- 

232. The sqiuxres of all numbers, negative as well as positive, 
are positive. 

Since there is no assignable number the square of which 
would be a negative quantity, we conclude that an expression 
which appears under the form J{-a') represents an impossible 
quantity. * j ^ . 

233. All impossible square roots may be reduced to one 
common form, thus 

^/(-«•) = ^/Kx(-l)} = >•.V(-l) = «.^/(-l) 
^{-x) = ^{x-xi-l)}=Jx.J(-l). 

"Where, since a and Jx are possible numbers, the whole 
impossibility of the expressions is reduced to the appearance of 
^(— 1) as a factor. 
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234. Def. By J{- 1) we understand an expression which 
when multiplied by itself produces — 1, 

Therefore 

y(- i)}'={V(- 1)}'. v(- 1) =(-!)• v(- 1) — v(- 1), 
w(- i)}*=y(- 1)}'- {V(- !)}•=(- 1) . (- 1)= 1, 

and so on. 

Examples.— LXXX, 
Multiply 

1. 4 + V(-3)by4-V(-3). 

2. V3-2V(-2) by V3 + 2V(-2). 

3. V(-2)-2V2by|v(-2)-3V2. 

4. ^/(-2)^-V(-3) + ^/(-4) by ^(-2)- V(-3)-^(-4). 

5. 3V(-«) + V(-6) by V(-«)-2>/(-J). 

6. a + J(-(i) by a-J{-a), 

7. aV(- ») + V(- *) by aj{- a) - b V(- b). 

8. a + )8V(-l)by«-/8V(-l). 

9. l-V(l-e^ by 1 + ^(1 -«•). 

10. e'VHi + fl-'Vf-') by e'Vf-W-e-fVi-y, 

235. We shall now give a few Miscellaneous Examples to 
illustrate the principles explained in this Chapter. 

Examples.— LXXXI, 
2. Prove that {1 + J{- 1)}' + {1 - V(- 1)}' = 0. 
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4. Prove that {1 + ^(- 1)}'^ {1 -^(^ 1)}' = ^(- 16). 

5. Divide aj*+ a* by sc" + ^3aaj + a*. 

6. Divide m* + w* by m* - J^mn + n*. 

7.. Simplify ^(aj" + 2a^y + ay") + ^a" - 2a^y + 7yf), 

8. Simplify i _ it - -7 77 > a^d verify by putting a = 9 

and h=i4k. 

9. Find the square of a . /t -tjicdy 

10. Find the square of a^' — --7- . 

11 Simplify ^^^•'"')^^<'^-^'> I s/(«^+«')-n/('^-'»') 

13. Simplify ^^|^^_j+^. 

14. Form the square of V^| + 3^ - /^| - s) . 

1 5. Form the aqiiare of J{x +a)-^(x-a). 

16. Multiply y(o'— 6"»*' c*) by ';y(o-6"^'c"-*'). 

17. Eaiae to the 6* power - 1 - a ^(-1). 

18. Simplify •/(81)-y(- 612) + 4/(192), 

19. Simplify ^-j^(^ 3^ j. 
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20. Simplify -^ {^(Sp**^ - 63i>V + Ulfx - 1029i>')}». 

X — I 

21. Simplify2(»-l)^(- ^^._gy^e^._aJ - 

22. Simplify 2 (»-l)V(63) + 1 Vai2)-^^^^ 

+ V{175(»-l)V}x.|--2y(^'). 

23. What is the difference between 

^{17-V{33)}xV{17+V{33)} 
and V{65 + ^(129)} x ^{65 - ^(1 29)} 1 
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CHAPTER XIIL 

ON SIMPLE EQUATIONS. 

236. An Equation is a statement that two expressions are 
equal, 

237. An Identical Equation is a statement that two expres- 
sions are equal for all numerical values that can be given to the 
letters involved in them, provided that the same value be given to 
the same letter in every part of the equation. 

Thus, (aj + a)* = iB' + 2aaj + a* 

is an Identical Equation. 

238. An Egufxtion of Condition is a statement that two ex- 
pressions are equal for some particfida/r numerical value or values 
that can be given to the letters involved. 

Thus, a; + 1 = 6 

is an Equation of Condition, the only number which x can repre- 
sent consistently with this equation being 5. 

It is of such equations that we have to treat. 

239. The Boot of an Equation is that number which, when 
put in the place of the unknown quantity, makes both sides of the 
equation identical. 

240. The SohUion of an Equation is the process of finding 
-what number an unknown letter must stand for that the equation 
may be true: in other words, it is the method of finding the Hoot. 
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The letters that stand for unknovon numbers are usually x, y, z, 
but the student must observe that any letter may stand for an 
unknown number. 

241. A Simple Equation is one which, when cleared of 
fractions and surds, contains the first power ordy of an unknown 
quantity. This is also called an Equation of the First Degree, 

242. The following Axioms form the gi*oundwork of the solu- 
tion of all equations. 

Ax. I. If equal quantities be added to equal quantities, the 
sums will be equal 

Thus, if a = h, 

a + c = h + c. 

Ax. IL If equal quantities be taken from equal quantities, 
the remainders will be equal. 

Thus, if a? = y, 

x-z = y — z. 

Ax. III. If equal quantities be multiplied by equal quanti- 
ties, the products will be equal. 

Thus, if a = h, 

ma = ifnb. 

Ax. lY. If equal quantities be divided by equal quantities, 
the quotients will be equal 

Thus, if gsy = xz, 

y = z, 

243. On Axioms I. and II. is founded a process of great 
utility in the solution of equations, called The Tbansposition of 
Terms from one side of the equation to the other, which may be 
thus stated. 

<' Any term of an equation may be transferred from one side of 
the equation to the other if Us sign be changed.^^ 
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For let x — a = b. 

Then, by Ax, I., if we add a to both sides, the sides remain 
equal: 

therefore a; — a-f-a = 5 + a, 

thatis, x^b + a. 

Again, let x + c = d. 

Then, by Ax. II., if we subtract c from each side, the sidei 
remain equal : 

therefore x + c-c = d-Cy 

thatis, x = d-c. 

244. We may change all the signs of each side of an equation 
without altering the equality. 

Thus, if a-x-b — Cf 

x-a = c^b. 

245. "We may change the position of the two sides of the 
equation, leaving the signs unchanged. 

Thus the equation a — 5 = a; — c, may be written thus, 
05 - c = a - ft. 

246. We may now proceed to our first rule for the solution of 
a Simple Equation, free from fractions and surds. 

B.17LE I. Transpose the known terms to the right hand side of 
the equation and the unknown terms to the other, and combine 
all the terms on each side as far as possible. 

Then divide both sides of the equation by the coefficient of the 
Tuiknown quantity. 

This rule we shall now illustrate by examples, in which x 
stands for the unknown quantity. 
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Ex. (1) To solve the equation^ 

5a;-6 = 3aj + 2. 
Transposmg the terms, we get 

5a;-3aj = 2 + 6. 
Combining like terms, we get 

2aj=8. 

Dividing both sides of this equation by 2, we get 
a; = 4, 
and the value of a; is determined. 
Ex. (2) To solve the equation^ 

7a; + 4 = 4aj+12. 
Transposing the terms, we get 

7aj-4a;=12-4. 
Combining like terms, we get 

3i» = 8. 
Dividing both sides of this equation by 3, we get 

8 
^ = 3' 
and the value of a; is determined. 

Ex. (3) To sohe the equatiouy 

2a:- 305 + 120 = 4a;- 6a; + 132, 
that is, 2aj - 3aj - 4a; + 6a; = 132 - 120, 

or, 8a; -7aj= 12, 

therefore, a; =12. 

Ex. (4) To solve the equation^ 

3a;+5-8(13-a;)=0, 
therefore, 3a; + 5 - 1 04 + 8a; = 0, 

or, 3a; + 8a; =104 -5, 

or, 11a; = 99, 

therefore, a; = 9. 
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Ex, (5) To solve the equation, 

6a;-2(4-3a:) = 7-3(17-a;), 

that is, 6aj-8 + 6aj = 7 -51 + 3iB, 

or, 6a:+ 6«-- 305 = 7 - 51 + 8, 

or, 12aj-3aj=15-51, 

or, 9a = -36, 

therefore, a; = — 4. 

Examples.— LXXXII. 

1. 7a: + 5 = 5aj + ll. 

2. 12aj + 7 = 8a;+15. 

3. 236a; + 425 = 97aj + 564. 

4. 5a5-7 = 3aj+7, 

5. 12a;-9 = 8aj-l. 

6. 124aj+19 = 112aj + 43. 

7. 18-2aj=27-5a^ 

8. 125-7aj=145-12a^ 

9. 26-8aj = 29-14as. 

10. 123-3a; = 137-9aj. 

11. 13-.3a; = 5aj-3. 

12. 127 + 9a = 12aj + 100. 

13. 15-5aj=6-4aj. 

14. 3a;-22 = 7aj + 6. 

15. 8 + 4aj=12a;-16. 

16. 5a; - (3a? - 7) = 4a; - {i^x - 35), 

17. 6a;-2(9-4a;)+3(5aj-7) = 10a;-(4 + 16a;) + 40. 

18. 9a;-3(5a;-6) + 30 = 0. 

19. 12a;-5 (9a; + 3)+ 6 (7 - 8a;) + 783 = 0. 
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20. a:-.7(4a;-ll) = 14(aj-6)-19(8-aj)-61. 

21. (aj + 7)(aj-3) = (a;-5)(aj-15). 

22. (a;-8)(a; + 12) = (a; + l)(aj-6). 

23. (a:-. 2) (7 -x) + («- 5) (a; + 3) - 2 (a:- 1)+ 12 = 0. 

24. (2a;-7)(aj + 5) = (9-2aj)(4-aj) + 229. 

25. (7 - 6a;) (3 - 2a:) = (4a: -3) (3a; -2). 

26. 7-a;-.5(a;-3)(a; + 2) + (5-.a;)(4-5a;) = 45a;+l. 

27. (a; + 6)«-(4-a;)'=2U 

28. 5(a;-2)»+7(a;-3)« = (3a;-7)(4a5-19)+42. 

29. (3a; - 17)" + (4a; -25)»- (5a;- 29)' =1. 

30. (a; + 5) (a;- 9) + (a; + 10)(a- 8) -^(2a; + 3)(a;-. 7)- 94. 

» 

247. LiTEBAL equations are those in which known quantities 
are represented by Utters^ usually the first in the alphabet The 
following are examples. 

Ex. (1) To solve the equation^ 

ax + bc = hx-\-ae, 

that is, aX'-hx = (ic-hc, 

or, (a-6)a;=(a-6)c, , 

therefore, a; = c. 

Ex. (2) To solve the equation^ 

cfx -hbx-c^h'x + cx—d, 

that is, a'x + hx-h'x-cx = e-df 

or, (a* + ft-6*-c)a;=c-c^ 

therefore, x = , {" ., — . 
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Examples.— LXXXIIL 

1. aM-¥hx = c 

2. 2a-'Cx = 3c—5bx. 

3. hc + ax''d==a'b-/x. 

4. dm ^Sx^bc-ax. 

5. ahc — a'x = oas - a'b, 

6. Zacx - 66cc? = 1 2cdx + a5c. 

7. ^•+3acAaJ + 3^ = AaJ+3a5^-A?■-ac>bJ. 

8. -ac*+ 6'c + ahcx^ahc + emx-aifx^ Vc - mc. 

9. (a + « + 6) (a + ft - a?) = (a + a:) (6 - aj) - oft. 

10. (a-flj) (a +aj) = 2a* + 2ax-x\ 

11. (a« + a;)' = aj» + 4a» + a*. 

12. {a*^x) («■ + aj) = a*+ 2aaj - o*. 

248. KuLE II. An equation involying fractional terms may 
be reduced to an equivalent equation "without fractions by mvl' 
tiplying every term of the equation by the Zotoest Common Multiple 
ofthefrcbdionat terms. 

This process is in accordance with the principle laid down in 
Ax. III., for if both sides of an equation be multiplied by the 
same expression, the resulting products will, by that Axiom, 
continue equal to each other. 

The following examples will illustrate the process of cleaidng 
an Equation of Fractions. 
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6a; 


6* 
T' 


'48, 


Zx 


+ x= 


= 48y 




Ax- 


= 48; 


. 


: x= 


= 12. 
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Ex.(l) 1 4-1 = 8. 

The L.C.M. of the denominators is 6. 
Mnltipljdng both sides by 6, we get 



or, 
or. 



Ex. (2) f-f^ = «-2. 

The L.G.H. of the denominators is 14. 

Multiplying both sides by 14, we get 

14a: 14a: + 14 -. „^ 
— ^-^-^ = 14a:-28, 

or, 7a! + 2a?+2=14a:-28, 

or, 7a: + 2a:- 14a: = - 28-2, 

or, -5a: = -30. 

Changing the signs of both sides, we get 
5a: = 30; 
.-. x = ^. 

249. The process may be shortened from the following eon-» 
siderations. If we have to multiply a fraction by a multiple of 
its denominator, we may first divide the mtUtiplier by the deno- 
minator, and then multiply the Tvamerator hy the quotient. The 
result will be a whole number. 

Thus, |xl2=a:x4 = 4aj. 



^x56 = (a:-l)x8 = 8a:-8. 



Digitized 



by Google 



ON SIMPLE EQUATIONS. 185 

Ex.(l) M+| = 39. 

The L.O.M. of the denominators being 12, if we multiply the 
numerators of the fractions hj 6, 4 and 3 respectively, and the 
other side of the equation by 12, we get 

6aj + 4a; +305=468, 
or, 13* = 468 ; 

•'. 05 = 36. 

^ ,^, 8 16 7 17 
^^•<2> ^^2^^ 3^=12' 

The L.C.M. of the denominators is 12aB. Hence, if we multiply 
the numerators by 12, 6, 4 and x respectively, we get 

96-90 + 28 = 17iB, 
or, 34 = 17aj, 

or, 17a; = 34; 

.-. x = 2. 

Examples.— LXXXIV. 

1. ^ = 8. 8. ?^+12 = t+6. 

2. ¥ = 9- 9- ¥ + « = ^+2. 

4 4 D 

4. |-|.a 11. f-S.74-g. 

5. 36-^.8. 12. f-4.a4-|. 

6. ^.UIZ^. 13. 56.5.48-*^. 

5 4 o 

^ 2a; . 7a; ^ i^ 3a; 180 -5a; „^ 
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15. ??-ll='^. 

-^ a; + 2 a-l 05-2 

..« X X ^3 «•' 

!«• 2^3 = ^4-4- 



-^ a; + 9 2a; 3aj-6 ^ 

19. — i— + -=-= — = — + 3. 

4 7 5 

„^ 17 -3a; 29-lla; 28a; + 14 
2^- -5-=— 3-^-21- • 

21. ^ = 0. 

22. ?^.1^=0. 

23. ?-3 = --l. 

X X 

24. 12±5_g^6 

a; X 



o« 1 1 1 .n 

25. _a,+ _a,+-a;-40. 

26. 2\.^^-^^zlx.iz\. 

4 a; a; 100 

„„ -1 18-aj ,1 1 3-2a! 2 
28. 22 + -^ = l5a=-3+-io-H-g. 
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-- 7a!+2 3« 3«+13 ITas 
30- "10 12-^^ g ^. 

250. It must next be observed that in clearing an equation 
of fractions, whenever a fraction is preceded by a negative sign, 
we must place the result obtained by multiplying that numerator 
in a bracket^ after the removal of the denominator. 

For example, we ought to proceed thus. 

^ ^^> "T"""2 7~- 

Multiply by 70, the L.C.M. of the denominators, and we get 
Ux + 28 = 35aj - 70 - (lOo; - 10), 
or 14a; + 28 = 35a;-70-10a;+10, 
from which we shall find a; = 8. 

Multiplying by 15a;, the L.C.M. of the denominators, we get 
51-6aj-(20a;+10) = 15i», 

or 51 - 6a?- 20aj - 10 = 15a;, 
from which we shall find a;^ 1. 

Note. It is from want of attention to this way of treating 
fractions preceded by a negative sign that beginners make so 
many mistakes in the solution of equations. 
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Examples.— LXXXV. 

, , aj+2 ^, 



X* 






3-a? ^2 


2. 


SB :c— = 5 « . 




3 3 




5-2aj „ 6aj-8 


3. 


—J +2 = 05 jr— . 




. 4 2 


4. 


5aj 5aj 9 3 - a; 


2 4 "4 2 • 




« 5a;-4 ^ l-2a; 


h. 


2aj 5— = 7 ^— . 




6 5 




aj + 2 14 3 + 5aj 


6. 


2 ~ 9 4 • 


7. 


5a;+3 3-4a; a? 31 9-5a; 


8 3*22 6 


8. 


05 + 5 05-2 « + 9 


7 5 11 • 


9. 


05 + 1 a: — 4 a;+4 


3 7 5" 


10. 


a; + 2 a; 




8 3' 


11. 


a: + 5 aj + 2 aj-2 
7 4 3 • 




X aj-1 ^ 


12. 


3 11 -'«-^- 


13. 


05+2 «-2 (B-l 
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,, x + 9 3as-6 - 2a! 

14 -J g-=3-y^. 

x + l 05-3 a!+30 
^°- ~2 3~ ~ 13 • 

16. ^_^=3a:-21. 
7 5 

,^ 2a; + 7 9a-8 jc-ll 
17. 



18. 



7 11 2 • 

7a?~31 8 + 15a; _ 7a;-8 
4 26~ " 22 • 



8aj-15 lla:-l 7a; + 2 



20. 



3 7 ■" 13 • 

7a; + 9 3a;+l _ 9g~13 249 ~9a; 
8 ~7 4 14 • 



21. _ + 10« = ^ + g+^— ^+93j. 

251. We shall now give some Examples of literal Equations 
i 1 which fractions ai'e involved. 



Examples.— LXXXVI. 

- CMC— 6 x-\- ac 

1. + a = . 

„ 3a - 6a; 1 

2. aoj--^— =2- 

3. 6a Q-= — = 05. 

. Jaj+1 a(sc"-l) 

4. ox = — ^^ ^ . 

X X 

« m ( »•« + of) mx* 

px p 
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6. ?-6 = |-a.. 
a a 



iB*-a a - 35 _ 205 a 
bx b ^ b X 

3 ab — u? 4:x — ac 



8. 

9. 

10. 



c bx ex ' 

ah-{-x b*-x _^x~b ah-x 
~b' ^ "~^' ¥~' 

Saas - 26 cus — a ^ax 2 
36^ W ~T"3' 



-- y ax X ^ 

11. aw-o-^-+— =0. 
m 



2aV Vx 3a'c _ 3aca; V-^ab^x 

(a + 6) a (a + 6) a + 6 "~ 6 (a + 6) 

13. ^ + « + ^=o. 

— CO? c 



14. -^— = '- ^OG-'t -J. 

ax a 



15. — =bc-^d+ -. 

X X 



16. <j = a+-5^ -• 

3a + 05 



17. (a + ») (6 + a) - a (6 + c) = -, + a^. 



-Q ace (a + 6)'.aj , ^, 

18. -=-- ^ bx = ae-obx, 

a a 
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252. In the examples already given the L.G.M. of the denomi- 
nators can generally be determined by inspection. When com^ 
pound expressions appear in the denominators, it is sometimes 
desirable to collect the fractions into twOy one on each side of the 
equation. When this has been done, we can clear the equation of 
£ractions by multiplying the numerator on the left by the denomi- 
nator on the righty and the numerator on the right by the denomi- 
nator on the left, and making the products equal. 

For, if r = "j> i* ^ evident that ad=bc. 
a 



Ex. 



4a; + 5 13a;-6 2a;-3 



2. 



10 7a: + 4 5 ' 

4a; + 5 2a;~3 _ 13a;-6 
''• "IcT ~5 "70 + 4 ' 

4a;+5-(4a;-6) _ 13a;-6 

10 " 7a?+4 ' 

11 130-6, 

•"* 10" 7aj + 4 ' 

.-. ll(7a;+4)=10(13aj-6); 

.-. 77aj + 44 = 130aj-60j 

.-. -63aj = -104; 

.-. 53aj=104; 

104 
•••^= 53- 

Examples.— LXXXVIL 

3a;+7 _ 3a; + 5 
4aj+5 "" 405 + 3' 

aj+6 X 



2x + 5 2x-5' 
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3. 

4. 



7. 
8. 
9. 



13. 
15. 



2x4-7 4a;- 1 
a;+2 ""Saj-l' 

5a?- 1 5a? -3 
2a; + 3 " 2a? - 3 ' 



fi _J 5 

l-6a? l-2a? 



1 


1 


3 




4a!+3 


8« + 

= -z-z 


19 7a!- 


-29 



9 18 5a;- 12 

X a* — 5a? _ 2 



,^ 3a?+2 2a?-4 ^ • 

10. =- + ^ = 5. 

aj-l a;+2 

11. |(a? + 3)-i(ll-a?) = |(a?.4)-l(a?-3). 

(a? 4-1) (2a; +2) 
^ • (a?-3)(a?+6) ' 

(2a?+3)a? 1 , 

j^ i— H — s=a;+l. 

2a?+l 3a? 



_3 x-\-\ ^ ^ 

aj + l a;-l ~ 1-a;*' 

2 8 45 



1-a; 1 + a? 1-a?** 



ifi 4 _3 , 5 _ 2 

^^- ^rr8"*'2a?-16 24 3a?-24' 

17. «^--(y-/0^;^4)^^^2a?-4. 
a;'-2a?+4 
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18. i — r 5 = 2ar-4a;-o. 



19. 



1.-. , 






'-'(f\--H'-^^^- 



253. Equations into which Decimal Fractions enter do not 
present any serious difficulty, as may be seen from the following 
Examples. 

Ex. (1) To solve the equation^ 

•5aj=03a; + 141. 

Turning the decimals into the form of Vulgar Fractions, 

we get 

6x_^ 141 
10 " 100 ^ 100 • 

Then multiplying both sides by 100, we get 

60a = 3a; +141; 

therefore 47a; =141; 

therefore a; = 3. 

Ex. (2) l-2a;-^15?^^ = -4a; + 8-9. 

First dear the froustion of decimals by multiplying its nume- 
rator and denominator by 100, and we get 

1.2aj-l^|^ = -4a; + 8-9; 
therefore 



therefore 

therefore 

therefore 

a A. 



12a! 
10 


18a5-5 
-60- = 


= 10 + 


89 
10' 


60a;- 


Tl8a!+5 = 


= 20a! 


4-445; 




22a:: 


= 440 


i 




X: 


=^20. 
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Examples.— LXXXVIIL 

1. •5a:-2 = -26aj + -2aj-l. 

2. 3-25a; - 61 + a; - '16x = 3-9 + 'bx, 

3. -1250;+ •01iB = 13- -20; + -4. 

4. -Sa; + l-305a: + '5x = 2295 - -1950? + -05. 

5. •2a;--01a;+-006aj=:ll-7. 

6. 2.4a;-:5^^=-&« + 8.9. 

7. 2-4a;- 10-75 = -250?. 

8. •5a + 2 - ^Sa; = '^x - 11. 

9. ^+3-875 =4-026, 



5a? +3 

8 ' 



10. 2-5a:-^^(l-2)=.5- 

8-5-2 1 l--la; 
^^' 2 aj 4 a; • 

12. :^-?^=1993. 

2- 3a; 5aj 2a;-3 _a;-2 7 
^^- "T5~'*'l-25 9 " 1-8 ■*■ 9- 

U. ?i2^ + 1..04(a; + -9) = 241-2. 
aj a; ^ ' 

,^ ^ -453?- -75 1-2 •3aj--6 

15. .5a;+— ;^— =-^2- ^9~- 

-^ ^ 3-5aj 24 -3a: ^^^ 

16. '5 3 5 — = -375a?. 

a; — 2 8 

.^ -. -1353!- -225 -36 •09aj--18 

17. .15«+ -^ =-;2- ^9—- 

Digitized by VjOOQ IC 



ON SIMPLE EQUATIONS. 195 

254. To shew thcut a simple egtuUian can ordy ?uwe one root 

Let x = a he the equation, a form to which all equations of 
the first degree may be reduced. 

Now suppose a and )3 to be two roots of the equation. Then, 

by Art. 239, 

a 3= a, 

and P = (h 

therelbi-e ^ = Py 

in other words the two supposed roots are identical. 



13—2 
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CHAPTER XIV. 

SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE. 

255. To determine several unknown quantities we must 
have as many independent equations as there are unknown 
quantities. 

Thus, if we had this equation given, 
we could determine no definite values of x and y, for 



x = 2) x=i) x = 3) 



or other values might be given to x and t/, consistently with the 
equation. In £5tct we can find as many pairs of values of x and y 
as we please, which will satisfy the equation. 

We must have a second equation independent of the first, and 
then we may find a pair of values of x and y which will acUisfy 
both eqaoMons, 

Thus if besides the equation a: + y = 6, we had another equa- 
tion x — y =^2, it is evident that the values of x and y which will 
satisfy both equationsy are 

since 4 + 2 = 6, and 4-2 = 2. 

Also, of all the pairs of values of x and y which will satisfy 
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one of the equations, there is but one pair which will satisfy the 
other equation. 

We now proceed to shew how this pair of values may be 
found. 

256. Let the proposed equations be 

2a; + 7y = 34 
5a? + 9y = 51. 

Multiply the first equation by 5 and the second equation by 2, 
we then get 

10a; + 35y=170 
10a;+18y = 102. 

The coefficients of a; are by this method made alike in both 
equations. 

K we now subtract each member of the second equation from 
the corresponding member of the first equation, we shall get, 
by Ax. IL 

36y-18y = 170-102, 

or 17y = 68; 

We have thus obtained the value of one of the unknown 
symbols. The value of the other may be found thus : 

Take one of the original equations, thus 

2aj + 7y = 34. 

Now, since y=4, 7y = 28; 

.-. 205+28 = 34; 

.-. 2a;=34-28; 

.-. 205=6; 

.-. 05=3. 

Hence the pair of values of x and y which satisfy the equations 
is 3 and 4. 
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257. We worked out the steps fully in the example given in 
the last articla We shall now work an example in the fonn in 
which the process is usually given, 

3aj + 7y=67 
5a5 + 4y=58. 

Multiplying the first equation by 5 and the second by 3, 

15a;+35y = 336 
15a; + 12y=174. 

Subtracting, 23y = 1 6 1, 

and therefore y = 7. 

Now, since 3a; + 7y = 67, 

3a; + 49 = 67, 
3aj=18, 

Hence a; = 6 and y = 7 are the values req\iired. 

258. In the examples given in the two preceding Articles 
we made the coefficients of x alike. Sometimes it is more con- 
venient to make the coefficients of y alike. Thus if we have to 
solve the equations 

29a; + 2y=64 
13aj+ y = 29, 

we leave the first equation as it stands, and multiply the second 
equation by 2, thus 

29aj + 2y=64 
26aj+2y = 58. 



Subtracting, Zx = 6, 

and therefore x = 2. 



Digitized 



by Google 



SIMULTANEOUS EQUATIONS OP THE FIBST DEGREE. 199 

Now, since 13aj + y = 29, 

26+y = 29, 
y = 3. 
Hence x=2 and y = 3 are the values required. 

TgTAiTPT.na — T.yYXTy 

1. 2x-\-7y^Al 6. 15a + 19y=132 
3aj + 4y = 42. 35aj + 17y = 226. 

2. 5a; + 8y=101 7. Qx'\- 4y = 236 
9a;+2y= 95. 3a5 + 15y = 573. 

3. 13a;+17y=189 8. 39aj + 27y=105 

205 + y= 21. 52aj + 29y = 133. 

4. 1405 + 9y = 156 9. 72o5+14y = 330 

7ir + 2y= 58. 63o5+ 7y = 273. 

5. aj + 15y = 49 10. 19o5+ 241y= 539 
3a + 7y=71. 13305+ 1081y = 2561. 

592. We shall now give some examples in which negative 
signs occur attached to the coefficient of y in one or both of the 
equations. 

Ex. To solve the equations, 

6a+35y = 177 ' 
8o5-21y= 33. 

Multiply the first equation by 4 and the second by 3, 
24aj+140y=708, 
24a- 63y= 99. 
Subtracting, 203y = 609, 

and therefore y = 3. 

The value of x may then be found. 
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Examples.— XC. 

1. 2a; + 7y = 52 6. 29a;-14y=175 
3a5-5y=16. 87a-56y = 497. 

2. 7aj- 4y = 55 7. 171aj-213y=642 
15aj-13y = 109. 114aj-326y=244. 

3. a; + y = 96 8. 43aj+ 2y = 266 
x-y = 2. 12a?-17y = 4. 

4. 4a;+ 9y=79 9. 5aj+9y=188 
7aj-17y = 40. 13aj-2y=57. 

5. aj+19y = 97 10. 57aj+23y = 275 
7a;-.53y = 121. 19a;- 5y = 3. 

260. We have hitherto taken examples in which the co- 
efficients of X are both positive. Let us now take the following 
equations : 

5aj-7y = 6 

9y- 2a;= 10. 
Change dU the signs of the second egtuxtion, so that we get 

5aj-7y = 6 
2aj-9y = -10. 

Multiplying by 2 and 5, 

10aj-14y=12 
10a;-45y = -50. 

Subtracting, 

-14^ + 46^-12 + 50, 

or, 31y = 62, 

or, y = 2. 

The value of x may then be found. 
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Examples. — XCI. 

1. 4aj-7y = 22 6. 3aj + 2y = 39 
15y-9aj = 3. 3y-2aj=13. 

2. 9aJ-5y=52 7. 5y-2a? = 21 
8y - 3aj = 8. 13a;- 4y = 120. 

3. 17aj + 3y = 57 8. 9y-7a=13 
16y - 3aj = 23. 15a- 7y = 9. 

4. 7y + 3a = 78 9. 12a;+ 7y=176 
19y-7a:=136. 3y-19a=3. 

5. 6a-3y = 4 10. 3a;-5y = 34 
12y - 7aj =^ 10. 2a5 + 9y = 35. 

261. In the preceding examples the values of x and y have 
been positive. We shall now give some equations in which as or y 
or both have negatim values. 

Ex. To 8ohe the eqiuttions, 

2x^ 9y = ll 
3aj-12y = 15. 

Multiplying the equations by 3 and 2 respectively, we get 
6«-27y = 33 
6«-24y = 30. 

Sabtractingy 

-3y=3, 



or, 3y = -3, 








or, y«-l. 








Now since 9y = -9, 








2aj- 9y will be equivalent to 2x- 


-(- 


.9) or, 


205 + 9. 


Hence, frpm the first equation, 








2a; + 9=.ll, 








2aj=2, 








aj=l. 
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Examples. — ^XCII. 

1. 2a;+3y = 8 6. 2aj-7y = 8 
3aj + 7y=7. 4y-9aj=19. 

2. 5a-2y-51 7. 17a+12y = 59 
19aj-3y = 180. 19a5- 4y=153. 

3. 3aj-5y = 51 8. 8aj + 3y=3 
2a + 7y=3. 12aj+9y=3. 

4. 7y-3aj=139 9. 69y-17a5 = 103 
2a? + 5y = 91. 14aj-13y = -41. 

5. 4a+ 9y=106 10. 3y- 4aj=25 
8aj+17y = 198. 127aJ+95y = -223. 

262. We shall now take the case of Fractional Equations 
inyolying two unknown quantities. 

Ex. To solve the equations, 

o 

x-2 

First, clearing the equations of fractions, we get 

10a-y + 3 = 20 

9y = 27-a; + 2, 

from which we obtain, 

10aj-y=17 

iB + 9y = 29. 

Multiplying the second equation by 10, we get 

10aj-y=17 

10aj + 90y = 290. 
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Subtractmg, 



Now, since 



-91y=-.273, 
or, 91y=273; 
.-. y = 3. 

10a:-y=rl7 
10aj-3 = 17, 
or, 10aj = 20; 
.-. x = 2. 



Examples.— XCin. 



1 ? + ?' = 7 
^' 2^3 ' 



6. 7a! + ^ = 413 
39a!=.Uy-1609. 



7. ^ = 10-1 
4y-3aj 3a! , 



3. 10a! + |=210 



10y-|=290. 



4. |+7y = 251 
I + 7a! =299, 



®- 9*6 " 

9. a!-?i=2=6 

, ai+10 - 
4y 3-=3. 



5. ^ + 6 = 10 



^Lzl^T^ 



+ 7 = H. 



10. |.».26 

1 -?=•«• 
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11. 


|*8.|-IS 




16. 


%-^+3a, = 2y-6 




x + y , y 2x-y . 
6 '3~ 4 *' 


35. 




^.?^« = 2.-8. 


12. 


3x-6y . a 2x + y 
2 '^"5 




16. 


2y-3«'^2y = 3. + 4. 


13. 


'';^8y=l7 

J'^^+lO^-ll. 




17. 


85-2 10-a y-10 
5 3 4 

2y + 4 4a; + y4-13 
3 ~ 8 ' 


14. 


"J^+8y-31 
«'+''+10«-192. 




18. 


6 4 




19 6*-3- 
19. 2 


3«- 
2 


19 


*-^' 




2a!+y 


9a!- 


7 3y + 9 4aj + 6y 




2 


8 




4 16 ' 




20. i^ 


= «— 


y 






2x-y 
3 


+ 2y. 


.1 
"•2* 





We have now to explain the method of solving LUeral 
Equations involving two unknown quantities. 

Ex. To solve the equcttionSy 

px + qy = r. 

Multiplying the first equation by p and the seocmd by a» 
we get 

apx-^hpy = cp 
apx + aqy = or. 
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Subtracting, hpy - aqy = cp-(M'y 

or, {bp--aq)y = cp-an", 

cp-ar 
^ hp-aq 

We might then find x by substituting this value of ^ in one 
of the original equations, but usually the safest course is to begin 
afresh and make the coefficients of y alike in the original equa- 
tions, multiplying the first by q and the second by 5, which gives 

aqx + hqy = cq 
hpx + hqy = br. 

Subtracting, aqx - bpx = cq-bry 

OTy {aq'-bp)x = cq-br; 
cq —br 



x = 



aq — hp' 



Examples.— XCIV. 

1. ax + by = c 7. aai + hy = c 
pai-^qy=^r, dx+/y = c'. 

2. ax + by = c 

dx-ey=/. ^- abx + cdy=^2 



3. ax-by = m ax-cy^ 

ex +ey = n. 

4:, ex =dy 
x + y=e, 

5. Tfix —ny=r 



bd 
b 



b-\-y 3a + x 
ax + 2by = d. 



mx-¥n'y=-r. iq. bcx + 2b-cy=0 

6. x-\-y = a ^_ aic'-b'^) 2b* , 

x — y = b. ^ be c 

11. (6 + c)(a5+c-6) + a(y + a) = 2a* + 6'-c' 
ay ^ (6 + cY 
{b-c)x a' 
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12. 3aj+5y=^— Y5 ^ — 

Vx - T + (ft + c + m) wiy = m"aj + (6 + 2m) bm. 



264. We now proceed to the solution of a particular class 
of Simultaneous Equations in which the unknown symbols appear 
as the denominators of fractions, of which the following are 
examples. 

Ex. (1) To solve the eqtuitionSf 

a b 

- +- =c 
X y 

m n _ , 

Multiplying the first by m and the second by a, we get 

a/m bm 
— + — =cm 
X y 

a/m, cm , 
X y 

Subtracting, — + — =cm-'adf 



y y 

bm+cm 



= cm—<idf 



or, bm + (m={cm-'ad)y, 
or, (cm-'ad)y = bm-^cm; 
bm-hcm 



y= 



cm — ad' 



Then the value of x may be found by substituting this value 
of y in one of the original equations, or by making the terms 
containing y alike, as in the example given in Art 263. 



Digitized 



by Google 



J 



SIMULTANEOUS EQUATIONS OF THE FIRST DEGREE, 207 
Ex. (2) To solve the equatwna, 

X 3y ~ 27 

i. 1-11 

4aj'^y""72* 

Multiplying the second equation by 8, we get 
« 3y " 27 





2 8 11 
aj'^y ~ 9 • 


Subtracting, 


_5 84 11 
3y y 27 9 ' 


Changing signs, 


5 8 11 4 
Sy'^y~ 9 27' 


or, 


5 + 24 33-4 
3y ~ 27 ' 


or. 


29 29 
3y ~ 27 • 


Hence 


3y X 29 = 29 X 27, 


or. 


3y = 27j 




.-. y = 9, 


and then the value of x may be found by substituting 9 for y in 


one of the original equations. 




EXAHPLKS.— XOV, 


1. l.? = io 

X y 


3. ? + ^ = c 
X y 


i^? = 20. 
X y 


X y 


2. U?-a 
« y 


4. - + - = wi 


X y 


a h 

=s n. 

aj y 



Digitized 



by Google 



208 




ELEMENTARY ALGEBRA. 


6. 


1.^ = 19 
X y 


7. 


2 3 _ 

— +7- =5 
ax by 




X y 




oa; by 


6. 


5 2^ 


8. 


m n 

— + — =m + n 

TIM my 




^ 1 -3 
6a! ~ lOy " ^• 




- + - = m" + w". 
05 y 



265. There are two other methods of solving Simultaneons 
Equations of which we have hitherto made no mention, because 
they are not generally so convenient and simple as the method 
which we have explained. 

They are 

I. The method of Substitution. 

If we have to solve the equations 
aj+3y= 7 
2a; + 4y=12. 

we may find the value of a; in terms of y from the first equation, 

thus 

a:=7-3y, 

and suhatikUe Una value for x in the second equation, thus 

2(7-3y) + 4y=12, 
from which we find 

U-6y+4y=12, 

or -2y = -2, 

and therefore y= 1. 

We may then find the value of x from one of the original 
equations. 

II. The method of Comparison. 

If we have to solve the equations 

5a;+2y=16 
7a-3y= 5 
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we may fiad the values of x in terms of y from each equation, 
thus 

X = — = — - , from the first equation, 

X = — = — , from the second equation. 

Hence, equating these values of a:, we get 
16-2.y 5 + 3.y 



an equation involving onlj one unknown symbol, from which we 
obtain 

112-142/ = 25 + 15y, 

or -29y = -87, 

or 2% = 87, 

or y = 3, 

and then the value of x may be found from one of the original 
equations. 

Both of these methods may sometimes be employed with ad- 
vantage. 

266. If there be tli/ree unknown symbols, their values may 
be found from three independent equations. 

For from two of the equations a thirds which involves only 
itpo of the unknown symbols may be found. 

And from the remaining equation and one of the others 
a fourth, containing only tlie same two imknown symbols may be 
found. 

So from these two equations which involve only two unknown 
symbols, the value of these symbols may be found, and by substi- 
tuting these values in one of the original equations the value of 
the third unknown symbol may be found. 
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Ex. 5aj-6y + 4« = 15 

7i» + 4y-3«=19 
2a;+ y + 6« = 46. 

Multiplying the first by 7 and the second by 5, we get 

35j:-42y + 28«=105 

35a5 + 20y-15«=95. 
Subtracting, 

-62y + 43^ = 10 (1). 

Again, multiplying the first of the original equations by 2 and 
the third by 5, we get 

10a;-12y+8« = 30, 

10a;+5y+30«=230. 

Subtractings 

-17y-22« = -200 (2). 

Then, from (1) and (2) we have 

62y-.43« = 10 
17y + 22« = 200, 
from which we can find y = 4 and « = 6. 

Then substituting these values for y and z in the first equation 
we find the value of x to be 3. 



Examples.— XCVI. 

5aj + 7y- 2«=15 3. 5a;-3y + 2«=21 

8aj+3y+ «=17 Sx- y-3** 3 

a; - 4y + 1 0« = 23. 2a; + 3y + 2« ^ 39. 

5aj+3y-6« = 4 4. 4a;- 5y + 2«= 6 

3a;- y + 2« = 8 2a;+ 3y- « = 20 

aj-2y + 25f=2. 8a?-.10y + 4«=12. 
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5. x+ y + 


8= 6 8. 


4a;-3y+ «» 9 


5aj+ 4y + 3«=22 


9aj+ y-5«=16 


15«+10y+6« = 53. 


«-4y + 3«= 2. 


6. 8»+4y-3« = 


= 6 9. 


12aj + 6y-4«=29 


(B + 3y — e s 


= 7 


13a;-2y + 5« = 68 


4«-5y+4« = 


= 8. 


17aj- y- «=15. 


7. «+ y+ a = 


30 10. 


y-aj + « = - 6 


8* + 4y + 2« = 


50 


«-y-a5 = -26 


2ra! + 9y + 3a = 


64. 


a: + y + «=36. 


11. 


3a!+5y=161 
7as + 2« = 209 
2y+ »= 89. 




12. 


y.|-41 
« + | = 20J 
y.* = 34. 




13. 


53-f-| = y-10J 

^+y-26 

6y = 4«. 


1 


14. 


1 1 JL 

1 1 

- +- = c. 
y z 
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CHAPTEK XV. 

QUADRATIC EQUATIONS. 

267. A Quadratic Equation, or an equation of tioo di- 
mensionSy is one into which the squa/re of an unknown symbol 
enters, without or with the first power of the symbol. 

Thus a:* = 16 

and a:" + 6jc = 27 

are Quadratic Equations. 

268. A Pure Quadratic Equation is one into which the 
square of an unknown symbol enters, the first power of the symbol 
not appearing. 

Thus, jc* = 16 is Si pure Quadratic Equation. 

269. An Ai)FECT£D Quadratic Equation is one into which 
the square of an unknown symbol enters, and also the first power 
of the symbol. 

Thus, a* + 6a; = 27 is an adfected Quadratic Equation. 

Fure Quadratic Equations. 

270. When the terras of an equation involve the square 
of the unknown symbol only, the value of this square is either 
given or can be found by the processes described in Chapter xni. 
If we then extract the square root of each side of the equation, 
the value of the unknown symbol will be determined. 
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271. The following are examples of the solutioa of Pure 
Quadratic Equations. 

Ex. (1) a:"=16. 

Taking the square root of each side 

We prefix the sign * to the number on the right-hand side 
of the equation, because, as we explained in Art. 79, the square 
root of a given quantity may be positive or negative, since +4: 
multiplied into +4 gives 16, and —4 multiplied into —4 also 
gives 16. 

Every pure quadratic equation will therefore have two roots, 
equal in magnitude, but with different signs. 

Ex. (2) 4a;" + 6 = 22. 

Here 4a' = 22 -6, 

or 40*= 16, 

or aj* = 4 ; 

.-. a; = db2. 

That is, the values of x which satisfy the equation are 2 
and -2. 



Ex. (3) 



128 216 



3a^-4 5a:--6 
Here 128 (5«» - 6) = 216 (3a;" - 4), 

or 640a;" -768 = 648a;" -864, 
or 640a;" -648x" — 864 + 768, 
or -8a;" = -96, 
or a;»=12; 
/. x = ^JU. 
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Examples.— XCVIl. 

1. ««=64. 12. ~-%^\2. 

10 

2. aj' = 81. 13. (500 + a:) (500 -«)= 233359. 

3. aj« = 289. 14. ?l^=3x. 

a; 

4. aj«=aV. 15. — = 5a?. 

a; 

5. aj»-10000 = 0. 16. 5 J ««- 18a? +65 = (3a: -3)1 



2 



18. 


ma? + » = g'. 


19. 


a?-aM+b=ax{x-\). 


20. 


3a!' + 5-8(13-a?) = 0. 


21. 


45 57 
2a» + 3~4a!-5' 


22. 


42 35 



6. a'-18 = 82. 17. 2a:'-10 = 214-|a:*, 

7. a'-3 = 46. 

8. 3a;'-4 = 71. 

9. 5a:«-9 = 2a:« + 24. 

10. 3aaj'=192aV. 

a?-\2 af-4: 

3 "" 4 • *'"• x-2~x-3 

Ad/ected Qtiadratic EqucUtona, 

272. Adfected Quadratic Equations are solved by adding a 
certain term to both sides of the equation so as to make the left- 
hand side a perfect square. 

Having arranged the equation so that the first term on the 
left-hand side is the square of the unknown symbol, and the second 
term the one containing the first power of the unknown quantity, 
(the known symbols being on the right of the equation) we add to 
both sides of the equation tlie square of half the coefficient of the 
second term. The left-hand side of the equation then becomes a 
perfect sqwvre. If we then take the square root of both sides of 

uigitizea Dy vjjv_^V7V lv. 



QXIADRATIC EQUATIONS, 215 

the equation, we shall obtain two simple equations, from which the 
values of the unknown symbol may be determined. 

273. The process in the solution of Adfected Quadratic Eqasr 
tions will be learnt by the examples which we shall give in this 
chapter, but before we proceed to them, it is desirable that the 
student should be satisfied as to the way in which an expression 
of the form 

aj' + oaj 
is made a perfect square. 

Our rule, as given in the preceding Article is this : add the 
square of half the coefficient of the second term, that is, the square 

of ^ , that is, -J . "We have to shew then tiiat 

a' 
x' + ax + T 

is a perfect square, whatever a may be. 

This we may do by actually performing the operation of ex- 
tracting the square root of x'+ ax+ j- , and obtaining the result 

05 + - with no remainder. 

274. Let us examine this process by the aid of numerical co- 
efficients. 

Take one or two examples from the perfect squares given in 
Ex. xvi., page 45, and Ex. xvii. 

We there have 

a;' + 1 8a3 + 81 which is the square of 05 + 9, 

a;» + 34a;-f289 a+17, 

a;'- 8a;+ 16 x- 4, 

aj'-36aj4-324 a;-18. 

In all these cases the third term is the sqtbo/re of half the 
coefficient ofx. 
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For 



81 =(9)- =(^7. 
189 = (17)'=(^*y, 

16 =(*)•= (I)', 
24 = (18).= (|7. 



275, Now put the question in this shape. What must we 
add to 7? + ax to make it a perfect square ] 

Suppose h to represent the quantity to be added. 
Then as' + aa; + 6 is a perfect square. 

Now if we perform the operation of extracting the square root 
of aj' + 005 + 6, our process is 

ix? + ax-^h \x + ^ 



2x-h 



; + 6 



ax-h ■ 



6-^ 



Hence in order that oi^ + ax + b may be a perfect square we 
must have 



&=■ 



or 



That is, b is equivalent to the square of half the coefficient ofx. 
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276. Before completing the square we must be careful 

(1) That the square of the unknown symbol has no coefficient 
but unity, 

(2) That the square of the unknown symbol has a positive 
sign. 

These points will be more fully considered in Arts. 280 and 
281. 

277. We shall first take the case in which the coefficient of 
the second term is an even number and its sign positive. 

Ex. fic* + 6a5 = 40. 

Here we make the left-hand side of the equation a perfect 
square by the following process. 

Take the coefficient of the second term, that is, 6. 

Take the half of this coefficient, that is, 3. 

Square the result, which gives 9. 

Add 9 to both sides of the equation, and we get 

a;»+6a:+9 = 49. 

Now taking the square root of both sides, we get 

x+3= ±7. 
Hence we have two simple equations, 

a4-3 = 4-7 (1), 

and a;+3 = -7 (2). 

From these we find the values of x, thus : 
from (1) 05 = 7 — 3, that is, a; = 4, 

from (2) a;=T-7-3, that is, a; = -10. 

Thus the roots of the equation are 4 and — 10. 
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Examples.— XCVIII. 

1. a*+6a? = 72. 6. a" + 8a?-65=0. 

2. af+\2x = QL 7. aj'+ 18a?- 243 = 0. 

3. iB'+Uaj=15. 8. a:'+16aj-420 = 0. 

4. ai*+46aj=96. 9. «?• + 22a: - 840 = 0. 

5. «» + 128a; =393. 10. a:' -(44- 10a;) = 100. 

278. We next take the case in whicli the coefficient of the 
second term is an even number and its sign negative, 

Ex. a;'-8a; = 9. 

The term to be added to both sides is (8 -r- 2)*, that is, (4)', 
that is, 16. 

Completing the square 

a;*- 8a; 4- 16 = 25. 
Taking the square root of both sides 
a5_4=:sfc5. 

This gives two simple equations, 

a;-4 = 4-5 (1), 

a;-4 = -5 (2). 

From(l) a; = 5 + 4, .-. a; = 9; 

from (2) a; = -5 + 4, .-. a; = -l. 

Thus the roots of the equation are 9 and — 1. 

Examples. — XCIX. 

1. a;'-6a; = 7. 5. a;'- 12a; + 32 = 0. 

2. a;'-4a; = 5. 6. a;«- 14a; + 45 =0. 

3. a;»-20a; = 21. 7. a;"- 234a; + 13688 = 0. 

4. a;»-2a; = 63. 8. (a; -3) (a; -2) = 3 (5a; + 14). 
9. a;(3a;- 17) -a;(2a;4- 5) + 120 = 0. 

10. (a; - by + (a; - 7)' = a; (a; - 8) + 46. 

Digitized by VjOOQ IC 



QUADRATIC EQUATIONS, 219 

279. We now take the case in which the coefficient of the 
second term is an odd number. 

Ex. (1) ar-7aj = 8. 

The term to be added to both sides is 



Completing the square 



^ - 49 o 49 
ar- /aj+ — =8+ — , 
4 4 

. ^ 49 81 

or, ar - 7a3 + -7- = -7- . 
4 4 



Taking the square root of both sides 

7 9 
^-2="2- 

This gives two simple equations. 



7 9 
^"2=^2 (^)' 

7 9 
^-2 =-2 ' (^)- 

^ /,x 9 7 16 

From(l) «=2"^2' ^'*' ^" 2"' .-.a^S; 

9 7 ~ 2 

from (2) * = ~"2 "^2' ^^' ^" T' "*• «^ = -l- 

Thus the roots of the equation are 8 and — 1. 

Ex. (2) a;'-a;=42. 

The coefficient of the second term is 1. 
The term to be added to both sides is 



(i*2)-=g.i. 
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Completing the square 

a^-x-¥- =42+ -r, 
4 4 

1 169 
or, a?-x^-^=-^. 

Taking the square root of both sides, we get 
1 13 

^-2="T- 

This gives two simple equations, 

1 13 ... 

^-2=^T ^^^' 

'^■"2=-T ^^^• 

From(l) «= 2- + 2» or, a:=-2, .-. a; = 7; 

4^ /ox 13 1 -12 

from (2) a:=-y + 2, or, a=-2-> *'. a:=-6. 

Thus the roots of the equation are 7 and - 6. 



Examples. — C. 

1. a' + 7a=30. 4. iB'-13aj=140. 

2. a:*-lla;=12. ^ , 5 

3 16 

3. a:'+9« = 43-.. ^ , ^^ 

4 6. ar-aj = 72. 

7. a" + 37a =3690. 

8. (aj-7)»-(a; + 5)«=(3a;-5)(8-a:) + 82. 

9. a; (5 - a;) + 2a; (aj - 7) - 10 (a; - 6) = 0. 

10. (5a?-21)(7x-33)-(17aj + 15)(2a;-3) = 448. 

280. Our next case is that in which the coefficient of the 
second term is a fraction of which the mumerator ia an even 
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Ex. a;'-^a;=21. 

o 

The term to be added to both sides is 

(l-)-=G4)'=(iy=Q- 

Completing the square , 

4 4 4 

,4 4 529 
or. x-^a!+25=-25 . 

Taking the square root of both sides, we get 

23 

This gives two simple equations, 



^-5="T- 



2 23 



_2__23 



^ /ix 23 2 25 

From (1) «^= -5 +5> or, a3= -, .-. a; = 5; 

- .o\ -3 2 -23 + 2 -21 

from (2) 0? = - ^ 4-^, or, «= — , .-. «= -^ 

21 
Thus the roots of the equation are 5 and — - . 









EXAMPLES.- 


-CI. 


1. 


.2 35 


4. 




2. 


'^■^5^ = -2-5- 


5. 


_. 4 3 
'^■^35*=7- 


3. 


_. 28* 1 - 
-^ 9 *3=<^- 


6. 


. 16 16 
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A. 18 8 

8. a!'-|a! = 46. 10. o'+y ie+^=0. 

281. We nov take the case in which the coe£Scient of the 
second term is a fraction wliose numerator is an odd nvmber. 
. 7 136 

The term to be added to both sides is 

Completing the square 

7 49 _ 136 49 

. 7 49 1681 
^^ ^-3''^36 = '36^- 
Taking the square root of both sides 
7 ^41 
«-6=*-6-- 
This gives two simple equations, 

7 41 ,,, 

*-6 = -'6- <^)' 

-l-'-^ «• 

From(l) a! = -^+g, or x=^j 

.*. a? = 8 j 

, /OK 41 7 -34 

from (2) a! = --g-+g, or a; = -g-; 

-17 



17 



Thus the roots of the equation are 8 and - -^ . 
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Examples. — CII. 

1. ««-ia=8. 6. ^•-^aj + 6 = 0. 

2. a'-^« = 98. 7. aj»-^a-34 = 0. 

5 4 

3. a« + ia = 39. 8. a' + ya = |. 

4. af^l. = 7e. 9. «:'-^. = g. 

5. (B"+^aj=16. 10. a:*-|aj=14J. 

282, The square of the unknown symbol muat not be pre- 
ceded by a negative sign. 

Hence, if we have to solve the equation 
6a:-aj" = 9, 
we change the sign of every term, and we get 
aj«-6aj=-9. 
Completing the square 

a*-6aj+9 = 9-9, 
or a»-6aj+9 = 0. 
Hence a? - 3 = 0, 

or sc = 3. 

Note, We are not to be suqjrised at finding only one value 
for X. The interpretation to be placed on such a result is, that 
the two roots of the equation are equal in value and alike 
in sign. 

283. The square of the unknown symbol must have no 
coefficient but unity, 

Hcnce^ if we have to solve the equation 
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5ic*-3a;=2, 
we must divide all the terms by 5, and we get 

Zx 2 

Completing the square 

3a ^__2 ^ 
5""*" 100 " 5 "^ loo ' 



3aj 9 _ 49 

'''' "^""5"^ Too" 100- 



Hence 






X- 


3 

■10 = =^ 


7 
10* 


From which 


we 


get 


x = 


1 and 


« = — 



284. In solving Quadratic Equations involving literal co- 
efficients of the unknown symbol, the same rules will apply as 

in the cases of numerical coefficients. ^ 

Thus, to solve the equation < 

^-^-2 = 0. 1 

X a J 

Clearing the equation of fractions, we get i 

2a«-ic«_2aa; = 0: J 

therefore - a* - 2aic = - 2a», '. 

or x' + 2ax = 2a\ { 

Completing the square i* 

a;* + 2rta: + a' = 3a', ;l 

whence a;4-a = ±^3.a; 

therefore aj = -a + ^3.a, or aj = -a- ^3. a. 
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The following are Examples of Literal Quadratic Equations. 

EXAMPLKS. — CIIL 
1. iB* + 2aaj=al 

3. «^ + 3iwaj=-r-. 
4 

5. aj*+ (a-l)aj='a, 

6. a^ + (a-6)a5 = a5. 



(aj + a)* (aj-a)* 

8. adx-acaf^hcx-hd. 

9. ca;+-^ = (a+i)«*. . 

a + 6 ^ ^ 

11. aJaj"+ = i . 

c c c 

12. (4a«-9c(P)aj«+(4aV + 4aM«)aj + (ac" + B(P)'=^0. 

285. If both sides of an equation can be divided by the 
unknown symbol, divide by it, but be careful to state that is 
in that case one root of the equation. 

Thus in solving the equation 

aj"-2aj"=3aj, 

we may divide by x^ and reduce the equation to the form 

aj"-2a? = 3, 

from wUch we get 

»=3 or a=-l. 

Then the throe roots of the original equation are 0, 3 and - 1. 
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We shall now give some Miscellaoieous Examples of Quadratic 
Equations. 

Examples.— CIY. 

1. iB'-7aj+2 = 10. 18. 3iB" = 24aj-.36. 

3a:-6 6aj 1 



2. aj*-5aj + 3 = 9. 19. 



9a? 3»-26 3' 



3. a?-llaj-7 = 5. 20. 7 20:^5 3;^ 

4 »+5 2aj • 

4. a?-13«-6 = 8. 21. i^^Iz^f^^ 

aj + 6 a? 2 

5. «" + 7«-18 = 0. 22. (aj-3)« + 4a?=44. 

6. 4a:.l^=22. 23. ?^ = 7-^. 

7. aj»-9aj + 20 = 0. 24. 6»" + aj = 2. 

9. a'-6a?-14 = 2. 26. aj'-aj=210. 

10. i^-^=2. ' 27. -^+?=3. 
a?+3to + 6 a; + laj 

11. i^_^=2l 28. ^-11=^ 
» + 7 2a; + 3 3 3 

a: 3 X— 1 

12. <8'-12=ll» 29. ^^ri=2+-F- 

13. a!'-U=13ai 30, 16a!'-7aj=46. 

14. _a^__«+7g = 8. 31. _^-_j-^ = g. 

169 „„ 4a! 20-4* ,_ 

15. 3aj^ — = 26. 32. ■=—- — = 15. 



X 



5 — » <B 



„„ 10 14 -2a! 22 
16. 2a!' = 18a!-40. 33. — ^t--^. 



,_ 4 + 3a! 15-« 7a!- 14 _. « 7 

"• To "^Te" = — 2or"* ^** » + 60~3ai-5' 
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35. -H-+ « =J2. 49. ».-i^. + «-^.0. 
b—x 4— a? a; + 2 a — 6 a-6 

36. ^ + Iz^ = 2A. 50. 15a» + llaj + 2 = 0. 
7-« as 10 



37. a' + (a + 6)aj+a6 = 0. 51. 6»*+108aj + 432 = 0* 



38. aj'-18aj + 77 = 0. 52. k»" = 2h« + 42 



39. a" + 15aj + 26 = 0. 53. 2aj(l -6a?) + j = 0. 

40. »»+ 10a;- 144 = 0. 54. »"-5aa;+ 6a« = 0. 

• « * ,yv ».K 2 — 305 4 — a5-,3 

41. «*-(6-a)a;-a6 = 0. 55. — j ^^2^ 4' 

42. aj'-2aa; + a--6- = 0. 56. — + 1= ^^^ 



X a; -10* 

43. »«-(a'-a»)aj-a» = 0. 57. n^=^ — 3 = ^. 

^ ' 2+a? 3aj 

44. aj«-7jaj + 12l-0, 58. _?— -1 = -!,^. 

2 2 lO-a? aj-7 

45. aj'+7?a:-2 = 0. 59. -^ + 1=-^^ 



4 ' * a; — 6 aj + 4' 

-o . a* + 6* - ^ ^„ 84 180 60 « 

48. «■ r— « + l = 0. 62. S- + 5=01 

ab X x + 2 x-o 
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286. If an equation be proposed of the form 

(a; + a)(a;+6) = 0, 

ure may solve it readily from the following consideration. 

It is impossible that the prodtict of two quantities can be 
eqnal to zero, unless one of the quantities be equal to zero. 

Hence we must have 

SB + a = (1), 

or SB + 6 = (2). 

From equation (1) we find x^ — a, 

from equation (2) we find as = — &, 
and therefore — a and — b are the roots of the equation. 

Ex. (1) (aj-3)(a; + 4) = 0. 

Here we must have 

05-3 = 0, or aj+4=0, 
that is, a: = 3, or as = -4. 

Ex. (2) (a: -3a) (5a?- 26) =0. 
Here we must have 

aj~3a = 0, or 5x-2h-0, 

that is, « = 3a^ or a?= -^ . 

Examples. — CV. 

1. (aj-2)(a;-5) = 0. 

2. (a;-3)(a;+7) = 0. 

3. (a;+9)(a? + 2) = 0. 

4. (aj-5a)(a-66)=0. 

5. (2aj + 7)(3aj-.5) = 0. 

6. (19aj-227)(14aj + 83) = 0. 

7. (5»-4m)(6aj-lln)=0. 
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8. (a*+6aaj+ 6a')(aj"-7a»+ 12a*) = 0. 

10. aj(a'-6«) = a 

1 1 . {OCX - 2a + 6) (6caj + 3a - 6) = 0. 

12. (c»-cf)(caj-e) = 0. 

287. Any equation into which an unknown symbol enters in 
two terms and its index in one of the terms is chuble of its 
index in the other may be solved as a Quadratic Equation. 

Thus, to solve the equation 

Completing the squares, 

aj"-6aj» + 9 = 16; 
therefore a^ - 3 = * 4 ; 

therefore a* = 7, or a^ = — 1. 

Hence ^-il^i or a; = -l, 

are the roots of the equation. 

Examples.— CVL 

1. «*-12»«=13. 4. a^ + 3ar-4. 

2. aJ'+14a? + 24 = 0. 6. «^-ga^ = x^- 

3. aJ' + 22«* + ll = 0. 6. «-|«* = |. 

288. As a conclusion to this Chapter, we shall give the 
solution of the general form of a quadratic equation, so as to 
enable us to prove the relations existing between the rooU and 
the terms of the equation. 
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is the general fonn of a qviadratic equation, in which the coefficient 
of the first term is unity. 

Hence u^-^px-^q^ 

^^px^\=\'q, 

Kow if a and /3 be the roots of the equation 

— iV(?-') ■■•<"• 

^-i-y(?-') •••» 

Adding (1) and (2), we get 

o + /8 = ~^ (3). 

Multiplying (1) and (2), we get 

^"My(^')*f^/(^')-(^')' 

Q P^ I^ 

or ap = q. 

From (3) we learn that the sum of the roots is equal to the 
coejfficierU of the second term with its sign chcmged. 

From (4) we learn that the product of the roots is equal to 
he last term. 
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289. To shew that a quadratic equation has (yrdy two roots. 

Let af-k-px-k-q^O be the equation. 

Suppose it to have three roots, a, 6, c. 

Then o* + ap + g = (1), 

6« + 6p + g = (2), 

• c" + (3? + g = (3). 

Subtracting (2) from (1), 

a«-6« + (a-6)p=:0. 

Dividing by a - 6, 

a+6+jp = (4). 

Again, subtracting (3) from (1), 

a*-c*+(a-c);? = OL 

Dividing by a - <^ 

a + c+jp = (5). 

Now, subtracting (ff) from (4)| 

therefore 6 = c. 

Hence there are not more than two distinct roots. 
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CHAPTER XVL 

ON EQUATIONS INVOLVING SURDS. 

290. Ant equation may be cleared of a singfe surd, by 
transpoging all the other terms to the contrary side of the 
equation, and then raiding each side to the power corresponding 
to the order of the simL 

The process will be explained by the following Examples* 

Ex. (1) ^«=4. 

Raising both sides to the second power, 

a;=:16. 
Ex. (2) »/a?=3. 

Raising both sides to the third power, 

« = 27. 

Ex. (3) ^(af + 7)-x=l. 

Transposing the second term, 

V(«' + 7) = l+iR 

Raising both sides to the second power, 

«* + 7=l+2aj + a*, 

or, a^-2aj-a5'=:l-7, 

or, -2aj=:-6, 

or, 2x^6; 

.'. aj=3. 
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EXAUPLES.- 


-CVII. 


1, 


V«=7. 


9. V(a'-15) = 8. 


2. 


V« = 9. 


10. (a!-9)i = 12. 


3. 


a* -5. 


11. •/(4a!-16) = 2. 


4. 


> = 2. 


12. 20 -3^* = 2. 


5. 


iB* = 3. 


13. ^(2»+3)+4 = 7. 


6. 


^'a'-*. 


14. b + ejx=a. 


7. 


V(a!+9) = 6. 


15. V('«*-9) + iB = 9. 


8. 


V(«'-7) = 7. 


16. V{a!'-ll) = a;-l. 


17. 


J(4«'+6a!-2) = 2a!+l, 




18. 


V(9iB'-12a!-51) + 3 = : 


3a!. 


19. 


^(as* - a* + 6) - a= ». 




20. 


^(25a!* - 3«W! + m) - Sas = 


= «». 



291. When two surds are involved in an equation, one at least 
may be made to disappear by disposing the terms in such a way 
that one of the surds stands by itself on one side of the equation, 
and then raising eaoh side to the power corresponding to the 
order of the surd. If a surd be still left, it can be made to stand 
by itself, and removed by raising each side to a certain power. 

Ex. (1) V(«-16)+V«=8- 
Transposing the second term, we get 

Then, squaring both sides (for the way to do this see Art. 

229), 

aj-16«64-16^aj + aj; 

therefore UJx=6i + ie, 

or 16Vaj=80, 

or fjx=s6, . 

Then, squaring both sides, we get 

«=r25« 



Digitized 



by Google 



234 ELEMENTARY ALGEBRA. 

Ex. (2) ^/(a?-5) + V(aJ + 7) = 6. 

Transposing the second term, 

Squaring both sides, we get (as by Art. 229) 
aj^5 = 36-12^(aj+7) + a5 + 7; 
therefore 12 ;y(aj + 7) = 36 + aj + 7-« + 5, 

or 12^(a + 7) = 48, 

or ^/(aJ + 7) = 4. 

Squaring both sides, we get 

aj+7 = 16; 
therefore a; = 9. 

Examples*— CVin. 

1. ^/(16 + ») + VaJ = 8. 6. l+V(3aJ+l)=V(4a? + 4). 

2. V(a;-16) = 8-Vaj. 7. 1- V(l-3a?) = 2 ^(1-4 

3. V(«+16)+Va=15. 8. a'-J{x^a)=Jx. 

4. V(aJ-21) = ^aj-l. 9. ^/« + ^/(«-^)=f • 

6. V(a?-l)=V(aj + 4)-3. 10. V(a?-l) + V(«-4)-3 = 0. 

292. When surds appear in the denominators of fractions in 
equations, the equations may be cleared of fractional terms by 
the process described in Art 248, care being taken to follow the 
Laws of Combination of Surd Factors given in Art. 228, 
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Examples. — GIX. 
1. .^x + J(x-9)= ^^ 



^/(«-9)• 



3. J(» + 7) + >--^j. 
5. J„+ 7(0,-4)=-^. 

8. (l + »(2-^«).^V*. 
^a; 4- 16 _ ,/a! 4- 32 

10 >^z8^N^r*. 

293. The following are ez&mples of Stlrd Equations re- 
sulting in Quadratics. 

Ex.a) 2V«+-^ = 5. 

dearing the equation of fractions. 

Squaring both sides, we get 

iof + &x + i = 25x; 
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therefore 4aj' - 1 Tec = - 4^ 

X 

Completing the square, 



<^-l^=-i. 



whence 



. 17a! 289 225 
17 15 



and we get x= 4, or ^ • 

Ex. (2) V(a:+9) = 2VaJ-3. 

Sqnai-ing both sides (see Ai-t 229^ 

aj + 9 = 4a;-12^a + 9; 

therefore 12^« = 3a?, 

or AJx^x. 

Squaring both sides, 

I6x=af. 

Divide by a?, and we get 

Henoe the values of x which satisfy the equation are 16 and 
(Art 285), 

Ex. (3) J(2x+l) + 2^x = - ^^ 



J{2x + l)' 
Clearing the equation of fractions, 

2x+l + 2J{2af + x)^2l; 
therefore 2 J{2x' + a?) = 20 - 2a?, 

or ^(2aj* + aj) = 10-«. 

Squaring both sides, 

2aj' + aj = 100-20a; + »', 
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or 
therefore 



a? + 2lx 


-100 J 


1 


4 


841 
4 ' 


x + 


21 


29 


x= 


4 or- 


-25. 



therefore 

whence 

294. We shall now give a set of examples of Sard Equations 
some of which are reducible to Simple and others to Quadratic 
Equations. 

Examples. — CX. 

1. 4a!-12Var=16. 

2. 45-14^aj=-iB. 

3. 3J{7 + 2af)=5J{ix-5). 

4. V(6«- 11) = 7(249-2(6^. 
6. J{6-x)=2-J(2x-l). 

6. a!-2V(4-3a!)+12 = 0. 

7. J{2x + 7) + V(3a! - 18) = J(Jx + 1). 

8. 2 V(204 - 5a!) = 20 - ^(3aj - 68> 

9. Jx-i = J^. 

^ Jx + i 



10. 



, „ 608 



11. V(a!*5).^(a! + 12) = 12. 

12. J{x +3) + J(x + S) = 6 Jx. 

13. ^(25+a;)+V{25-a!) = 8. 

14. J{x + 4) + J{2x-l) = 6. 

15. V(13«-l)-V(2«-l) = 5. 
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16. ^(7a! + l)-^(3a;+l) = 2. 

17. V(*+a') + s/« = 3- 

la Va! + V(« + 9976) = ^. 

"• y(f-)V(f-)V(¥)- 

20. J(«.-l) + 6 = -7^j. 

21. V{(a!-a)' + 2a6+6*} = a!-a+J. 

22. ^/{(a! + o)'+2a6 + 6*} = 6-o-iB. 

23. */(a! + 4)-^x=y(a5 + |). 

-. aj-1 6 

24. ■ , = « + J . 

25. s/(4 + a!)-V3 = ^«. 

26. V(a; + 4) + ^(a! + 5) = 9. 

27. V..V(«-4)=;^. 

28. a!'=21 + V(«'-9). 

29. ^(50 + a;)-V(50-a!) = 2. 

30. V(2«'+4)-yg + 6) = l, 

31. V(3 + a;)+Va!= * 



32. 



>/(3 + «) 
1 1 1 



Ja!-V(4a!-a!')~ 
34. ^3! - tj{a - ^(ax +«*)} = Vo. 



3a! + ^(4a;-a!*) 
3a!-V(4a!-a!') 
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CHAPTER XVIL 

ON SIMULTANEOUS EQUATIONS INVOLVING QUADRATICS. 

295. Fob the solution of Simultaneotis Equations of a degree 
higlier than the first no fixed rules can be laid down. We shall 
point out the methods of solution which maj be adopted with 
advantage in particular cases. 



If the simple power of one of the unknown symbols can 
be expressed in terms of the other symbol hy means of one of the 
given equations, the Method of Substitutiou, explained in Art. 
265, maj be employed, as will be seen from the Examples in 
our next four articles. 

297. To solve the equations 

a:2^ = 600. 
IVom the first equation 

Substitute this value for x in the second equation, and we get 

(50-y).y=600. 

This gives 50y - y* = 600. 

From which we find the values of y to be 30 and 20« 

And we may then find the corresponding values of a; to be 20 
and 30. 
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Examples. — CXL 
1. aj + y = 40 4, «-y=19 



ay = 300. 


ay = 66. 


« + y=13 


5. aj-y = 45 


ajy = 36. 


ajy=250. 


a + y=29 


6. a;-y = 99 


ay =100. 


ay =100. 



298. To solve the equations : 

a:-y=12, 
a" + y' = 74. 

!From tlie first equation 

aj = 12+y. 

Substituting this value for x in the second equation, we get 

(12 + y)« + y' = 74. 

This gives 144 + 24y + y* + y*= 74, 

or 2y» + 24y = -70. 

From which we find the values of y to be — 5 or — 7. 

And we may then find the corresponding values of a; to be 
7 or 5. 

Examples.— CXIL 

1. «-y = 4 4. a? + y = 8 
a"+y'=40. ic'+y'=32. 

2. aj-y=10 6. aj + y=12 
«"+y'=17a a"+y'-104. 

3. a:-y = 14 6. aj + y = 49 
«'+y'=436. »*+y'=1681. 
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299. To solve ike equations 

From tlie second equation 

Substituting this value for x in the first equation^ we get 

This gives 

125-75y + 153^-y* + 3/««35, 

or 15y'-75y = -90, 

from which we may find the values of y to be 3 or 2, and then 
we may find the corresponding values of a; to be 2 or 3. 

Examples.— CXIII, 

1. a^ + 3/' = 91 4. aj"-y» = 56 

x-¥y = l, aj-y = 2. 

2. a^ + 3/'=.341 5. aj'-3^ = 98 

» + y=ll. flj-y=2. 

3. i«» + 3/^ = 1008 6, ai'-y» = 279 

a;+y=12. a:-y = 3. 

300. To solve the equations 

1 15 

flj* ■*■ y" " 3G • 
From the first equation 

1=--1 
X Q y' 

S.A« 
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Squaring both sides 
1 

X 

Substituting in the second equation 
This gireff 



1^2510 1, 
9? 36 6y "*■ y* ' 



25^10 1^ 2^ 13 
36 6y^y-'*"y«~36' 



25y»-60y+36 + 36 = 13y», 

fix)m which we may find the values of y to be 3 or 2, and then 
we may find the CQrresponding values of a;. to be 2 or 3. 

Examples. — CXIV. 

,119 . 

^' .i'*"y"20 *' 

a*"*'y*"4G0' 

o 1 1 3 ' . 

2. - + - = 7 5. 
» y 4 

(B* V 16' 

3. i+i=.5 6. 
X y 

m? y* 

301. "We shall give in this and the three following articles 
examples of equations to which the method of substitution can 
not be applied without some previous step depending on the form 
of the equations. 

To solve the equations 

a;*+3ajy = 7, 
a?y + 4y« = 18. 



1 

X 


1 1 

y 12 


1 


1 7 


1 

as" 


.1 = 2^ 

y 2 


1 




1 

X 


.1 = 3 

y 


1 

a?' 


-i.=.. 
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If we add the equations we get 

a" + 4a;y+4y* = 25. 

Taking the square root of each side, and taking only the posi- 
tive root of the right-hand side into account^ 

» + y = 6, 
Hence we get 

and this value may be substituted for x in the second equation, 
from which we get 

(5-y)y+42/'=18, 

an equation by which y may be determined. 

Note. In some examples we must svhtract the second equation 
from the first in order to get a perfect square. 

302. To solve the equations 

Dividing the first equation by the second, we get 

»-y = 2. 

This gives 

» = 2 + y. 

Substituting this in the first equation, we get 

(2 + y)»-«y = 26. 
From which we get 

8 + 12y + 6/=26, 
an equation by which y may be determined. 
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303. To solve the equations, 

ajy = 28. 
Multiply the second equation by 2, and we get 
2ay«56. 

Now if we add this to the first equation, we get 
a" + 2ajy + y"=121. 

Now take the square root of each side 

a5 + y = ±ll (A). 

Again, if we tak$ away the equation 
2xy=b^ 
from the first equation^ we get 

a^-2icy+y* = 9. 
Now take the square root of each side 

aj-y = ±3...... (B). 

The equations A and B furnish ybwr pairs of simple equations, 
a5 + y=ll, aj + y=ll, a; + 2^--ll, a5+y = -ll, 
aj-y = 3, aj-y=-3, aj-y=3, a5-yc=-3, 

from which we find the values of x to be 7, 4, - 7 and - 4, 
and the corresponding values of y to be 4, 7, - 4 and - 7. 
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304. The artifice by whioh the solution of the equations 
given in this article is effected is applicable to cases in which 
the equations are homogeneous and of the same order. 

To solve the equations, 

Suppose y = mx. 

Then u? + tnaf = 1 5, from the first equation, 
and maf - m V <= 2, from the second equation. 

Dividing one of these equations bj the other, 



a" + ma" 



^«=^> 



or a = 2. 

From this equation we can determine the values of m. 

2 
One of these values is » • 

Put this for m in the equation 

a^ + wio'alS. 

2 
Then we get a^+^a^=15. 

From which we find » = «fc3, 
and then we can find y from one of the original equations. 
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305. The examples which we shall now give are intended 
as an exercise on the methods of solution explained in the four 
preceding articles. 

Examples. — CXY. 

1. i«»-3^ = 37 9. aj" + a:y = 45 
aj" + a5y + y" = 37. a^ + y" = 36. 

2. aj"+6a;y = U4 ^10. a^-ay + y" = 7 

6a:y + 36y* = 432. 3x»+ 13«y+8y" = 162. 

3. a" + ay = 210 11. a*-ay = 35 
y' + ay-.231. ajy + y*=18. 

4. a' + y"=68 12. r«»-2^ = 152 

ajy = 16. aj' + a;y + y' = 76. 

5. a;» + y»=152 13. rc» + y» = 2728 
a^-a!y + y" = 19. • aj'-a?y + y* = 124. 

6. iB' + 2^ = 133 14. ic* + 9iBy=340 
a:"-a:y + y" = 19. 7iKy-y' = 171. 

7. ar' + ajy + y* = 39 15. a'-j/'-l^^ 
3y-6ajy=25. aj' + a:y + y* = 76. 

8. a;' + i»y = 66 16. i»" + y» = 225 
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CHAPTER XVIIL 

ON PROBLEMS LEADING TO SIMPLE EQUATIONS WITH ONR 
UNKNOWN SYMBOL. 

306. When we have a question tp resolve by means of 
Algebra, we represent the number sought by an unknown symbol 
and then consider in what manner the conditions of the question 
enable us to assert thai two expressiona a/re equal. Thus we obtain 
an equation, and by resolving it we determine the value of the 
number sought. 

The whole difficulty connected with the solution of Algebraical 
Problems lies in the determination from the conditions of the 
question of tvoo different expressions hamng the same numericai 
value, ' " 

To explain this let us take the following Problem ♦ 

'' Find a number such that the sum of its third and fourth 
parts shall be equal to 7." 

Suppose X to represent the number. 

Then ^ will represent the third part of the number, 

o 
X 

and 2 will represent the fourth part of the number. 

X X 

Hence « + t will represent the sum of the two parts. 
But 7 will represent the sum of the two parts. 



Therefore I+i = ^' 
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Hence 4* + 3a? = 84, 

that is, 7aj=84, 

that is, aj = 12, 

and therefore the number sought is 12. 

307. "We shall now give a series of Easy Problems, in which 
the conditions by which an equality between two expressions 
can be asserted may be readily seen. The student should be 
thoroughly familiar with the Examples in page 58, the use of 
which he will now find. 

We shall insert some notes to explain the method of re- 
presenting quantities by algebraic symbols in cases where some 
difficulty may arise. 

EZAMFLES. — ^CXYL 

1. To the double of a certain number I add 14 and obtain 
as a result 154. What is the number 1 

2. To four times a certain number I add 16 and obtain as 
a result 188. What is the number ) 

3. By adding 46 to a certain number I obtain as a result 
a number three times as large as the original number. Find the 
original number. 

4. What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 95 ? 

5. What is the number of which the twelfth, twentieth, and 
fortieth parts added together give as a result 38 ? 

6. What is the number of which the fourth part exceeds 
the fifth part by 4 ) 

7. What is the number of which the twenty-fifth part 
exceeds the thirty-fifth part by 8 9 
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Note I. If we hAve to express algebraicallj two parts into 
which a given number, suppose 50, is divided, and we represent 
one of the parts by x, the other will be represented by ,50 -x. 

Ex. Divide 50 into two such parts that the double of one 
part may be three times as great as the other part. 

Let X represent one of the parts. 

Then 50 - a; will represent the other part. 

Now the double of the first part will be represented by 2x^ 
and three times the second part will be represented by 3 (50 - x). 

Hence 2aj = 3(50-aj), 

or 2aj=150-3aj, 

or 5aj=150; 

A a? = 30. 

Hence the parts are 30 and 20. 

8. Divide 84 into two such parts that three times one part 
may be equal to four times the other. 

9. Divide 90 into two such parts that four times one part 
may be equal to five times the other. 

10. Divide 60 into two such parts that one part is greater 
than the other by 24. 

11. Divide 84 into two such parts that one part is less than 
the other by 36. 

12. Divide 60 into two such parts that a seventh part of one 
may be equal to an eighth part of the other. 

13. Divide 50 into two such parts that one-fourth of one 
part being added to five-sixths of the other part the sum may 
be 40. 

14. Divide 20 into two such parts that if three times one 
part be added to five times the other part the sum may be 84. 
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15. Divide 100 into two such parts that if a third part of the 
one be subtracted from a fourth part of the other the remainder 
may be 11. 

16. One number is three times as large as another. If I 
take the smaller from 16 and the greater from 30 the remainders 
are equal. What are the numbers ? 

17. Divide the number 92 into four parts, such that the 
first is greater than the second by 10, greater than the third by 
18 and greater than the fourth by 24. 

18. What is the number which is greater than the sum of 
its third, tenth and twelfth parts by 58 1 

19. When I have taken away from 33 the fourth, fifth and 
tenth pai*ts of a certain number, the remainder is zero. What is 
the number] 

20. What is the number of which the fourth, fifth, and sixth 
parts added together exceed the half of the number by 112 1 

21. If to the sum of the half, the third, the fourth and the 
twelfth parts of a certain number I add 30, the sum is twice as 
large as the original number. Find the number. 

^2, The sum of two numbers is 20, and if three times the 
smaller number be added to five times the greater, the sum is 84. 
What are the numbers? 

23. The joint ages of a father and his son are 80 years. If 
the age of the son were doubled he would be 10 years older than 
his father. What is the age of each ) 

24. A man has six sons, each 4 years older than the one 
next to him. The eldest is three times as old as the youngest. 
What is the age of each ) 

25. The difference between two numbers is 8, and the 
quotient resulting from the division of the greater by the less is 3. 
What are the numbers 1 
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26. The seventh part of a man's property is equal to Lis 
whole property diminished by £1626. "What is his property? 

27. The difference between two numbers is 504, and the 
quotient resulting from the division of the greater by the less is 
15. What are the numbers? 

28. Add £24 to a certain sum, and the amount will be as 
much above £80 as the sum is below £80. What is the sum? 

29. The sum of two numbers is 5760,' and their difference is 
equal to one-third of the greater. What are the numbers ? 

30. Thirty 4|pferds of cloth and forty yards of silk together 
cost £66, and the silk is twice as valuable as the cloth. Find the 
cost of a yard of each. 

31. Find the number, the double of which being added to 24 
the result is as much above 80 as the number itself is below 100. 

32. To a certain number I add its hal^ and the result is as 
much above 60 as the number itself is below 65. Find the 
number. 

33. The difference between two numbers is 20, and one- 
seventh of the one is equal to one-third of the other. What are 
the numbers? 

34. The sum of £500 is divided between A, B, C and D, A 
and B have together £280, -4 and (7 £260, A and D £220. How 
much does each receive? 

35. The sum of two numbers is 31207. On dividing one by 
the other the quotient is found to be 15 and the remainder 1335. 
What are the numbers? 

36. The ages of two brothers amount to 32 years. On di- 
viding the age of the elder by that of the younger the quotient is 
3^. What is the age of each? 

37. Divide 237 into two such parts that one is four-fifths of 
the other. 
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38. Divide J&1800 between A and B^ so that ^s share may 
be two-sevenths of A^^ share. 

39. Divide 46 into two such parts that the sum of the 
quotients obtained by dividing one part by 7 and the other by 3 
may be equal to 10. 

40. Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the other 
by n may be equal to 6. 

41. The sum of two numbers is a, and their differenoe is 6. 
Find the numbers. 

42. In a company of 266 persons, composed of men, women, 
and children, there are twice as many men as there are women, 
and twice as many women as there are children. How many are 
there of each ) 

43. On multiplying a certain number by 4 and dividing the 
product by 3, 1 obtain 24. What is the number? 

44. Divide JS864 between A^ B and (7, so that A gets jj of 

what B gets, and C7's share is equal to the sum of the shares of A 
and^. 

45. Divide £1520 between A, B and (7, so that A has JSIOO 
less than B, and B J&270 less than G. 

46. A man leaves the half of his property to his wife, a 
sixth part to each of his two children, a twelfth part to his 
brother, and the rest, amounting to £600, to charitable uses. 
What was the amount of his property? 

47. Find two numbers, of which the sum is 70, such that 
the first divided by the second gives 2 as a quotient and 1 as a 
remainder. 

48. Find two numbers of which the difference is 25, such 
that the second divided by the first gives 4 as a quotient and 4 as 
a remainder. 
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49. Find two numbers, differing by 8, such that four times 
the less may exceed twice the greater by 10. 

50. Divide the number 208 into two parts such that the sum 
of the fourth of the greater and the third of the less is less by 4 
than four times the difference between the two parts. 

51. A and B began to play with equal sums. A won JS5, 
and then three times ^'s money was equal to eleven times Bs 
money. What had each at first 1 

52. There are thirteen days between division of term and the 
end of the first two-thirds of the term. How many days are 
there in the termt 

53. ^ is 58 years older than B, and ^'s age is as much above 
50 as j^s age is below 50. Find the age of each. 

54. ^ is 34 years older than B^ and ^ is as much above 50 
as ^ is below 40. Find the age of each. 

55. A man leaves his property amounting to £7500 to be 
divided between his wife, his two sons and his three daughters, as 
follows : a son is to have twice as much as a daughter, and the 
widow £500 more than all the five children together. How much 
did each get} 

56. Out of a cask of wine of which a fifth part had leaked 
away 10 gallons were drawn, and then the cask was two-thirds 
full How much did it hold % 

57. A vessel containing some water wa£i filled up by pouring 
in 42 gallons, and there was then in the vessel 7 times as much as 
at first. How many gallons did the vessel holdl 

58. Three persons A, B, have £76. B has £10 more than 
A, and C has as much as A and B together. How much has 
eachi 

59. What two numbers are those whose difference is 14, and 
their sum 48 9 
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60. A and B play at cards. A has £72 and B has £62 when 
they begin. When they cease playing A has three times as much 
as B. How much did A win) 

Note II. When we have to compare the ages of two persons 
at one time and also some years before or after, we must be careful 
to remember that hoik will be so many years older or younger. 

' Thus if a; be the age of A at the present time and 2x be the 
age of B at the present time. 

The age of -4 5 years hence will be a? + 5, 

and the age of B 6 years hence will be 2aj + 5. 

Ex. ^ is 5 times as old as B, and 5 years hence A will only 
be three times as old as B. What are the ages of A and B at the 
present time ) 

Let X represent the age of A 

Then bx will represent the age of A. 

Now 05 + 5 will represent B*s age 5 years hence, 
and bx-^6 will represent ^'s age 5 years hence. 

Hence 5a; + 5 = 3 (a? + 5), 

or 5a; + 5 = 3a; + 15, 

or 2a; = 10 ; 

.% a; = 5. 

Hence il is 25 and B jb b years old. 

61. ^ is twice as old as B, and 22 years ago he was three 
times as old as B, . What is A 's age ? 

62. The sum of the ages of a father and son is half what it 
will be in 25 years : the difference is one-third what the sum will 
be in 20 years. Find the respective ages. 
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• 63. A father is 30 ; his son is 6 years old. In how many 
years will the age of the father be just twice that of the son ? 

64. A mother is 66 years old, her daughter is exactly half 
that age. How many years have passed since the mother was four 
times the age of the daughter 1 

65. A is twice as old as j? and 20 years since he was three 
times as old. What is B'^ age 1 

66. A is 72 and B is two-thirds of that age. How long is it 
since A was 5 times as old as J? 1 

67. A is three times as old as By and 19 years hence he will 
be only twice as old as B,^ "What is the age of each ? 

68. A man has three nephews. His age is 49^ and the joint 
ages of the nephews are 42. How long will it be before the joint 
ages of the nephews will be equal to the age of the uncle ? 

Note III. If a man can do a piece of work in x hours, the 
part of the work which he can do in one hour will be represented 

^ X 

Thus if ^ can reap a field in 12 hoilrs he will reap in one 
hour Yo ^^ *^® ^®^^' 

Ex. A can do a piece of work in 5 days, and B can do it in 
12 days. How long will A and B working together take to do 
the work 1 

Let X represent the number of days A and B will take. 
Then - will represent the part of the work they do daily. 

Now 7 represents the part A does daily, 
and j^ represents the part B does daily. 
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Axcuw W ^ 19 ^*^ 




Consequently 


1 1 1 


Hence 


12iB + 5«=60, 


or 


17«=60; 




60 



g 
That is, they will do the work ii^ 3 y. days. 

69. A can do a piece of work in 2 days. B can do it in 3 
days. In what time will they do it if they work together ? 

70. A can do a piece of work in 60 days, ^ in 60 days, and C 
in 75 days. In what time will they do it, all working together % 

71. A and B together finish a work in 12 days ; A and G in 
15 days ; B and (7 in 20 days. In what time will they finish 
it^ all working together ] 



72. A and B can do a piece of work in 4 hours ; A and G in 
r hoi 
alone] 



3 1 

3 ^ hours ; B and C7 in 5 ^ hours. In what time can A do it 



73. A can do a piece of work in 2 ^ days, ^ in 3 ^ days and 

A o 

3 
C in 3 7 days. In what time will they do it all working together 1 

3 

74. A does ^ of a piece of work in 10 days. He then calls in 

B and they fiinish the work in 3 days. How long would B take to 
do one-third of the work by himself t 
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KoTB lY. If a tap can fill a vessel in x hours, the part of 
the vessel filled by it in one hour will be represented by - . 

Ex. Three taps running separately will fill a vessel in 20, SO, 
and 40 minutes respectively. In what time will they fill it when 
they all run at the same time ) 

Let X represent the number of minutes they will take. 

Then - will represent the part of the vessel filled in 1 minute. 

Now sTx represents the part filled by the first tap in 1 minut^ 



20 

30 

\^ 
40 



second . 
third .. 



TT 1111 

^^^^ 20'-30-*-40=«' 

or, multiplying both sides by 120a5, 

6aj + 4aj+3aj=:120, 
that is, 13a5 = 120; 

_120 

3 
Hence they will take 9 r-r^ minutes to fill the vessel. 

75. A vessel .can be filled by two pipes, running separately, 
in 3 hours and 4 hours respectively. In what time will it be 
filled when both run at the same time ? 

76. A vessel may be filled by three different pipes : by the 

first in 1 o hours, by the second in 3 ^ hours, and by the third 

in 5 hours. In what time will the vessel be filled when all three 
pipes are opened at once ] 

S. A. Digitized by VjOCfc IC 



258 ELEMENTARY ALGEBRA, 

77. A bath is filled bj a pipe in 40 minutes. It is emptied 
by a waste pipe in an hour. In what time will the bath be full 
if both pipes are opened at once 1 

78. If three pipes fill a vessel in a, 6, c minutes running 
separately, in what time will the vessel be filled when all three 
are opened at once 1 

79. A vessel containing 755 j gallons can be filled by three 
pipes. The first lets in 12 gallons in 3 j minutes, the second 

15 - gallons in 2 ^ minutes, the third 17 gallons in 3 minutes : in 

what time will the vessel be fiilled by all three pipes all running 
together ? 

80. A vessel can be filled in 15 minutes by three pipes, one 
of which lets in 10 gallons more and the other 4 gallons less than 
the third each minute. The cistern holds 2400 gallons. How 
much comes through each pipe in a minute ? 

KoTE V. In questions involving distance travelled over in a 
certain time at a certain rate, it is to be observed that 

Distance ^ 

That is, if I travel 20 miles at the rate of 5 miles an hour, 

20 
number of hours I take = -=- , 

5 

Ex. A and B set out, one from Kewmarket and the other 
from Cambridge, at the same time. The distance between the 
towns is 13 miles. A walks 4 miles an hour and B 3 miles an 
hour. Where will they meet ? 

Let X represent their distance from Cambridge when they 
meet. 
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Then 13 — a; will represent their distance from Newmarket^ 
Then ^ = time in hours that B has been walking, 
13-a; 



4 






.. J3. 









And since 


both have been walking the 


same 


time, 






X 

3"" 


13- 

4 


X 
> 








or 


4a; = 


:39- 


3a?, 








or 


7aj = 


.39; 










•' 


• iC = 


39 

T' 









4 
That is, they meet at a distance of 5 - miles from Cambridge. 

81. A person starts from Ely to walk to Cambridge (which 

4 
is distant 16 miles) at the rate of 4^ miles an hour, at the same 

time that another person leaves Cambridge for Ely walking at the 
rate of a mile in 18 minutes. "Where will they meet ? 

82. A person walked to the top of a mountain at the rate 
of 2^ miles an hour, and down the same way at the rate of 

o 

3-^ miles an hour, and was out 5 hours. How fiir did he walk 
altogether 1 

83. A man walks a miles in h hours. "Write down 

(1) The number of miles he will walk in c hours. 

(2) The number of hours he will be walking d miles. 

84. A steamer which started from a certain place is followed 
after 2 days by another steamer on the same line. The first goes 
244 miles a day, and the second 286 miles a day. In how many 
days will the second overtake the first 1 
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^5. A messenger who goes 31 ^ miles in 5 hours is followed 

after 8 hours by another who goes 22 ^ miles in 3 hours. When 
will the second overtake the first 1 

86. Two men set out to walk, one from Cambridge to London, 
the other from London to Cambridge, a distance of 60 miles. The 

3 

former walks at the rate of 4 miles, the latter at the rate of 3 j 

miles an hour. At what distance from Cambridge will they 
meet 1 

87. A sets out and travels at the rate of 7 miles in 5 hours. 
Eight hours afterwards B sets out from the same place, and travels 
along the same road at the rate of 5 miles in 3 hours. After what 
time will B overtake A % 

Note VI. In problems involving weights and measures, afber 
assuming a symbol to represent one of the uDknown quantities 
we must be carefril to express the other quantities in the same 
terms. Thus if x represent a number of pence^ all the sums in- 
volved in the problem mvst be rediiced to pence, 

Ex. A sum of money consists of fourpenny pieces and six- 
pences, and it amounts to £1, 16«. Sd, The number of coins is 78. 
How many are there of each sort 1 

Let X be the number of fourpenny pieces. 
Then ix is their value in pence. 
Also 78 — a; is the number of sixpences. 
And 6 (78 — x) is their value in pence. 
Also £1, 16s, Sd. is equivalent to 4:4:0 pence. 
Hence 4aj + 6 (78 - a;) = 440, 

or 4a; + 468 -6a; =440, 
from which we find a; = 14. 

Hence there are 14 fourpenny pieces, 
and 62 sixpences. 
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88. A bill of XI 00 was paid with guineas and half-crowns, 
and 48 more half-crowns than guineas were used. How many of 
each were paid ? 

89. A person paid a bill of X3. 14a with shillings and half- 
crowns, and gave 41 pieces of money altogether. How many of 
each were paid % 

90. A man has a sum of money amounting to* Xll. 13^ ^d., 
consisting only of shillings and fourpenny pieces. He has in all 
300 pieces of money. How many has he of each sort ? 

91. A bill of £50 is paid with sovereigns and moidores of 
27 shillings each, and 3 more sovereigns than moidores are given. 
How many of each are used ) 

92. A sum of money amounting to £42. 8«. is made up ot 
shillings and half-crowns, and th^re are six times as many half- 
crowns as there are shillings. How many are there of ,eaph sort % 

93. I have £5. 10«. 3 J. in sovereigns, shillings and pence« 
I have twice as many shillings and three times as many pdnce as 
I have sovereigns. How many have I of each sort 1 

Note VII. In problems relating to clocks the chief point 
to be noticed is that the minute-hand moves 12 times as fast 
as the hour-hand. 

, The following examples should be carefully studied. 

Find the time between 3 and 4 o'clock when the hands of 
a clock are 

(1) Opposite to each other. 

(2) At right angles to each other. 

(3) Coincident. 
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(1) Let ON represent the position of tlie minute-hand in 
Fig. I. 

OD represents the position of the hour-hand in Fig. I. 

M marks the 12 o'clock point. 

T 3 o'clock 

The lines OMy OT represent the position of the hands at 3 
o'clock* 

Now suppose the time to be a; minutes past 3. 

Then the minute-hand has since 3 o'clock moved orer the 
arc MBN. 

And the hour-hand has since 3 o'clock moved over the 
arcTi). 

Hence are MDN^ twelve times arc TD. 
If then we represent MDNhy x, 

we shall represent 7!Z> by Y^ • 

Also we shall represent JUT by 15, 
and 2>iV by 30. 
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that is, 





aj = 


,.».i. 


30, 


or 


12a; = 


: 180 + 0! + 


360, 


or 


11a; = 540; 






.-. » = 


640 
■ 11 • 





Hence the time is 49^ minutes past 3. 

(2) In Fig. IL the description given of the state of the dock 
in Fig. I. applies, except that LN will be represented by 15 in 
stead of 30. 

Kow suppose the time to be a; minutes past 3. 

Then since 

»=15 + ^ + 15, 

from which we get 

360 

g 
that is, the time is 32 rri minutes past 3, 

(3) In Fig. III. the hands are both in the position OiT, 
Now suppose the time to be a; minutes past 3w 

Then since 

or 12a;=180 + a?, 

180 
or « = -2ji 

4 
that is, the time is ICy? minutes past 3, 
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94. At what time, are the hands of a watch opposite to each 
other, 

(1) Between 1 and 2, 

(2)^ Between 4 and 5, 
(3) Between 8 and 9 ? 

95. At what time are the hands of a watch at right angles 
to each other, 

(1) Between 2 and 3, 

(2) Between 4 and 5, • 

(3) Between 7 and 8 1 

96. At what time are the hands of a watch together, 

(1) Between 3 and 4, 

(2) Between 6 and 7, 

(3) Between 9 and 10 1 

97. A person buys a certain nnmber of apples at the rate uf 
five for twopence. He sells half of them at two a penny, and the 
remaining half at three a penny, and deal's a penny by the trans- 
action. How many does he buy ? 

98. A man gives away half a sovereign more than half as 
many sovereigns as he has : and again half a sovereign more than 
half the soverdgns then remaining to him, and now has nothing 
left. How much had, he at first 1 

99. What mast be the value of n in order that s tttt- may 

on + o9a "^ 

be equal to ^ when a is ^ 1 

100. A body of troops . retreating before the enemy, from 
which it is at a certain time 25 miles distant, marches 18 miles 
a day. The enemy pursues it at the rate of ^3 miles a day, but 
is first a day later in starting, then after 2 days is forced to halt 
for one day to repair a bridge, and this they have to do again 
after two days more marching. After how many days from the 
beginning of the retreat wiU the retreating force be overtaken 1 
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101. A person afler paying an income-tax of sixpence in the 
pound gave away one-thirteenth of his remaining incomei and had 
£540 left. What was his original income 1 

102. From a sum of money I take away £50 more than the 
half, then from the remainder £30 more than the fifth, then from 
the second remainder £20 more than the fourth part : and at last 
only £10 remains. What was the original sum 1 

103. I bought a certain number of eggs at 2 a penny and the 
same number at 3 a penny. I sold them at 5 for twopence, and 
lost a penny. How many eggs did I buy 1 

104. A cistern, holding 1200 gallons, is filled by 3 pipes 
Ay B, in 24 minutes. The pipe A requires 30 minutes more 
than (7 to fill the cistern, and 10 gallons less run through C per 
minute than through A and B together. What time would each 
pipe take to fill the cistern by itself 1 

105. A^ B and C drink a barrel of beer in 24 days. A and 

4 
B drink ^ rds of what C does, and B drinks twice as much as A, 
o 

In what time would each separately drink the cask 1 

106. A and B shoot by turns at a target. A pufcs 7 bullets 
out of 12 into the centre, and B puts in 9 out of 12. Between 
them they put in 32 bullets. How many shots did each fire % 

107. A farmer sold at market 100 head of stock, horses, oxen, 
sheep, selling two oxen for every horse. He obtained on the sale 
£2. Is, a head. If he sold the horses, oxen and sheep at the 
respective prices £22, £12. 10«. and £1. 10«., how many horses, 
oxen and sheep respectively did he sell 1 

108. In a Euclid paper A gets 160 marks, and ^ just passes. 
A gets full marks for book-work, and twice as many marks for 
riders as B gets altogether. Also B, sending answers to all the 
questions, gets no marks for riders and half marks for book-work. 
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Supposing it necessary to get -= of full marks in order to pass^ 
find the number of marks which the paper carries. 

109. It is between 2 and 3 o'clock, but a person looking at 
the clock and mistaking the hour-hand for the minute-hand, 
fancies that the time of day is bb minutes earlier than the reality. 
What was the true time J 

110. An army in a defeat loses one-sixth of its number in 
killed and wounded, and 4000 prisoners. It is reinforced by 
3000 men, but retreats, losing a fourth of its number in doing 
so. There remain 18000 men. What was the original force 1 

111. The national debt of a country was increased by one- 
fourth in a time of war. During twenty years of peace which 
followed £25,000,000 was paid off, and at the end of that time 
the interest was reduced from 4^ to 4 per cent. It was then 
found that the interest was the same in amount as before the war. 
What was the amount of the debt before the war 1 

112. An artesian well supplies a brewery. The consumption 
of water goes on each week-day from 3 a.m« to 6 p.m. at double 
the rate at which the water flows into the well. If the well 
contained 2250 gallons when the consumption began on Monday 
morning, and it was just emptied when the consumption ceased 
in the evening of the next Thursday but one, what is the rate 
of the influx of water into the well in gallons per hour 1 
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CHAPTER XIX. 

ON THE SOLUTION OF PROBLEMS RESULTING IN 
SIMULTANEOUS EQUATIONS. 

308. In the Sohition of Problems in which we represent 
two of the numbers sought by unknown symbols, usually x and y, 
we must obtain two independent equations from the conditions 
of the question, and then we may obtain the values of the 
two unknown symbols by one of the processes described in 
Chapter xiv. 

Ex. If one of two numbers be multiplied by 3 and the other 
by 4, the sum of the products is 40, and if the former be mul- 
tiplied by 7 and the latter by 3, the diffei-ence between the results 
is 14. 

Let X and y represent the numbers. 

Then 3a + 4y = 43, 

and 7aj-3y=14. 

From these equations we have 

21a? + 28y = 301, 
21a;- 9y = 42. 

Subtracting 37^^ = 259. 

Therefore y = 7, 

and then the value of x may be found to be 5. 

Hence the numbers are 5 and 7« 
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Examples.— OXVIL 

1. The sum of two numbers is 28 and their difference is 4, 
find the numbers. 

2. The sum of two numbers is 256 and their difference is 10, 
find the numbers. 

3. The sum of two numbers is 13*5 and their difference is 1, 
fiud the numbers. 

4. Find two numbers such the sum of 7 times the greater 
and 5 times the less may be 332, and the product of their differ- 
ence by 51 may be 408. 

5. Seven years ago the age of a father was four times that of 
his son, and seven years hence the age of the fiither will be double 
that of the son. Find their ages. 

6. Find three numbers such that the sum of the first and 
second shall be 70, of the first and third 80, and of the second and 
third 90. 

7. Three persons il, B and C make a joint contribution 
which in the whole amounts to £400. Of this sum ^contributes 
twice as much as A and X20 more ; and G as much as A and B 
together. What sum did each contribute? 

8. If ^ gives ^10 shillings, B will have three times as much 
money as ^. If ^ gives A 10 shillings, A will have twice as 
much money as B, What has each} 

9. The sum of £760 is divided between -4, By G, The shares 
of A and B together exceed the share of G by £240, and the 
shares of B and G together dxceed the share of A by £360. What 
is the share of each] 

10. The sum of. two numbers divided by 2, gives as a quo- 
tient 24, and the difference between them divided by 2, gives as a 
quotient 17. What are the numbers) 
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11. Find two numbers such that when the greater is divided 
by the less the quotient is 4 and the remainder 3, and when the 
sum of the two numbers is increased by 38 and the result divided 
by the greater of the two numbers the quotient is 2 and the re- 
mainder 2. 

12. Divide the number 144 into three such parts, that when 
the first is divided by the second the quotient is 3 and the re- 
mainder 2, and when the third is divided by the sum of the other 
two parts, the quotient is 2 and the remainder 6. 

13. A and B buy a horse for £120. A can pay for it if B 
will advance half the money he has in his pocket. B can pay for 
it if A will advance two-thirds of the money he has in his pocket. 
How much has each? 

14. "How old are you?" .said a son to his father. The father 
replied, " Twelve years hence you will be as old as I was twelve 
years ago, and I shall be three times as old as you were twelve 
years ago." Find the age of each. 

15. Required two numbers such that three times the greater 
exceeds twice the less by 10, and twice the greater together with 
three times the less is 24. 

16. The sum of the ages of a fiither and son is half what it 
will be in 25 years. The difference is one-third what the sum will 
be in 20 years. Find their ages. 

17. If I divide the smaller of two numbers by the greater, 
the quotient is '21 and the remainder -04162. If I divide the 
greater number by the smaller, the quotient is 4 and the remain- 
der '742. Find the numbers. 

18. The cost of 6 barrels of beer and 10 of porter is £51; 
the cost of 3 barrels of beer and 7 of porter is £32. 2$. How 
much beer can be bought for £30? 

19. The cost of 7 lbs. of tea and 5 lbs. of coffee is £1. 95. 4fl?. : 
the cost of 4 lbs. of tea and 9 lbs. of coffee is £1. 7*. : what is the 
cost of lib. of each? 
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20. The cost of 12 horses and 14 cows is £380 : the cost of 
5 horses and 3 cows is £130: what is the cost of a horse and a 
cow respectively] 

21. The cost of 8 yards of silk and 19 yards of cloth is 
£18. 4«. 2fl?. : the cost of 20 yards of silk and 16 yards of cloth, 
each of the same quality as the former, is £25. 16^. %d. How 
much does a yard of each cost? 

22. Ten men and six women earn £18. 18«. in 6 days, and 
four men and eight women earn £6. 6«. in 3 days. What are the 
earnings of a man and a woman daily) 

23. A farmer bought 100 acres of land for £4220, part at 
£37 an acre and part at £45 an acre. How many acres had he of 
each kind? 

Note VUI. A number consisting of two digits may be repre- 
sented algebraically by 10a5 + y, where x and y represent the sig- 
niiicant digits. 

For consider such a number as 76. Here the significant digits 
are 7 and 6, of which the former has in consequence of its position 
a local value ten times as great as its naturcd value, and the 
number represented by 76 is equivalent to ten times 7 increased 
by 6. 

So also a number of which x and y are the significant digits 
will be represented by ten times x increased by y. 

If the digits composing a number lOx + y be inverted, the re- 
sulting number will be lOy + x. Thus if we invert the digits 
composing the number 76, we get 67, that is, ten times 6 increased 
by 7. 

If a number be represented by lOaj + y, the sum of the digits 
will be represented by a? + y. 

A number consisting of three digits may be represented alge- 
braically by 

100a + 10y + «. 
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1 -^— 

Ex. The sum of the digits composing a certaia number is /*, 
and if 9 be added to the number the digits will be inverted. Find 
the number. 

Let 10a; + y represent the number. 
Then a? + y will represent the sum of the digits, 
and \0y + x will represent the number with the digits inverted. 
Then our equations will be 

x+y = 5y 
10aj + y + 9 = 10y + a?, 
from which we may find a? = 2 and y = 3 ; 

.'. 23 is the number required. 

24. The sum of the two digits composing a number is 8, and 
if 26 be added to the number the digits will be inverted. Find 
the number. 

25. The sum of the two digits composing a number is 10, and 
if 54 be added to the number the digits will be inverted. "What 
is the number? 

26. The sum of the digits of a number between 40 and 50 is 
9, and if 9 be added to the number the digits will be inverted. 
What is the number? 

27. The sum of the two digits composing a number is 6, and 
if the number be divided by the sum of the digits the quotient 
is 4. What is the number? 

28. The sum' of the two digits composing a number is 9, and 
if the number be divided by the sum of the digits the quotient 
is 5. "What is the number? 

29. If I divide a certain number by the sum of the two 
digits of which it is composed the quotient is 7. If I invert the 
order of the digits and then divide the resulting number by the 
sum of the digits the quotient is 4. "What is the number ? 

30. If I divide a certain number by the sum of its two digits 
the quotient is 6 and the remainder 3. If I invert the digits and 
divide the resulting number by the sum of the digits the quotient 
is 4 and the remainder 9. Find tlie number. 
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31. If I divide a certain number by the sum of its two digits 
increased by 3 tke quotient is 5 and the remainder 2. If I invert 
the digits and divide the resulting number by the sum of the 
digits diminished by 3 the quotient is 6 and the remainder 1. Find 
the number. 

32. Two digits which form a number change places on the 
addition of 9, and the sum of these two numbers is 33. Find the 
numbers. 

33. A number consisting of three digits, the absolute value 
of each digit being the same, is 37 times the square of any digit. 
Find the number. 

34. Of the three digits composing a number the second is 
double of the third : the sum of the first and third is 9 : the sum 
of all the digits is 17. Find the number. 

35. A number is composed of three digits. The sum of the 
digits is 21 : the sum of the first and second is greater than the 
third by 3; and if 198 be added to the number the digits will be 
inverted. Find the number. 

Note IX. A fraction of which the terms are unknown may 

X 

be represented by - . 

Ex. A certain fraction becomes ^ when 7 is added to its de- 
nominator, and 2 when 13 is added to its numerator. Find the 
fraction. 

Let - represent the fraction* 

r«, X \ 

y 

are the equations ; from which we may find a; » 9 and ^ = 11. 

9 

That is, the fraction is jr . 
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36. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 1 is subtracted from its denominator. 
What is the fraction 1 

37. Find such a fraction that when 1 is added to its nu- 
merator its value becomes », and when 1 is added to the de- 
nominator the value is -r . 

4 

38. What fraction is that to the numerator of which if 1 be 
added the value will be ^ : but if 1 be added to the denominator, 

the value will be ^ I 

39. The numerator of a fraction is made equal to its de- 
nominator by the addition of 1, and is half of the denominator 
increased by 1, Find the fraction. 

40. A certain fraction becomes : when 3 is taken fr'om the 

4 

numerator and the denominator, and it becomes ^ when 5 is 

added to the numerator and the denominator. What is the 
fraction % 

7 

41. A certain fraction becomes ^ when the denominatw is 

20 
increased by 4, and — when the numerator is diminished by 15 : 

determine the fraction. 

42. What fraction is that to the numerator of which if 
1 be added it becomes ^, and to the denominator of which if 

17 be added it becomes ^ ] 



S.A. 
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Note X. In questions relating to money put out at interest 

we are to observe that 

_. ^ ^ Principal x Rate x Time 
Interest = ^ — ^^ , 

where Bate means the number of pounds paid for the use of ;£100 
for one year, and Time means the number of years for which 
the money is lent, 

43. A man puts out £2000 in two investments. For the 
first he gets 5 per cent, for the second 4 per cent, on the sum 
invested, and by the first investment he has an income of <£10 
more than on the second. Find how much he invests in each 
case. 

44. A sum of money put out at simple interest amounted 
in 10 months to £5250, and in 18 months to £5450, What 
was the sum and the rate of interest ] 

45. A sum of money put out at simple interest, amounted 
in 6 years to £5200, and in 10 years to £6000. Find the sum 
and the rate of interest. 

Note XI. "When tea, spirits, wine, beer, and such commodities 
are mixedy it must be observed that 

quantity of ingredients = quantity of mixture, 

cost of ingredients = cost of mixture. 

Ex. I mix wine which cost 10 shillings a gallon with an(tther 
sort which cost 6 shillings a gallon, to make 100 gallons, which I 
may sell at 7 shillings a gallon without profit or loss. How much 
of each do I take 1 

Let X represent the number of gallons at 10 shillings a gallon, 

and y 6 :... 

Then x-\-y= 100, 

and 10a; + 6y = 700, 

are the two equations from which we may find the values of 
X and 2/ to be 25 and 75 respectively, ., 
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46. A wine-merchant Las two kinds of wine, the one costs 
36 pence a quart, the other 20 pence. How much of each must 
he put in a mixture of 50 quaits, so that the cost price of it 
may be 30 pence a quart ) 

47. A grocer mixes tea which cost him 1*. 2d, per lb. witli 
tea that cost him Is. 6d, per lb. He has 30 lbs. of the mixture, 
and by selling it at the rate of Is. Sd. per lb. he gained as much 
as 10 lbs. of the cheaper tea cost him. How many lbs. of each 
did he put in the mixture ? 

Note XII. If a man can row at the rate of x miles an hour 
in Btill water, and if he be rowing on a stream that runs ^t the 
rate of y miles an hour, then 

a; 4- y will represent his rate dotrni the stream, 

x-y up ' 

48. A crew which can pull at the rate of twelve miles an 
hour down the stream, finds that it takes t\^ice as long to 
come up a river as to go down. At what rate does the stream 
flow! 

49. A man sculls down a stream, which runs at the rate of 
4 miles an hour, for a certain distance in 1 hour and 40 minutes. 
In returning it takes him 4 hours and 15 minutes to arrive at 
a point 3. miles short of his starting place. Find the distance 
he pulled down the stream and the rate of his pulling. 



50. A dog pursues a hare. The hare gets a start of 50 of 
her own leaps. The hare makes six leaps while the dog makes 5, 
and 7 of the dog's leaps are equal to 9 of the hare's. How 
many leaps w^ill the hare take before she is caught ) 

51. A greyhound starts in pursuit of a hare, at the distance 
of 50 of his own leaps from her. He makes 3 leaps while tl^ 
hare makes 4, and he covers as much ground in two leaps a^he 
hare does in three. How many leaps does each make before 
the hare is caught ? 
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52, I lay out half-a-crown in apples and pears^ buying the 
apples at 4 a penny and the pears at 5 a penny. I then sell 
half the apples and a third of the pears for thirteen pence, which 
was the price at which I bought them. How many of each 
did I buy 1 

63. A company at a tavern found when they came to pay 
their reckoning that if there had been 3 more persons, each 
would have paid a shilling less, but had there been 2 less, each 
would have paid a shilling more. Find the number of the com- 
pany and each man's share of the reckoning. 

54. At a contested election there are two members to bo 
returned and three candidates, -4, B and C. A obtains 1056 
votes, B, 987, C, 933. Now 85 voted for B and (7, 744 for B 
only, 98 for G only. How many voted for A and (7, for A and B^ 
and for A only % 

55. A farmer sold at market 100 head of stock, horses, oxen, 
and sheep, selling two oxen for every horse. He obtained on 
the sale £2. Is, a head. If he sold the horses, oxen, and sheep 
at the respective prices j£22, £12. 10«., and XI. 10«., how many 
horses, oxen, and sheep respectively did he sell ? 

56. A certain crew pull 9 strokes to 8 of a certain other 
crew, but 79 of the latter are equal to 90 of the former. Which 
is the faster crew 9 

Also, if the faster crew start at a distance equivalent to four 
of their own strokes behind the other, how many strokes will 
they take before they bump them ] 

57. A person, sculling in a thick fog, meets one barge and 
overtakes another which is going at the same rate as the former ; 
shew that if a be the greatest distance to which he can see, and 
6, V the distances that he sculls between the times of his first 
seeing and passing the barges. 
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58. Two trains, 92 feet long and 84 feet long respectively, 
are moving witli uniform velocities on pai-allel rails in opposite 
directions, and are observed to paas eacli other in one second and 
a half; but when they are moving in the same direction, their 
velocities being the same as before, the faster train is observed to 
pass the other in six seconds ; find the rate in miles per hour at 
which each train moves. 

59. The fore-wheel of a carriage makes six revolutions more 
than the hind- wheel in going 120 yards ; but if the circimiference 
of each wheel were increased by 3 feet, the fore- wheel would make 
only four revolutions more than the hind-wheel in the same space. 
Find the circumference of each wheel. 

60. A person rows from Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, and linds he can row 
2 miles against the stream in the same time that he rows 3 miles 
with it. Find the i-ate of the stream, and the time of his going 
and returning. 

61. A number consists of 6 digits, of which the last to the 
left hand is 1. If this nimiber is altered by removing the 1 and 
putting it in the units place, the new number is three times as 
great as the original one. Find the number. 
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CHAPTER XX. 

ON THE SOLUTION OF PROBLEMS RESULTING IN 
QUADRATIC EQUATIONS. 

The method of stating problems resulting in Quadratic Equa- 
tions does not require any general explanation. "We shall, how- 
ever, as in the two preceding chapters, insert occasional notes to 
call attention to points which seem to need some special notice. 

Some of the Examples which we shall give involve one un- 
known symbol, others involve two. 

Ex. (1) What number is that whose square exceeds the 
number by 42 ] 

Let X represent the number. 

Then af = x-h42, 

or, a* — a; = 42 ; 

therefore x —x+ ^ =—^ , 

4 4 

1 13 
whence a? - - = dt _- , 

And we find the values of as to be 7 or - 6. 

Ex. (2) The sum of two numbers is 14 and the sum of their 
squares is 100. Find the numbers. 

Let X and y represent the numbers. 

Then aj + y=14, 

and a;V3/»=100. 
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From the first equation a; = 14 — y. 
Substituting in the second equation 14 —y for a?, 
(U-y)« + y« = 100, 

or, 196-28y + y" + 2/«=100, 

or, 2y'-28y = -96. 

From this we may find y = 8 or 6, 
and the corresponding values of x will be 6 or 8, 

Hence the numbers are 6 and 8. 

Examples.— CXVIII. 
1. What number is that whose half multiplied by its third 

■ which the seventh and eighth parts 
ihe product divided by 3 the quotient 

3r from 94. I then add the number 
ts together and the result is 8512. 

; whose product is 750 and the quo- 



tes of two numbers is 100, and the 
is 28. Find the numbers. 

es of two numbers is 13001 and the 
is 1449. Find the numbers. 

lumbers, one of which is as much. 
21, is 377. Find the numbers. 
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8. The half, the third, the fourth and the fifth parts of a 
certain number being multiplied together the product is 6750. 
Find the number. 

9. By "what number must 1L500 be divided, so that the 
quotient may be the same as the divisor, and the remainder 51 9 

10. Find a number to which 20 being added, and from which 
10 being subtracted, the square of the first result added to twice 
the square of the second result gives 17475. 

11. The sum of two numbers is 10 and the sum of their 
squares is 58. Find the numbers. 

12. The sum of two numbers is 2^ and the sum of their 
squares is 436. Find the numbers. 

13. The difference between two numbers is 17, and the sum 
of their squares is 325. What are the numbers 1 

14. The difference between two numbers is 8, and the sum of 
their squares is 544, "What are the numbers % 

16. What two numbers are they whose product is 255 and 
the sum of whose squares is 514 1 

16. Divide 16 into two parts such that their product added 
to the sum of their squares may be 208. 

17. What number added to its square root gives as a result 
1332? 

3 

18. What number exceeds its square root by 48 j ? 

19. The difference between two numbers is 8, and their pro- 
duct is 240. What are the numbers ? 

20. What number exceeds its square root by 306 ] 

21. What number exceeds its 8quai*e root by 2550 ? 

22. What number exceeds its square root by 5112 ] 
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23. The product of two numbers is 24, and their sum mul- 
tiplied by their difference is 20. Find the numbers. 

24. What two numbers are those whose sum multiplied by 
the greater is 204, and whose difference multiplied by the less 
is 35 ] 

25. What two numbers are those whose difference is 5 and 
their sum multiplied by the greater 228 1 

26. Find three consecutive numbers whose product is equal 
to 3 times the middle number. 

27. The difference between the squares of two consecutive 
numbers is 15, Find the numbers. 

28. The difference between the squares of two consecutive 
numbers is 1503. Find the numbers. 

29. The sum of the squares of two consecutive numbers is 
481. Find the numbers. 

30. The sum of the squares of two consecutive numbers is 
6161. Find the numbers. 

31. The sum of the squares of three consecutive numbers is 
365. Find the numbers. 

32. The sum of the squares of three consecutive even numbers 
is 1460, Find the numbers. 

Note XIII. If I buy x apples for y pence, 

- will represent the cost of an apple in pence. 

If I buy X sheep for z pounds, 

- will represent the cost of a sheep in pounds. 

Ex. A boy bought a number of oitmges for 16c?. Had he 
bought 4 more for the same money, he would have paid one-third 
of a penny less for each orange. How many did he buy 1 

Let X represent the number of oranges. 
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1 6 
Then — will represent the cost of an orange in pence, 

„ 16 16 1 
Hence — = j + ^ , 

or 16(3a;+12) = 48a; + aj* + 4aj, 
or a' + 4a; = lD2, 
from which we find the values of « to be 12 or — 16. 
Therefore he bought 12 oranges. 

33. I buy a number of handkerchiefs for £3. Had I bought 
3 more for the same money, they would have cost one shilling 
each less. How many did I buy ] 

34. A dealer bought a number of calves for £80. Had he 
bought 4 more for the same money, each calf would have cost £\ 
less. How many did he buy 9 

35. A man bought some pieces of cloth for £33. 15^, which 
he sold again for £2. 8«. the piece, and gained as much as one 
piece cost him. What did he give for each piece 1 

36. A merchant bought some pieces of silk for £180. Had 
he bought 3 pieces more, he would have paid £3 less for each 
piece. How many did he buy ? 



37* For a journey of 108 miles 6 hours less would have suf- 
ficed had one gone 3 miles an hour faster. How many miles an 
hour did one go ? 

38. A grazier bought as many sheep as cost him £60. Out 
of these he. kept 15, and selling the remainder for £54, gained 
2 shillings a head by them. How many sheep did he buy ? 

39. A cistern can be filled by two pipes running together 
in 2 hours, 55 minutes. The larger pipe by itself will fill it sooner 
than the smaller by 2 hours. What time will each pipe take 
separately to fill it 1 

40. The length of a rectangular field exceeds its breadth by 
one yard, and the area contains ten thousand and one hundred 
square yards. Find th& length of the sides. 
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41. A certain number consists of two digits. The left-hand 
digit is double of the right-hand digit, and if the digits be inverted 
the product of the number thus formed and the original number 
is 2268. Find the number. 

42. A ladder, whose foot rests iry a given position, just 
reaches a window on one side of a street, and when turned about 
its foot, just reaches a window on the other side. If the two 
positions of the ladder be at t-ight angles to each other and the 
heights of the windows be 36 and 27 feet respectively, find the 
width of the street and the length of the ladder. 

43. Cloth, being wetted, shrinks up ^ in its length and y^ in 

3 

its width. If the surface of a piece of cloth is diminished by 6 j 

square yards, and the length of the 4 sides by 4 ^ yards, what was 
the length and width of the cloth ? 

44. A ladder 30 feet long, just reaches a window in a house 
on one side of a street ; it is then turned about its lowest point 
and reaches a window on the other side. If the two positions of 
the ladder be at right tingles to one another, and the width of the 
street be 42 feet, find the heights of the windows. 

45. A certain number, less than 50, consists of two digits 
whose difference is 4. If the digits be inverted, the difference 
between the squares of the number thus formed and of the original 
number is 3960. Find the number. 

46. A plantation in rows consists of 10000 trees. If there 
had been 20 less rows there would have been 25 more trees in a 
row. How many rows are there ? 

47. A colonel wished to form a solid square of his men. 
The first time he had 39 men over : the second time he increased 
the side of the square by one man, and then he found that he 
wanted 50 men to complete itw How many men were there in 
the regiment 1 
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On Ratio. 

309. If a and B stand for two unequal quantities of the 
same kind, we may consider their inequality in two ways. We 
may ask 

(1) JBy wIkU quwniUy one is greater than the other 1 

The answer to this is made by stating the difference between 
the two quantities. This difference is represented algebraically 
byui-^. 

(2) By how many times one is greater than the other ? 

The answer to this question is made by stating the number of 
times the one contains the other. 

Note. The quantities must be of the same Mnd. We cannot 
compare inches with hours, nor lines with surfaces. 

310. The second method of comparing A and B is called 
finding the Ratio of A to -ff, and we give the following definition. 

Dep. Ratio is the relation which one quantity bears to ano- 
ther of the same kind with respect to the number of times the one 
contains the other. 
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31 1. The ratio of -4 to -B is expressed thus, A : B. 
A and B are called the Terms of the ratio. 

A is called the Aktecedent and B the Consequext. 

312. Now since quantities are represented in Algebra by 
their measures, as we have explained in Art, 33, we must repre- 
sent the ratio between two quantities by the ratio between their 
measures. Our next step then must be to shew how to estimate the 
ratio between two numbers. This ratio is determined by finding 
how many times one contains the other, that is, by obtaining the 
quotient resulting from the division of one by the other. If a and 

&, then, be any two numbers, the fraction j- will express the ratio 

of a to 6. (Art. 136.) 

313. Thus if a and h be the measures of A and B respec- 
tively, the ratio of -4 to J5 is represented algebraically by the 

a 

fraction t* 



214. If a or 6 or both are surd numbers the fraction 7- is also 



a surd, and its approximate value can be found by Art. 215. 
Suppose this value to be — , where m and n are whole numbers : 
then we should say that the ratio A : B ia approximately repre- 
sented by — • 

315. Ratios may be compared with each other, by comparing 
the fractions by which they are denoted. 

Thus the ratios 3 : 4 and 4 : 5 may be compared by comparing 

3 4 
the fractions -r and -= . 

4 5 

These are equivalent to ^ and ^ respectively ; and since ^. 

1 f\ 
is greater than ^ , the ratio 4 : 5 is greater than the ratio 3 : 4. 



Digitized 



by Google 



286 ELEMENTARY ALGEBRA. 

Examples.— CXIX, 

1. Place in order of magnitude the ratios 2:3, 6 : 7, 7 : 0. 

2. Compare tlie ratios a? + 3y : a; + 2y and xA-2y : x+y^ 

3. Compare the ratios x-5y : x— iy and x- 3y ; 05 — 2y. 

4. What is the number which, if added to each term of tbe 

3 
ratio 5 : 3, makes it j ths of what it would have become, if the 

same number had been subtracted from each term ) 

5. "What ratio must be added to each of the terms of the 
ratio a : b, that it may become the ratio c : d'i 

■ 6. The sum of the squares of the Antecedent and Conse- 
quent of a Hatio is 181, and the product of the Antecedent and 
Consequent is 90, What is the ratio 1 

316. A ratio of greater inequality is one whose antecedent is 
gi-eater than its consequent. 

A ratio of less inequality is one whose antecedent is less than 
its consequent. 

This is the same as saying a ratio of greater inequality is 
represented by an Improper Fraction, and a ratio of less inequality 
by a Proper Fraction. 

317. A Ratio of greater inequality is diminishsd by adding 
the same number to both its ter/ns. 

Thus if 1 be added to both terms of the ratio 5 : 2 it be- 

comes 6 ; 3, which is less than the former ratio, since ^ , that is,. 

o 

2, is less than ^ , 

And, in general, if x be added to both terms of the ratio a : 6, 
where a is greater than b, we may compare the two ratios thus, 

ratio a+x : b + x is less than ratio a : b. 
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if •= be less than ^ , 

.^ ah + hx . . ^- aft + 005 

if Tii — r- oe less than -r- — =— , 

0* + oaj 6+005 

if oft + 6a; be less than ab + aXy 

if 6a; b6 less than aa;, 

if 6 b6 le^s than a. 

Now 6 is less than a ; 

•*. a + a; : 6 + a? is less than a : 6, 

318. It may be observed that this is merely a repetition of 
that which we proposed as an Example at the end of the Chap- 
ter on Miscellaneous Fractions (Ex. lvii., 10)i There is not in- 
deed any necessity for us to weary the reader with examples on 
Ratio • for since we express a ratio by a fraction, nearly all that 
we might have had to say about Ratios has been anticipated in 
our remarks on Fractions, 

319. The student may, however, work the following Theo- 
rems as Examples. 

(1) If a : 6 be a ratio of greater inequality, and x a positive 
ijuaiitity, the ratio a — x : 6 — a; is greater than the ratio a : 6. 

(2) If a : 6 be a ratio of less inequality, and x a positive 
quantity, the ratio a + x : 6 + a; is greater than the ratio a : 6. 

(3) If a : 6 be a ratio of less inequality, and x a positive 
quantity, the ratio a — a; : 6 — a; is less than the ratio a : 6. 

320. In some cases we may from a single equation involv- 
ing two imknown symbols determine the ratio between the two 
symbols. In other words we may be able to determine the rela- 
tive values of the two symbols, thougli we cannot determine their 
absoltUe values. 

Thus from the equation 4a; ^ 3y, 

X 3 
"we get - = / . 

y 4 
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Again, from 


the 


equation 








3a;" = 


= V, 


we get 






2 
= 3' 


and therefore 




y' 


^/2 



Examples. — CXX. 
Find the ratio of a? to y from the following equations : 

1. 9a;=6y. 4. a»+2a5y = 5y*. 

2. ax^hy. 5. a»- 12iry = 13y'. 

3. ax — by = ex ■\- dy. 6. flc' + 7wa^ = wy. 

7. Find two numbers in the ratio of 3 : 4, of which the 
sum is to the sum of their squares :: 7 : 50. 

8. Two numbers are in the ratio of 6 : 7, and when 12 is 
added to each the resulting numbers are in the ratio of 12 : 13. 
Find the numbers. 

9. The sum of two numbers is 100, and the numbers are in 
the ratio of 7 : 13. Find them, 

10. The difference of the squares of two numbers is 48, and 
the sum of the numbers is to the difference of the numbers in the 
ratio 12 : 1. Find the numbers. 

11. If 5 gold coins and 4 silver ones are worth as much as 
3 gold coins and 12 silver ones, find the ratio of the value of a 
gold coin to that of a silver one. 

12. If 8 gold coins and 9 silver ones are worth as much 0« 
6 gold coins and 19 silver ones, find the ratio of the value of a 
silver coin to that of a gold one. 
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321. Ratios are eompw^nded by multiplying together the 
fractions by which they are denoted. 

Thus the ratio compounded oi a ih and c : d\&ac :bd. 



Examples.— CXXL 
Write the ratios compounded of the ratios 

1. 2 : 3 and 4 : 5. 

2. 3 : 7, 14 : 9 and 4 : 3. 

3. «' - y* : fic* + y* and a? -xy + y* : a? + y. 

4. a' - 6' + 26c - c' : a'-b'- '2bc - c' and a-^-b-hc : a + 6-c. 

5. m^ + 7i' : m^ — n^ and w - ti : m + w. 

6. ic'+Saj+e :y"-7y+12, andy'-3y :x^ + 3x. 

The ratio a' : b' is called the Duplicate Ratio of a : 6. 
Thus 100 : 64 is the duplicate ratio of 10 : 8, 
and 36a^ : 25y' is the duplicate ratio of 6x : 5y, 

The ratio a' : 6' is called the Triplicate Ratio of a : 6. 
Thus 64 : 27 is the triplicate ratio of 4 : 3, 
and 343aj' : 1331y' is the triplicate ratio of 7x : lly. 

322. The definition of Ratib given in Euclid is the same as 
in Algebra, and so also is the expression for the ratio that one 
quantity bears to another, that ia]A:B, But Euclid cannot employ 
fractions, and hence he cannot represent the value of a ratio as we 
do in Algebra. In &ct he does not treat of ratios except when* 
one ratio is equal to another. . j 
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On Proportion, 

323. Proportion consists in the equality of two ratios. 

The Algebraic test of proportion is thai the tux) fractions repre- 
senting the ratios must he eqaai. 

Thus the ratio a : h mil be equal to the ratio c : d^ 
., a c 

and the/outr n/umberS a, b, c, d axe ia such a case said to be in 
proportion. 

324. If the ratios a : b and c : d form a proportion we express 

the fact thus ; 

a :b:==e : d. 

This is the clearest manner of expressing the equality of the 

ratios a : b and e : d, but there is another way of expressing the 

same fact, thus 

a : b :: e : d, 

which is read thus, 

aisto5as<;isto(f. 

The two terms a and d are called the Extremes. 
b and e the Means. 

325. WTien/ofir numbers are in proportion 

product of extremes = product of means. 
Let a, 6, c, c? be in proportion. 

Then 3^5. 

Clear the equation of fractions, and we get 
ad^bc^ 
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Conversely, if ac{ = ^ we can shew that a \b^c :d^ 

For since 

ad=bc^ 

dividing both sides by bdj we get 







ad be 
35 ~M' 


tis, 




a e 
b^'d' 


326. 


I£ad = bc 





Dividing by cd^ we get -=-y> ie. a:c = 6:c?; 

Dividing by a6, we get, ir=-, i©. rf:6 = c:a; 

Dividing by oc, we get, -=-, i.e. J:c = 6:a; 
cu 

and thus we may express the proportion existing between the four 
numbers c^ b, c, d in various forms, in cUl of which a and d are 
either the two extremes or the two raeome. 

327. From this it follows that if any 4 numbers be so related 
that the product of two is equal to the product of the other two, 
we can express the 4 numbei's in the form of a proportion. 

The fiictors of one of the products must form the extremes. 

The &ctors of the other product must form the means. 

328. Three quantities are said to be in Continued Pbopor- 
TiON when the ratio of the first to the second is equal to the ratio 
of the second to the third. 

Thus a, (, are in continued proportion if 

a : b = b : a . 

The quantity b is called a Mean Paopostional between 
a and <?• 
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Fowr quaotiides .are said to be in Coutdnued Proportion when 
the ratios of the first to the second, of the second to the third, 
and of the third to the fourth are all equal. 

Thus a, 6| c, d are in continued proportion when 

a: h = h : e = e \ d, 

329. We shewed in Art. 175 the process by which when two 
or more fractions are known to be equal, other relations between 
the numbers involved in them may be determined. That process 
is of course applicable to Examples in Ratio and Proportioui as 
we shall now shew bj particular instances. 

Ex. (1) If a : b = e : d, prove that 
Since a : b = c : d, " ="/• 



b "d' 



Let -- T- = X. 





Then 5 ^ ^ ' 

and* c = Xc^. 



and 



a*-V \'b'-b' " b\K'- 1) "X-- 1 ' 

c'-hd' ^ X'd' + d* _ d'(k'-^l) _\'+l 
c' - d' " k'd' - c^' ~ d^JC-'l) " X^l ' 



Hence 



a'^b' c* + d' 



that is a*4-6«: a*-i»= c' + c^« : c'-c^*. 
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Ex. (2) 


If 


a : 


h V, e : d, prove that 






a 


: c :: ,y(a* + 6*) : iJ{o* + d% 


Let 






l-^ 


Then 






.'. a=Xb, 
and e = kd. 


Nov 






a Xb b 
c~\d~d' •' 



'" 4/(0* + d*j il{X*d*+d*) t/d*.4/(V+l) ^d' ~d' 

„ a ^(a* + b')^ 

Hence l"4/(?Td^)' 

that is a: 6::4/(a« + 6«): ^(o* + d*). 

Ex. (3) If a : & = e : ds^e :/, prove that each of these 
ratios is equal to the ratio a + o + e : b + d +/. 

a . 
Let J "^ ' 

Then a = X5, c = X^, e = V* 

g + c + g _ X6-fX</-fX/ _X( 6 + (£+/) _. 
^^'^^ 6TJ+7" b + d-^f b + d-^f "^ 



Hence 



a+o+6 a 



h^d^f^b" d~T 
thatisy . a + c + e : 6 + cf+/»a : 6 = c : rf=e :/ 
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Ex. (4) If o, 6, c are in continued ] 


proportion, shew that 


o' + 6* : 6« + c' = a 


: c. 


^ f=x. 




Then -=X. 

c 




Hence o-X6 and 6 = Ac. 




a« + 6«_XV + 6' 6«(X' + 1) 


_V{\*+1) _V aca 



Ex. (5) If 15a + 6 : 15c + c?= 12a + 6 : 12c + c?, prove that 

a : 6 = c : J. 

Since 15a + J : 15c + (^= 12a + 6 : 12c + c?, 

the product of the extremes is eqnal to the product of the means, 
that is, 

(15a + 6) (12c + (?) = (15c + cf) (12a + 6), 

or, 180ac+126c + 15a<?+W = 180ac+ 12a<f + 15ftc + M. 

or, 12&C + Wad = I2ad + 156c, 

or, ' Zad = 36c. 

or ad^ he. 

Whence, by Art. 325, a \h=^c i d. 

Additional Examples will be found in page 125, to which we 
maj add the following. 

Examples.— CXXII. 

1. If a : 6 = c : c?, shew that a + h \ a = c-^d \ c. 

2. If a : 6 = c : (?, shew that a'-6* : 6* = c"-c;P : cP. 

3. Ifa, :6, = a.:6., shewthat^?^i^±^A=?i. 

* * • ■ m,6, + m,6, \ 

4. If a : 6 :: c : d^ shew that 

3a*+«6 + 26' : 3a"-26« :: 3c'+crf + 2c?« : 3c'-2(f. 
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5. If a : 6 = c : cf, shew that 

a* + Zah + h* : c' + 3cd -h cf = 2ah + Sh' : 2cd-^3d\ 

6. If a :b=c :d = e :/ then a : 6 = mc ~ ne : md - nf. 

Tifh Tfh 

7. If — a, — 6, any parts of a, 6, be taken from a and h 

respectively, shew that a, 6, and the remainders form a pro- 
portion. 

8. If a : 6 = c : d= e : f^ shew that 

ac : hd=^la^ + mc^ + n6^ : ^6' + wi^' + w/"". 

9. If ttj : 6, = a, : 6j = a, : 63, shew that 

10. If ttj : 6j = a, : 6, = a, : 63, shew that 

a^a^ + a^a, + a^a^ : 6^6. + bj>^ + 6/>j = a/ : 6,". 

11. If — — —= ^ — . , shew that r = ^ . 

a*+ab + b* c^-^cd-^d' b d 

12. If a" + 6" : a'-6* = c» + e^ : c»-cP, shew that 

a : 6 = c : fl?, 

13. If a : 6 = c : c?, shew that 

(g -f c) (g' 4- c*) _ (6 + cO (6* + ^ 
(g - c) (g" - c*) ~ (6 -,4 (^' - <^) * 

14. K g, : 6j = g3 : 63, shew that 

On the Geometrical Treatmewt of Proportion, 

330. The definition of Proportion (viz. the equality of ratios) 
is the same in Euclid as in Algebra. (Eucl, Book v. Def. 6 
and 8.) 

But the ways of testing whether two ratios are equal are quite 
different in Euclid and in Algebra. 

The Algebraic test is, as we have said, that the two fractions 
representing the ratios must be equal. 
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Euclid's test is given in Book y. Def. 5, where it stands thas : 

" The first of four magnitudes is said to have the same ratio to 
the second which the third has to the fourth, when any equi- 
multiples whatsoever of the first and third being taken and any 
equimultiples whatsoever of the second and fourth : 

'^ If the multiple of the first be less than that of the second, the 
multiple of the third is also less than that of the fourth : or, 

" If the multiple of the^ first be equcd to that of the second, the 
multiple of the third is also equal to that of the fourth : or, 

^ If the multiple of the first be greater than that of the second, 
the multiple of the third is also greater than that of the fourtL" 

We shall now shew, first, how to deduce Euclid's test of the 
equality of ratios from the Algebraic test, and secondly, how to 
deduce the. Algebraic test from that employed by Euclid, 

331. L To shew that if quantities be proportional according 
to the Algebraical Definition they will also be proportional accord- 
ing to the Geometrical Definition. 

If Oy b, c, d be proportional according to the Algebraical Defi- 
nition, 

a _c 

Multiply each side by — , and we get 

ma fnc 
lib nd' 

Now, from the nature of fractions, 
if ma be less than n5, mo will also be less than nd, and 
if ma be equal to nb, m^ will also be equal to nd, and 
if m>a be greater than rib, mc will also be greater than nd. 
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Since then of the four quantities a, &, c, d equimultiples have 
been taken of the first and third, and equimultiples of the second 
and fourth, and it appears that when the multiple of the first is 
greater than, equal to, or less than the multiple of the second, the 
multiple of the third is also greater than, equal to, or less than 
the multiple of the fourth, it follows that a, 6, c, d are propor* 
tionals according to the Geometrical Definition. 

332. II. To deduce the Algebraic test of proportionality 
fi'om that given by Euclid, 

Let a, 6, c, d be proportional according to Euclid. 
Then if v is not equal to -% , 

let r be equal to -. (1). 

Take m and n such that 

ma is gi'eater than n&, 

but less than n (6 + a?) (2). 

Then, by Euclid's definition, 

mc is greater than nd (3). 

But since, by (1), 

ma _ mc 

n(b-\-x) " nd ' 
and, by (2), 

ma is less than n (6 + x)y 
it follows that 

mcisless than nd (4). 

The results (3) and (4) therefore contradict each other. 

Hence (1) cannot be true. 

Therefore ^ w equal to -, . 
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On Variation, 

333. If a snm of money is put out at interest at 5 per cent., 
the principal is 20 times as great as the annual interest^ whatever 
the sum may be. 

Hence if a; be the principal, 

and y be the interest^ 

aj=20y. 

Now if we change x we must change y in the same proportion^ 
for so long as the rate of interest remains the same, x will always 
be 20 times as great as y, and hence if a; be doubled or trebled, 
y will also be doubled or trebled. 

This is an instance of what is called Direct Variation, of which 
we may give the following definition. 

Def. One quantity y is said to vary directly as another 
quantity x, when y depends on x in such a manner that any in- 
crease or decrease made in the value of x produces a proportional 
increase or decrease in the value of y. 

334. If x = myy where m is a constant quantity, that is, a 
quantity which is not altered by any change in the values of x 
andy, 

y will vary directly as ox 

For any increase made in the value of x must produce a pro- 
portional increase in the value of y. Thus if a; be doubled, y must 
also be doubled, to preserve the equality of x and my, since m 
cannot be changed. 

335. Suppose a man can reap an acre of com in a day. 
Then 10 men can reap 60 acres in 6 days, 

and 20 men can reap 60 acres in 3 days. 
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So that to do the same amount of work if we double the num- 
ber of men we must halve the number of days. 

This is an instance of what is called Inverse Variation, of 
which we may give the following definition. 

Dep. One quantity y is said to vary inversely/ as another 
quantity x when y depends on x in such a manner that any 
increase or decrease made in the value of x produces a proportional 
decrease or increase in the value of y. 

336. If a; = — , where m is constant, 

y will vary inversely as x. 

For any increase made in the value of x must produce a pro- 
portional DECREASE in the value of y. Thus if a; be doubled, y 

m 
must be halved, to preserve the equality of x and — . 

•/ 

For 2x = — 

2 

337. If 1 man can reap 1 acre in 1 day, 
5 men can reap 20 acres in 4 days, 

and 10 men can reap 80 acres in 8 days* . 

That is, the number of acres reaped will depend on the |)roduct 
of the number of men into the number of days. 

This is an example of joint variation, of which we may give 
the following definition. 

Dep. One quantity x is said to vary jointly as two others 
2/ and z, when any ohange made in x produces a proportional 
change in the product of y and z. 
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338. If X varies as y when z is constant, and as z when y 
is constant^ then when y and z are both variable, 

X varies as yz. 
Let » s 9^ . yis. 

Then we have to shew that m is constant. 
Now when z is constant, 

X varies as ^ ; 

,\ mzi% constant. 

Now z cannot involve y, since z is constant when y changes, 
and therefore m cannot involve y. 

Similarly it may be shewn that m cannot involve z ; 

.'. m is constant, 

and X varies as yz. 

339. One quantity x is said to vary directly as y and 
inversely as z when x varies as - . 

340. The symbol « is used to express variation ; thus xccy 
stands for the words x vanries as y, 

341. Variation is only an abbreviated form of expressing pro- 
portion. 

Thus when we say that x varies as y, we mean that x bears 
to y the same ratio that any given value of x bears to the cor- 
responding value of y, or 

X :y = & given valne of x : the corresponding value of y. 

And similarly for the other kinds of variation, as will be seeu 
our examples. 
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Ex. (1) If 05 oc y and y <scz, to shew that a? <x «. 
Let X == wy, 

and y = 'nz. 

Then substituting this value of y in the first equation, 
x = m7iz'y 
and therefore, since mn is constant, 

xccz, 

Ex. (2) Xixccy and a? oc «, then will x « ^(y«). 
Let x = myy 

and a; = n;:;. 

Then x* = mwy« ; 

.-. x=J{mn). ^{f/z). 
Now J{mn) is constant ; 

••. a;cc Jiyzy- 

Ex. (3) If y vary as x and when aj= 1, y = 2, what will be 
the value of y when x=z21 

Here y : a? = any given value of y : corresponding value of x \ 

.-. y : aj = 2 : 1; 

,-. y = 2x. 

Hence, when x=2y 

y = 4. 

Ex. (4) If A vary inversely as JS and when A =2, 5= 12, 
what will JB become when A = 9, 

Here A: ^ = any given value of -4 : ji ^ j-^ ; 

JB "^ ^ corresponding value of ^ 

J 2 

*'• 12- 15- •• 
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HenceL wlien ui » 9, 

whence J? = — = - = 2^. 

Ex. (5) If A vary jointly as B and (7, and when -4 = 6, 5 = 6, 
and C = 15, find the value of A when ^ = 10 and (7« 3. 

Here -i :B.C :: any given value of -4 : corresponding value 

of^.C; 

.-. ii : 5.0=6 :6x 15; 

.-. 90-4 = 65(7, 

Hence, when 5 = 10 and (7=3, 

90ii = 6xl0x3; * 

Ex. (6) If z vary as x directly and y inversely, and if when 
z = 2, a; = 3 and y = 4, what is the value of z when a; =15 and 

TT « • 1 i? coiresponding value of a; 

Here z :- = any given value of ;& : ^ — ^r-^ — = — - • 

y '' ^ corresponding value of y ' 

,%«:- = 2 : 7 ; 

^ 3z_2x 

4 y 

Hence, when a: = 15 and y = 8, 

3« 30 
4~8^ 

120 ^ 
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Examples.— CXXIIL 

1. If^oc-5 and-ff oc- then will^oca 

JS o 

A B 

2. If -4 oc ^ then will p^p* 

3. If ^ oc ^ and (7 cc i> then will AG « BD. 

4. li xony and when a? = 7, y = 5, find the value of x when 

5. If 05 oc - and when oj « 10, y = 2, find the value of y when 

a: = 4. 

6. If a; oc y« and when «=!, y = 2, « = 3, find the value of 
y when a? = 4 and « = 2. 

7. If a; cc ?: , and when aj = 6, y = 4 and « = 3, find the value 

z 

of a:, when y = 5 and « = 7. 

8. If 3aj + 5y oc 5« + 3y, and when a: = 2, y = 5, find the 
value of - . 

y 

9. If ^ oc 5 and jB" oc C, express how ^1 varies in respect of (7. 

10. If « vary conjointly as x and y, and « = 4 when a;=l 
and y = 2, what will be the value of x when « = 30 and y = 3. 

11. If A OG B and when A is 8, ^ is 12; express A in 
terms of A 

12. If the square of x vary as the cube of y, and a: = 3 when 
y = 4, find the equation between x and y. 

13. If the square of x vary inversely as the cube of y, and 
a; = 2 when y = 3, find the equation between x and y. 

14. If the cube of x vary as the square of y and aj= 3 when 
y = 2, find the equation between x and y. 



15. If ic oc « and y oc - shew that aj oc - . 
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16. Shew that in triangles of equal area, the altitudes vary 
inversely as the bases. 

17. Shew that in parallelograms of equal area, the altitudes 
vary inversely as the bases. 

18. If y =/? + 5' + r, where p is invariable, q varies as a?, and 
r varies as a?^ find the relation between y and x^ supposing that 
when ic = 1, y = ^'y when a; = 2, y = 11 ; and when oj = 3, y = 18. 

19. The volume of a pyramid varies jointly as the area of 
its base and its altitude. A pyramid, the base of which is 9 feet 
square and the height of which is 10 feet, is found to contain 10 
cubic yards. What must be the height of a pyramid upon a base 
3 feet square in order that it may contain 2 cubic yards 1 

20. The amount of glass in a window, the panes of which 
are in every respect equal, varies as the number, length and 
breadth of the panes jointly. Shew that if their number varies 
as the square of their breadth inversely, and their length varies 
as their breadth inversely, the whole area of glass varies as the 
square of the length of the panes inversely. 

342. That which is called the aUxtemevU of a question in the 
Arithmetical Exercise usually termed the Bule of Three is a 
process founded on Variation. 

It is taken as a general principle in dealing with questions in 
which one quantity depends on another, aji for instance where the 
amount of work done in a certain time depends on the number 
of men engaged on it, that Effect varies as Cause, 

By this we mean if there be two causes of the same kind, 
suppose a men and h men, and two effects of the same kind, sup- 
pose c and d acres of com reaped, and that these causes and 
effects are so related severally, that c is the effect of a and d the 
effect of hy then 

e ', d^a ih. 

That is 

First Effect : Se^nd Effect = First Cause : Second Cause. 
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The value of any term of this proportion may be found when 
the other three are known. 

Note, Let it be clearly understood that we use the words 
Effect and Cause instead of Measure of Effect and Measure of 
Cause for the sake of brevity. 

343. Ex. (1) If 5 men reap 12 acres in a certain time, how 
many men will reap 60 acres in the same time ? 

Let X represent the number of men who can do the work. 
First Effect : Second Effect = First Cause : Second Cause, 

12: 60 = 5 :»; 

,-. 12a; = 300; 
.-. a = 25.' 

Ex. (2) If a man can walk 40 miles in 3 days, hpw many 
miles will he walk in 14 days 1 

Let X be the number of miles he will walk. 

The cause is here the number of days. 

The effe(^ is the distance walked. 

Now, 

First effect : Second effect = First cause : Second cause, 

or, 40 : iB«3 : 14; 

.-. 40x14 = 3a;; 



.....i|«..86|. 



S. A. 
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344. When the causes which produce an effect are more thaa 
one, the effect varies jointly as the causes producing it. (Ai'ts. 
337, 338.) 

For Example : 

If 8 men can reap a field in 12 days, how many men will 
reap it in 4 days ) 

Let X be the number of men. 

Here we have two causes, men and days, in mch case, the 
effects being the same, because the same field is reaped. Call the 
work done in each case to. 
Then, 

First effect : Second effect = P»>duct of first causes : Product 
of second cause% 

w : ti7 = 8x 12 : a;x4; 
•'. fiyxa;x 4 = ti7x 8x 12; 
.-. 4aj=96; 
.-. aj = 24. 

345. And so we pass on to what is called the Double Kule 
of Three, as in the following Example : 

If 10 men can in 3 days reap a field, whose length is 1200 
feet and breadth 800 feet, what is the breadth of a field whose 
length is a thousand feet, which 12 men can reap in 4 days 1 
Let X be the breadth of the field in feet. 
Here the ccmses are men and days, 

the effects are the areas of the fields. 
Now 

First effect : Second effect = Product of first causes : Product 
of second causes ; 
.-. 1200x800 : ax 1000 = 10x3 : 12x4, 
or 12 X 4 X 1200 x 800 = a x 1000 x 10 x 3 ; 

12x4x 1200x800 



x = 



1000 X 10 X 3 
1536. 
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346. We shall conclude this Chapter with a mixed collection 
of Examples on Batio and Proportion. 

Examples.— CXXIV. 

1. If a-6 : 6-c :: 6 : c, shew that & is a mean propor- 
tional between a and c. 

2. Ji a \ h y, c I d, shew that 

and a : 6 :: Xl{ma^-^rui*) : i/irnb^-^nd^). 

3. If a : 5 :: c : c?, prove that 

ma + nb~' mc-{'nd' 

4. If 5<» + 36 : 7a+36 :: 56 + 3c : 76 + 3c, 
6 is a mean proportional between a and c. 

5. If 4 quantities be proportional and the first be the 
greatest^ the fourth is the least. 

If a + 6, m + 7^ m-n, a-b be four such quantities, shew 
that 6 is greater than n. 

6. Solve the equation 

a?-l : a;- 2=3 2a; +1 :» + 2. 

7. If - = , , shew that the ratios a : 6 and c : c^ 
are also equal. 

8. In a mile race between a bicycle and a tricycle, their 
rates were proportional to 3 and 4. The tricycle had half-a- 
minute start, but was beaten by 176 yards. Find the rates 
of each. 

9. If a : 6 :: e : ^ and a is the greatest of the four quaui- 
tities, shew that a'-k-d' is greater than 6' + c*. 
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10. Shew that if ^^ >= j, then a : 6 :: c : a, 

10c + a i2c + d' 

11. If ic : y :: 3 : 2 and ic : 25 :: 24 : y, find a and y. 

12. If a, 6, c be in continued propoi'tion, then 

(1) a : a + b :: a-b : a — c ; 

(2) (a« + 6»)(6" + c")=(a6 + 6c)». 

-.<% -r/. « 11 .1 . cb+b c + d 

13. If a : 6 :: c : a, shew that , = — 7— : 

a 

and hence boIyc the equation 

ab — bc-dx^a-b-c 
bc + dx 6 + c ' 

14. If a, 6, c are in continued proportion, shew that 

a + mb : a — mb :: b 4- mc : b — mc, 

15. If a : 6 :: 5 : 4, find the value of the ratio 

1 3 

16. The sides of a triangle are as 2» : 3j : 8, and the peri- 

A 4: 

meter is 285 yards : find the sides. 

17. The sides of a triangle are as 3 : 4 : 5, and the perimeter 
is 480 yards : find the sides. 

18. Assuming a + b : p + q :: p-q : a-b, prove that the 
sum of the greatest and least terms of any proportion is greater 
than the sum of the other two. 

19. A waterman rows 30 miles and back in 12 hours, and he 
finds that he can row 5 miles with the stream in the same time as 
3 against it. Find the rate of the stream. 

20. There are three equal vessels A, B, C ; the first contains 
water, the second brandy, the third brandy and water. If the 
contents of B and C be put together, it is found that the mixture 
is nine times as strong as if the contents of A and C had been put 
together. Find the ratio of the brandy to the water in the 

^sei a 
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21. A factor buys a certain quantity of wheat which he sells 
again so as to gain 5 per cent, on his outlay, and thus clears £16. 
Had he sold it at a gain of 5«. a quarter he would have cleared as 
many pounds as each quarter cost shillings. How many quarters 
did he buy, and what did each quarter cost him % 

22. A man buys a horse and sells it for £144, gaining as 
much per cent, as the horse cost him. What was the price of 
the horse 1 

23. I buy goods and sell them again for £96, gaining as 
much per cent, as the goods cost. What is the cost price ? 

24. A man bought some sheep and sold them again for £24, 
gaining as much per cent as the sheep cost him. What did he 
give for them? 

25. A certain crew, who row 40 strokes per minute, start at 
a distance equivalent io four of their own strokes behind another 
crew, who row 45 strokes to the minute. In 8 minutes the 
former succeed' in bumping the latter. Find the ratio between 
the lengths of the strokes of the two boats. 

26. The time which an express train takes to travel a journey 
of 180 miles is to that taken by an ordinary train as 9 : 14. The 
ordinaiy train loses as much time from stoppages as it would take 
to travel 30 miles without stopping. The express train only 
loses half as much time as the other in this manner, and it also 
travels 15 miles an hour quicker. Supposing the rates of travelling 
uniform, what are they in miles per hour ? 

27. An article is sold at a loss of as much per cent, as it is 
worth in pounds. Shew that it cannot be sold for more than £25. 
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CHAPTER XXIL 

ON AEITHMETICAL PROGRESSION. 

347. An Arithmetical Progression is a series of numbers 
which increase or decrease by a constant difference. 

Thus, the following series are Arithmetical Progressions : 
2, 4, 6, 8, 10; 
9, 7, 5, 3, 1. 

348. In Algebra we express an Arithmetical Progression thus : 
taking a to represent the first term and d to represent the 
constant difference, we shall have as a series of numbers in Arith- 
metical Progression 

a, a + (f, a + 2c?, a + 3^, 
and so on. 

"We observe that the terms of the series differ only in the 
coefficient of c?, and that each coefficient of e? is always less by 1 
than the number of the term in which that particular coefficient 
stands. Thus 

the coefficient of c? in the 3rd term is 2, 

in the 4th 3, 

in the 5th 4. 

Consequently the coefficient of c? in the n^ term will be t* - 1. 
Therefore the n^^ term of the series will be a + (n - 1) d. 
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349. If the series be 

a, a-\-dy a + 2d, 



and z the last term^ the term next before z will clearly he z-d, 
the term next before it will be «— 2(/, and so on. 

Hence, the series written backwards wiU be - 

z, z-d, Z''2df a-\-2dy a-hd^ a. 

350. To find the sum of a series of numbers in ArUIimetical 
Progression, 

Let a denote the first term. 

... d the constant difference. 

... z the last term. 

... n the number of terms. 

... s the sum of the n terms. 

Then « = a+(a + c?) + (a + 2c?)-4- +(«~2(;Q + («-c^ + & 

Also « = «+(«-c?)+(«-2rf) + +(a + 2d)+{a + d) + af 

the series in the second case being the same as in the firsts but 
written in the reverse order. 

Therefore, by adding the two series together, we get 

2«= (a + «) + (» + «)+ (a + «)+ +(« + ») + (« + «) + (« + «); 

and since on the right-hand side of this equation we have a series 
of n numbers each equal to a + «, we get 

2s = n{a-k-z) ; 

This result may be put in another form, because in the place 
of z we may put a + (n- 1) c?, by the preceding article. 

Hence «= ^ {<»+»+(«- 1) <?}, 

that is, s~ {2a + (ii - 1) d\. 
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351. We have now obtained the following results : 

z = a + {n-\)d (A), 

n 



« = 2(» + *) (B). 

, = l{2a + {n-\)d\ (0). 



From one or more of these equations we have in Examples 
to determine the values of a^ d^ riy 8 or z. We shall now proceed 
to give instances of such Examples. 

Ex. (1) Find the last terh of the series 

7,10,13, to20term8. 

Taking the equation 

«=a + (w-.l)(f, 
for a put 7 and for n put 20, and we get 
«»^7+(20-l)t^ 
or, » = 7 + 19d 

Now d is always found by taking the first term from ike seeondy 
and in this case, 

(f=10-7 = 3; 

.-. 2 = 7 + 19x3 

= 7 + 57 
= 64. 

Ex. (2) Find the last term of the series 

12, 8, 4, to 11 terms. 

Id the equation 

« = a + (w - 1) c?, 

put 11=12 and 9»= 11. 

Then «=12 + 10(f. 

Now rf=8'-12 = -.4. 

Hence 2 = 12-40 

= -28. 
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Examples.— CXXV. 

Find the last term of each of the following series in Arith- 
metical Progression ; 

1. 2, 5, 8 to 17 terms. 

2. 4, 8, 12 ...;.. to 50 terms. 

3. 7, -J-, -^ ...... to 16 terms. 

4. ^» ~1> ~o to 23 terms. 

5. g> 2' 6 ^ ^^ ^nn&. 

6. -12, -8, -4 to 14 terms. 

7. -3, 5, 13 to 16 terms. 

71-1 w-2 w-3 

8. , , to 71 terms. 

n n n 

9. (oj + y)", JB* + y", (»-y)* to ?i terms. 

-^ a-6 4a-36 7a-56 

10, Ti i- > r- tow terms. 

a + 6 a + h a + 6 

352. Ex. (1) Find the sum of the series 
3, 5,7 to 12 terms. 

In the equation « = ^{2/» + (7i-l)c?} 

put 3 for a and 12 for n, and we get 

* = Y{6 + llcf}. 

Now c?=5-3 = 2, and so 

19 

= 6x28 
= 168, 
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Ex. (2) Fmd the sum of the series 

10, 7, 4 to 10 terms. 

, = |{2a + (7i-iy}; 
put 10 for a and 10 for w, then 

« = ^{20 + 9c?}. 
Now c?=7-10=-3, and therefore 
, = 12^20-27} . 

= 5x(-7) 
= -35. 

Examples.— CXXVL 

Find the sum of the following series : 

1. 1, 2, 3 to 100 terms. 

2. 2, 4, 6 to 50 terms. 

3. 3,7, 11 to 20 terms. 

4. \. \. I to 15 terms. 

5. .9^-7,-5 to 12 terms. 



5 11 
6' .2' 6 



6. ^, 5, ^ to 17 terms. 



7. 1, 2, 3 to n t^rms. 

8. 1, 4, 7 to w terms. 

9. 1, 8, 15 to n terms. 

-^ w-1 w-2 w — 3 . . 

10. , , to w terms. 

n n n 
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353. Ex. What is the Constant Diffebence when the first 
term is 24 and the tenth term is — 12 ] 

Taking the equation (A), 

« = a + (n-l)(f, 

and regarding the tenth as the last term, we get 

-12 = 24 + (10-l)cf, 
or - 36 = My 

whence we obtain rf = - 4, 

Examples.— CXXVII. 

What is the Constant Difierence in the following cases 1 

(1) When the first term is 100 and the twentieth is - 14. 

(2) X fifty-first is -oj. 

(3) -K forty-ninth is 5-. 

(4) -| twenty-fifth is -2l|. 

(5) -10 sixth is -20. 

(6) 150 ninety-first is 0. 

354. Ex. What is the First Term when 

the 40th term is 28 and the 43rd term is 32 ? 

Taking equation (A), 

« = a + (w — 1) c?, 

and regarding the last term to be the 40th, we get 

28 = a + 39J (1). 

Again, regarding the last term to be the 43rd, we get 

32=a-i-42(^ (2). 

From equations (1) and (2) we may find the value of a to 
be - 24. 
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Examples.— CXXVIIL 

1. What is the first term when 

1 ^ 

(1) The 59th term is - 2 ^ and the 66th term is - 1 -. ; 

(2) The 20th term is 93 - 356 and the 21st is 98 - 376 ; 

(3) The second term is ^ and the 55th is 5-8 ; 

(4) The second term is 4 and the 87th is - 30 ? 

2. The sum of the 3rd and 8th terms of a series is 31, and 
the sum of the 5th and 10th terms is 43. Find the sum of 10 
terms. 

3. The sum of the 1st and 3rd terms of a series is 0, and the 
sum of the 2nd and 7th terms is 40. Find the sum of 7 terms. 

4. If 24 and 33 be the fourth and fifth terms of a series, 
what is the 100th term % 

5. Of how many terms does an Arithmetical Progression 
consist, whose difiference is 3, first term 5 and last term 302 ? 

6. Supposing that a body £alls through a space of 16 — feet 
in the first second of its fsdl, and in each succeeding second 
32 ^ feet more than in the next preceding one, how far will a 
body fall in 20 seconds ? 

7. What debt can be discharged in a year by weekly pay- 
ments in arithmetical progression; the first payment being 1 
shilling and the last £5. 3«. % 

8. Find the 41st term and the sum of 41 terms in each of 
the following series : 

(1) -5, 4, 13 
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(2; W, 0, -4a* 

(3) \+x, 5 + 3a?, 9 + 5a; 

(4) -4,-1-4 

. (^)l'2-0 

9. To how many terms do the following series extend, and 
what is the sum of all the terms 1 

(1) 1002 10,2. 

(2) -6, 2 ,186. 

(3) 2^ a;, Sa; , -72-3aj. 

w V \ -^^• 

(5) m-1...... 137(1 -m), 139(l-m). 

(6) a; + 254, aj + 2, aj-2. 

355. To insert 3 arithmetic means between 2 and 10. 

The number of terms will be 5. 

Taking the equation 

« 55 a + (w — 1) rf, 

we have 

10 = 2 + (5-l)rf. 

Whence 8 = 4c? ; 

.-. (f=2. 

Hence the series will be 

2, 4, 6, 8, 10. 
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Examples.— CXXIX. 

1. Insert 4 aritlimetic means between 3 and 18. 

2. Insert 5 arithmetic means between 2 and - 2. 

2 

3. Insert 3 arithmetic means between 3 and ^ . 

o 

4. Insert 4 arithmetic means between ^ and ^ . 

356. To in«er^ 3 cvrithmetic mecma between a and b. 

The number of terms in the series will be 5, since there are 
to be 3 terms in addition to the first term a and the last term b. 



Taking the 


equation 

« = a+(w~l)<?, 


we have to find d, having given 




a, z = b and n = 5. 


Hence 


6 = a + (5-l)c?, 


or. 


4(f=6-a, 


or, 


..- 


Hence the 


series will be 



b-a b-a . 3(6-a) ^ 



3a + 6 a + 6 a + 36 . 
that is, o, —J—, -o— , --7—, 6. 



Examples.— CXXX. 

1. Insert 3 arithmetic means between m and n. 

2. Insert 4 arithmetic means between m + 1 and m - 1. 

3. Insert 4 arithmetic means between n* and n' 4- 1. 
Insert 3 arithmetic means between a" + y* and a;* - y*. 
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357. We shall now give the general form of the proposition 
'' To insert m aritJvmetio means between a and b." 

The number of terms in the series will be m -f 2. 

Then taking the equation 

» = a + (7»-l)<^ 
we have in this case 

5Ba + (m + 2-l)c;, 

or 6 = a + (m + l)d. 

Hence d « ^- , 

m+1* 

and the form of the series will be 

6 -a 26- 2a , 26-2a . 6-a . 

that is, 

am-hh am-a-^^h 6m--6 + 2a ^!I!* + « r 

"*' "^rn ' m+1 • ' ~iir^i~' la^i ' ^- 
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CHAPTER XXIII. 

ON GEOMETKICAL PROGRESSION. 

358. A Geometrical Progression is a series of numbers which 
increase or decrease by a constant factor. 

Thus the following series are Geometrical Progressions, 
2, 4, 8, 16, 32, 64; 

^"^^ "^^ V T6' 64- 

The Constant Factors being 2 in the first series and - in the 

second. 

KoTE. That which we shall call the Constant Factor is usually 
called the Common Batio. 

359. In Algebra we express a Geometrical Progression thus : 
taking a to represent the first term and / to represent the Con- 
stant Factor, we shall have as a series of numbers in Geometrical 
Progression 

a, (if, a/', apy and so on. 

We observe that the terms of the series differ only in the 
ivdex of fy and that each index of y is always less by 1 than 
the number of the term in which that particular index stands. 
Thus the index of y in the 3rd term is 2, 

in the 4th 3, 

in the 5th 4. 

Consequently the index of / in the nth term will be n— 1. 
Therefore the wth term of the series will be q/"""*. 
Hence if » be the last term, 

« = «/"■'. 
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360. If the series contain n terms, a being the first term and 
/ the Constant Factor, 

the last term will be q/*"^, 
the last term but one will be q/*"^, 
the last term but <t«?o will be o/*"*^, 
Now a/'^^x/^a/^'x/^^a/'^'^'^a/', 

a/- xf=:af^ xp = uf^' = af^. 

361. We may now proceed tofind^ tlie sum of a series of num- 
bers in Geometrical Progression. 

Let a denote the first term, 

f the constant factor, 

n the number of terms, 

8 the sum of the n terms. 

Then 8^a-¥af+ a/"+ ... + q/*"-* + a/*-* + af^K 
Now multiply both sides of this equation by/, then 
fs = a/+ «/" + »/»+ ...+»/-' + »/""* + af\ 
Hence, subtracting the first equation from the second 
/s-.s = of — a. 

.•.*(/-!) = «(/--!); 

••• *" /-I • 

ilTo^ The proposition just proved presents a difficulty to a 
beginner which we shall endeavour to explain. When we multiply 
the series of n terms 

a-haf-ha/'-^ +«/"'• + q/'""* + q/^"' 

by/ we shall obtain another series 

«/+ q/'" + qr+ + q/^"" + q/^"* + a/% 

which also contains n terms. 



S. A. 
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Though we cannot fill np the gap in each series completely, 
we see that the terms in the two series must be the same, except 
the^^ term in the former series, and the last term in the latter. 
Hence, when we subtract, all the terms will disappear except 
these two, 

362. From 'the formidsB : 

«-■(/"-' (A), 

-^ (B). 

prove the following : 

(«) .=-^*. (r) a^fz-(f-\)B. 

m «=^. (8) /=^. 

363. Ex. Find the last tebm of the series 

3, 6, 12 to 9 terms. 

The Constant Factor is «, that is, 2. 
o 

In the formula 

z = a/--' 

putting 3 for a, 2 for/, and 9 for w, we get 

« = 3 X 2» 
= 3 X 256 

= 768. 

Examples.— CXXXI. 
Find the last term of the following series : 

1. 1, 2, 4 to 7 terms. 

2. 4, 12, 36 to 10 terma. 

3. 5, 20, 80 to 9 terms. 

4. 8,4,2 tolStei-ms. 

5. 2, 6, 18 to 9 terms. 

^r ^' iV i to 11 terms. 

^21 1 , ^ * 

"3* 3' "6 to 7 terms. 



Digitized 



by Google 



ON GEOMETRICAL PROGRESSION. 323 



364. Ex. Find the sum of the series 

6, 3, g to 8 terms. 

3 1 

The constant factor is ^, that is h* 

In the formula 

«c^:-i) 
.'" /-I ' 

putting 6 for a, ^ for/ and 8 for n, we get 



61 



Now P = l, and 2«=256. 

256"^ 
"2 

" 1 

2 

1536-6 

256 

" I 
2 

1530 X 2 

765 

"" 64'- 
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Examples.— CXXXn. 

Find the sum of the following series : 

1. 2, 4, 8 '. to 15 terms. 

2. 1, 3, 9 to 6 terms. 

3. tty aa^y ctx^ ^ to 13 terms. 

4. a, - , -i to 9 terms. 

5. a*-a?, a-x, — ^ to 7 terms^ 

6. 2, 6, 18 to n terms. 

7. 7, 14, 28 to n terms. 

8. 5, -10, 20 to 8 terms. 

2 11 ^ ^ , 

""3* 3' "6 ' terms, 

10. 5, 20, 80 to 9 terms. 

365. To find the sum of an Infinite Series in Geometrical 
Progression, when the Constant Factor is a proper fraction. 

If/ be a proper fraction and n very large^ 
/" is a veiy small number. 

Hence if the number of terms be mfinitej /" is so small that 
we may neglect it in the expression 

*" /-I ' 

and ve get 

— a 

a 
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4 3 
366. Ex. (1). Find the sum of the series ^ + l + j+ to 

infinity* 



The Constant Factor 


. 3 




a 


•• - 


4 
3 


• • • . 


16 
"° 3 




=4- 



3 2 8 



Ex. (2), Sum to infinity the series ^ - g.+ ^ - 



4 
The Constant Factor is - g « 



a 


3 

2 

''-(-1) 


3 
2 



27 
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Examples.— CXXXIII. 

Find the sum of the following infinite series : 
1 1 - - . A* 9* 



2. 1> 4> Yg, 10» 2a:», --250:, 

3. 3,^, 57=^, ^ 11. o, 6, r 



3' 27' 



4 2 ^ ^ 12 ^ ^ 

*• 3' 3' 6' 10' lO"'*" 

^- T> I, r 13. as, --y, 



4' 4' 



'^^ 2' "3' *• 100' 10000' 

7.. 8, |, 15. -54444, 

8. l|, -5, 16, -83636, , 



367. To insert 3 geometric means between 10 and 160. 
Taking the equation (A), Art. 362, 

« = «/""', 
we put 10 for a, 160 for z, and 5 for n, and we obtain 

160 = 10./*-'; 
.-. 16=/*. 
Now 16 = 2x2x2x2 = 2*; 

.-. 2*=/*. 
Hence /= 2, and the series will be 

10, 20, 40, 80, 160. 
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Examples.— CXXXIV. 

1. Insert 3 geometric means between 3 and 243. 

2. Insert 4 geometric means between 1 and 1024. 

3. Insert 3 geometric means between 1 and 16. 

4. Insert 4 geometric means between ^ and ^ • 

368. To insert m geometric mecma between a and b. 
The number of terms in the series will be m + 2. 
In the formula 

Putting b for z, and m + 2 for n, we get 

or, 6 = 0/*"^*; 

. /-HI-* 

- 6^ 
or, /= — r . 



a^ 



Hence the series will be^ 



_1_ _9_ > 1 

that is, 

a, (a"*. 6)^, {a'^Wf^', ,(aVO^, (a. 6-)=^, 6. 

369. We shall now give some mixed Examples on Arith- 
metical and Geometrical Progression* 
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Examples.— CXXXV, 

1. Sum the following series : 

(1) 8 + 15 + 22 + to 12 terms. 

(2) 116 + 108 + 100+ to 10 terms. 

(3) 3 + 2 + T^+ to infinity. 

(4) 2- j+^- to infinity. 

iK\ 1 2 11 ^ ,^^ 

(0) 9 ~3 ""^ "" *^ *3 terms. 

112 

(6) 2 ""3 "^9"" to 6 terms. 

(7) 1-1-5- to29term& 

R 9 

(8) = + 1 + 1 = + to 8 terms. 

12 4 
W 3 + 9+27+ to infinity. 

<^^> I -JJ-f^- ...... to 10 terms. 

(11) V|- V6 + 2^/(15)- to 8 terms. 

(12) -1 + I -^+...... to 5 terms. 

2. If the continued product of 5 teims in Qeometrical Pro- 
gression be 32, shew that the middle term is 2. 

3. If a, by c are in arithmetic progression, and a, b\ c are 

b a + c 
in oreometrical progression, shew that 'P='^~r( — T* 
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4. Shew that the Arithmetical mean between a and h is 
greater than the geometrical mean. 

6. The Slim of the first three terms of an arithmetic series 
is 12, and the sixth term is 12 also. Find the sum of the first 
6 terms. 

6. What is necessary that a, 6, c may be in geometric pro- 
gression ? 

7. If 2», X and -^ are in geometric progression, what is a? ? 

8. If 2n, y and jr- are in arithmetic progression, what is y % 

9. The sum of a geometric progression whose first term is 1, 
constant factor 3, and number of terms 4, is equal to the sum 
of an arithmetic progression, whose first term is 4 and constant 
difference 4 : how many terms are there in the arithmetic pro* 
gression) 

10. The first (7 + w) natural numbers when added together 
make 153. Find n, 

11. Prove that the sum of any number of terms of the 

series 1, 3, 5, is the square of the number of terms added 

together. 

12. If the sum of a series of 5 terms in arithmetic progression 
be 95, shew that the middle term is 19. 

13. There is an arithmetical progression whose first term 

1 . . 4 

is 3 ^ , the constant difference is 1 ^ , and the sum of the terms 
«5 9 

is 22. Eequired the number of terms. 

14. The 3 digits of a certain number are in arithmetical 
progression ; if the number be divided by the sum of the digits 
in the units and tens place, the quotient is 107. If 396 be 
subtracted from the number, its digits will be inverted. Ee- 
quired the number. 
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15. If the {p-^qj^ term of a Oeotnetiic Progression be m, 
and the {p - ^^ term be w, shew that the p^ term is J{mn), 

16. The difference between two n ambers is 48, and the 
arithmetic mean exceeds the geometric by 18. Find the num- 
bers. 

17. Place three arithmetic means between 1 and 11. 

18. The first term of an increasing arithmetic series is '034, 
the constant difference *0004 and the sum 2*748. Find the 
number of terms. 

19. Place nine arithmetic means between 1 and — 1. 

20. Prove that every term of the series 1, 2, 4, is 

greater by unity than the sum of all that precede it. 

21. Shew that if a series of mp terms forming a geometrical 
progression whose constant factor is r be divided into sets of p 
consecutive terms, the sums of the sets will form a geometrical 
progression whose constant fetctor is rp. 

22. Find five numbers in arithmetical progression^ such that 
their sum is 55, and the sum of their squares 765. 

23. In a geometrical progression of 5 terms the difference 
of the extremes is to the difference of the 2nd and 4th terms 
as 10 to 3, and the sum of the 2nd and 4th terms equals twice 
the product of the 1st and 2nd. Find the series. 

24. Shew that the amounts of a sum of money put out at 
Compound Interest form a series in geometrical progression. 

25. A certain number consists of three digits in geometrical 
progression. The sum of the digits is 13, and if 792 be added 
to the number, the digits will be inverted. Find the number. 

26. The population of a county increases in 4 years from 
10000 to 14641 ; what is the rate of increase ] 
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CHAPTER XXIV, 

ON LOOABITHMS. 

370. Ip f» = a', 

X is called the logaritlim of 97» to the base a. 

In the four following Articles, we shall suppose the base to 
be a. 

371. The logarithm of a product is equal to the sum of the 
logarithms of its factors. 

Let m = a' J 

and n = a^. 

Then mn^a'^^i 

/. log wm = aj + y 

= log m + log n. 

372. The logarithm of a quotient is equal to the logarithm 
of the dividend diminished by the logarithm of the divisor. 

Let m^a'^ 

and n^a^9 

Then ^=:a-*: 

n ' 

,\ log- = aj-y 
n 

= log m - log n^ 
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373. The logarithm of any power of a number is equal to the 
product of the logarithm of the number and the index denotiug 
the power. 



Let 


m=»a'. 








Then 


!•. logw'' = raj 

= r . log w. 








374. The logarithm of any root of a 
quotient arising from the division of the 
by the number denoting the i*oot. 


number 
logarithm 


is equal to the 
of the number 


Let 


m = a'. 








Then 


1 • 

.'. logm =- 
=s - . log m. 








375. 


Since log »m = log f?i + log 


w, 







we can find the logarithm of any number, if we know the loga- 
rithms of its &ctors. 

Thus log 15 = log(5 X 3)= log5 + log3. 

Hence, if we know the logarithI^s of 5 and 3, we shall also 
know the logarithm of 15. 



Again, since 



log — = log m — log n, 



we can find the logarithm of any number expressed in a fractional 
form, if we know the logarithms of the numerator and denomi- 
nator of the fraction. 
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Thus log 5 = log -^- = log 10 -log 2. 

I{eace, if we know the logarithms of 10 and 2» we shall also 
know the logarithm of 5. 

Again, since 

log m^ = T log w, 

we can find the logarithm of any 'power of a number^ if we know 
the logarithm of the number. 

Thus log 25^ =7 log 25, 

and we know the logarithm of 25', if we know the logarithm 
of 25. 

Lastly, since 

log m = - log w, 
(. 
we can find the logarithm of any root of a number, if we know 
the logarithm of the number. 

Thus log 20^ = J log 20, 

and we know the logarithm of 20^ (or, as it may be written, 
^JO) if we know the logarithm of 20. 

376. In the common system of logarithms the base is 10. 

Now 1 = 10^ 

10 = 10S 

100 = 10', 

V 1000 = 10*, 
and so on. 

Hence the logarithm of 1 is 0, 
of 10 is 1, 
of 100 is 2, 
of 1000 is 3, 



and so on. 
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Hence for all numbers between 1 and 10 the logarithm is 
a decimal less than 1, 

between 10 and 100 the logarithm is a decimal between 1 
and 2, 

between 100 and 1000 the logarithm is a decimal between 2 
and 3y 

and so on. 

The logarithms are calculated to seven places of decimals. 

Thus the logarithm of 6 is set down in the tables 
•7781513. 

377. Since log 60 = log 10 + log 6 - 1 + log 6, 

log 600 = log 100 + log6= 2 +log6, 

log 6000 = log 1000 + log 6 = 3 +log6, 

it is clear that if we know the logarithm of any number, as 6, 
we also know the logarithms of the numbers resulting from mul- 
tiplying that number by the powers of 10. 

378. The integral numbers which are found in the logarithms 
of numbers higher than 10 are called the cliaracteristics of those 
logarithms, and the decimal parts of the logarithms are called the 
mantisscB. 

Thus in log 600 = 2-7781513, 

2 is the characteristic, 

•7781513 the mantissa. 

379. A system of logarithms to the base 10 is the seiies of 
values of x which satisfy the equation 

iiccessive values of w. 
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Sucli a system is formed by the series of logarithms of the 
natural numbers from 1 to 100000, which constitute the logarithms 
registered in our ordinary tables, and which are therefore called 
tahidar logarithma, 

380. The logarithms of the Trigonometrical Ratios have also 
been calculated and arranged in tables, so that for any assigned 
value of A the logarithms of sin Ay cos Ay and of the other ratios 
may be found. 

A description of these tables and of the manner in which they 
are used must be sought in more advanced works. 

381. The following are simple examples of the method of 
applying the principles explained in this Chapter^ 

Ex. (1). Given log 2 = -3010300 and log 3 = -4771213, 
find the logarithms of 64, 81 and 96. 

Log 64 - log 2* = 6 log 2, (by Art. 373), 

log 2= -3010300 



.-. log 64 =1-8061800 

Log 81 = log 3* = 4 log 3, (by Art. 373), 
log 3= -4771213 
4 



.-. log 81= 1-9084852 

Log 96 = log (32 X 3) = log 32 + log 3, (by Art. 371), 
and log32 = log2" = 51og2; 

.\ log96 = 51og2+log3, 
and may thus be found. 
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Ex. 2. Given log 5 = -6989700, find the logaiitlim of U(p -25). 
log (6 -25)7 = y. log 5-25 

1 , 525 
==7^^«I0() 

=^ (log 525 - log 100), (by Art. 372), 

= i.(log5*-2) 

= J.(4.1og5-2) 

= i. (2-7958800-2) 

• =5 (-79588) 
= '113666. 

Examples.— CXXXVI. 

1. Given log 2 = -3010300, find log 128, log 125 and log 2500. 

2. Given log 2 = -3010300 and log 7 = -8450980, find the log- 
arithms of 50, -005 and 196. 

3. Given log 2 = -3010300, and log 3 = -4771213, find the log- 
arithms of 6, 27, 54 and 576. 

4. Given log 2= -3010300, log 3= -4771213, log 7= -8450980, 
find log 60, log -03, log 1-05, and log -0000432. 

5. Given log 2 = -3010300, log 18 = 1-2552725 and 

log 21 = 1-3222193, find log -00075 and log 31-5. 

6. Given log 5 = -6989700, find the logarithms of 2, -064, and 

1 



5« 
7. Given log 2 = '3010300, find the logarithms of 5, -125 and 

5w\n 



© 
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8. What are the logarithms of -01, 1 and 100 to the base 10 ? 
What to the base -01 1 

9. What is the characteristic of log 1593, (1) to base 10, 
(2) to baae 12 ? 

4" 

10. Given ^i^ = 8, and «= 3y, find x and y. 

11. Given log 4 = -6020600, log 1 -04 = '0170333, 

(a) Find the logarithms of 2, 26, 83-2, (•625)*^. 

(5) How many digits are there in the integral part of 

(c) In how many years will a sum of money doable itself^ at 
4 per cent compound interest^ payable yearly ? 

12. Given log 25 = 1-3979400, log 1-03 = -0128372 : 

(a) Find the logarithms of 5, 4, 61-6, (•064)*«<>. 

(6) How many digits are there in the integral part of (1 •03)'^ ? 

(o) In how many years will a sum of money double itself at 3 
per cent compound interest, payable yearly ? 

13. Having given log 3= -4771213, log 7 = 8450980, 

log 11 = 1-0413927, 

77 3 

find the logarithms of 7623, — and -^. 

14. Solve the equations : 

• (1) 4096-=^. (4) a-^V^c. 

(2) (.^^y=6-26. (5) a^.h^^<^\ 

(3) a".6" = w». (6) a-i^-^c^-*-. 

S.A. ^22 , 
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X (Pago 12.) 


1. 


6a + 76+ 12c. 


2. a+36 + 2c. 3. 2a + 26 + 2c 


4. 


8a+2&+2e. 


6. 2aj-7a+36-2. 6. 0. 


7. 


126 +3e. 


IL (Page 12.) 


1. 


2a. 2. Sa 


+5ai. 3. 3a-3a;. 4. Sas + ffy. 


5. 


4M+b + 2e. 


6. 2a. 7. 4. 8. 13»-y-fe. 


9. 


10a-7b-x. 


IIL (Page 13.) 


1. 


2b. 2. «+ 


2y. 3. a + 5e+d. 4. 2y + 2z. 


5. 


2r, 6. 26 


+ 2c. 7. 0-36-C. 8. 3y+a. 



IV. (Page 14.) 

1. 4a-6. 2. 46. 3. o + 6-4c. 4. 26. 

6. 14a; + 2. 6. ^x-^a. 7. Ga-a. 8. a. 9. 2a-6. 

10. 2a. 11. c 12. a; + 3a. 13. 29a -276+ 6c. 
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Addition. 


V. (Page 19.) 


1. 70-26. 2. 


-106+6& 3. -lla!-8y-6«. 


4. -66-5c+3d. 


6. 2a. 6. -2aj-2a + 6+4y. 


7. 7o + 46-4c. 




Subtraction. 




1. 2a + 26. 


2. o-c. 3. 2a-26 + 2c. 


4. 8a!-17y + 6. 


6. 7a-166+20c. 6. 6a-Zb-8x. 


7. -3a + 36-4c. 


8. 26+2C-15. 



Y. (repeated bj mistake). Page 24. 

1. xy. 2. 12a!y. 3. 12«'y'. 4. 3a'6c'. 

5. a\ 6. o«. 7. 12a»6'. 8. 35a»6c*. 

9. ISOaVc*. 10. 28a'Jc". 11. 3a". 12. 20o*6'aiy. 

13. IQxYif. 14. 51a6Vj». 16. 48a!'y'V. 

16. \2cilaey. 17. 8«"6V. 18. 9m'»y. 
19. ote'y'a*. 20. 33a*>6"»»'«, 

VI. (Pa«e26.) 
1. of-^-ab-ac. 2. 2a'+6a6-8ac. 3. a* + 3a" + 4a*. 
4. 9a*- 15a*- 18a" + 21a*. 5. a'6-2aV+a6». 

6. 3a»6-9a*6"+3a'6*. 7. 87»'»+9mV4- lOmw". 

8. 18a«6 + 8aV-6a*6" + 8a"6*. 9. ary - aj"/ + «"y" - 7a;y. 

10. w'7i-3mV + 3m7i"-»*. 11. U4a*6* - 72a*6» + 60aW. 

12. 104ajV-136a?y«+40«"y»-8ay. 13. « (a?* + 3a; + 4). 

14. y(«" + a:y + yO. 15. 2(aj'-2> 16. 9a; («• + 3a; + 4). 

17. 5ari/(a;+2y-3y*). 18. 3»« (4a; + a;" + 3«). 

22— 2^Tp 
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VII. (Page 33.) 

1. a«+12a;+27. 2. a^ + Saj-lOS. 3. «"-2a?-120. 

4. aj'-lSa + Se. 5. a* -8a +16. 6. y« + 7y-78. 

7. a:* + «"-20. 8. aJ*- 12a?+50ir"- 84a; + 45. 

9. a^-31a;* + 9. 10. a*-3a»-.3a*+ 13a»-6a'-6a + 4. 

11. aj*-a'-.l. 12. aj* + ir"/4.y*. 13. a»-y*. 
14. a*-.aj». 15. «» - 5aj" + So" - 1. 16. a^-81y*. 
17. a*- 166*. 18. 16a* -6*. 

19. a»-4a*6 + 4a"6'+4aV-17a6*-126». 

20. a» + U'h + nV - lOaV + 12a5* - W. 

21. a*+4aV + 16aJ*. 

22. 81aV + 27aV- 27a*aj + 9aaJ* + a^. 

23. «» + 4aV+16a*. 24. a' + 6" + c" - 3a6c. 
25. «» + aj*y~9a?y"-20ai»y" + 2a^+15y». 

2Q. aV + c'd'-aV-'b'd: 27. a'-a'. 

28. X - ax* + h3i? — ca?'- ahx + acas — hex + a6c. 

29. l-a:». 30. aj»-y«. 31. a"-aj". 32. ah-^-ac-^-hc. 
33. -14. 34. -60. 35. 2. 36. 2w. 

VIII. (Page 35.) 

1. -.a«6. 2. -a\ 3. -aV. 4. 12a»6». 

5. -30ajy. 6. ^c^ + 0*1-01*. 7. ^ Qa' - 8a* + lOcf. 

8. a*4-2a"4-2a* + a. 9. - 6a:?y4-»'y* + 7a:3^- 12y*. 

10. 5m» + w«n-137ym« + 7n'. 11. -13r»-22r'+96r + 135. 

12. - 7aj* + «•« + Sic**' + 9a«;' + 9«'. 

13. x^ + a?!/". 14. a*+2a»y+2x'y* + 2«y» + y*. 
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IX (Page 39.) 

L a5* + 2a«j + a*. 2. aj"-2aaj+a*. 3. a5* + 4a; + 4. 

4. ir»-6«+9. 5. x* + 2a^y' + i/\ 6. a*-2a;y + y*. 

7. a« + 2aV + 6* 8. a*-2aV + 6*. 
9. «"4-y* + «" + 2a;y + 2a» + 2y«. 

10. «"4-y* + «"-2ajy + 2a»-2y«. 

11. m* + »■ + ^" + r" + 27»» - 2»ip — 2mr - 2n^ — 2nr + 2/w. 

12. »* + 4a^-2aj*-12a; + 9. 13. a*-12aJ» + 50x'-84a + 49. 

14. 4aj*~28a^+85aj*-126» + 8L 

15. a^ + y-f^ + 2«"3/»-2aj'«"-2/«*. 

16. aj"-8a;y + 18aY-8a'y*+2/«. 

17. a* + 6* + c* + 2a'6' + 2aV+26V. 

18. ^• + y*+«*-2aj»/-2a^«» + 2yV. 

19. a' + 4y* + 9«" + 4ay-6a»-12y«. 

20. a^+4y + 25«*-4a^y'+10iB'«"-20y"«". 

21. aj»+3aa5' + 3a'a; + a». 22. aJ» - 3aaj* + 3a'a; - a». 
23. aJ* + 3«' + 3a?+l. 24. a;"-3aj"t 3a;- 1. 
25. aJ»-f 6«'+12aj4.8. 26. a* - 3a*6* + 3a«6* - 6". 

27. a* + 3a'b + 3a6* + 6* + tf* + 3a*c + 6a6c + 36*c + 3ac* + 36c'. 

28. a"- 3a'6 + 3a6' - 6' ^ a"^ - ?«•<? -f 6a6c- 36*c+ 3ac«-. 36c». 

29. m*-2mW-^n\ 30. m* + 2m«» - 2m7i» - n*. 

X. (Page 41.) 

1. 5ar(aj-3). 2. 3a;(«"+ 6aj-2). 3. 7(7y*-2y+l). 

4. 4ajy(aj*-3ajy + 2y*). 5. a; (a' - oa?' + 6* + c). 

6. 3ay(aV-7aj + 9y"). 7. 27aV (2 + 4aV - 9ar). 

8. 45a;y(a^y»-2a;-8y). 
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XL (Page 42.) 

1. {x-a){x-h). 2. {a-x)(J> + x). 3. (6-y)(c + y). 
4. (a + »»)(6 + n). 5. {ax + y)(1>x-y). 6. (a6 + c(2)(a;-y). 
7. (ex + «i.y)(dB-»y). 8, (oc - W) (ftsc - rfy). 

XIL (Page 43.) 

1. (aj + 5)(»+6). 2. (aj + 5)(aj + 12). 3. (y + 12)^+l). 

4. (3f+\\)(3f + V!i). 5. (w.+20)(«»+15). 6. (m+6)(«»+17). 
7. (a + 8A)(a + J). 8. (a!+4«»)(»+9«»). 9. (y+3n)(y+16»). 

10. (« + 4p)(« + 25p). 11. (as* + 2) (!«;• + 3). 

12. (a!' + l)(ai»+3). 13. {xy + 2){ay + \S). 

14. (a!y + 3)(a!y + 4). 16. (»»• + 8) (»»• + 2). 

16. (»+20j)(» + 7j). 

XIII (Page 43.) 

1. (aj - 5) (as - 2). 2. Error. Read a!» - 29aj + 190, of 

which the &ctors are (a; -19) and (e-lO). 

3. (y-ll)(y-12). 4. (y-20)(y-10). 

5. (»-23)(w-20). 6. («-66)(«-l). 
7. (a!'-4)(«'-3). 8. (aJ-26)(a6-l). 

9. (6V-6)(6V-6). 10. (a!ya-ll)(a!SK!-2). 

XIV. (Page 44.) 

1. (a? + 12) (a; -6). 2. (a; + 16) (a! - 3). 3. (a + 12)(a-l). 

4. (o + 20)(a-7). 5. (6 + 25) (6- 12). 6. (J + 30) (6 -5). 
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7. («* + 4) («*-!). 8. (a!y + U)(a?y-ll). 

9. {m' + 20){m'-5). 10. (» + 30)(»-13). 

XV. (Page 44.) 

1, (a!-ll)(a!+6). 2. (oj - 9) (a; + 2). 3. (»»- !!)(»»+ 2). 

4. (»-15)(« + 4). 6. (y-14)(y+l). 6. (a-20)(a+«). 
7. ((^-10)(a!' + l). 8, (cd- 30) (erf +6). 

9. (»»»-2)(m'n + l). 10. (pV-12)(pV + 7). 

XVI. (Page 46.) 

1. (a! + 9)*. 2. (a; + 13)» ' 3. (a!+17)'. 4. (y+1)'. 

5. (« + J00)'. 6. (as* + 7)'. 7. (as + Sy)'. 8. (m»+8»7. 
9, (as* + 12)'. 10. For as'y read afy'. The result is 

tlifln(a!y+81)'. 

XVII. (Page 46.) 

1. (a! -4)'. 2. (as- 14)'. 3. (a!-18)'. 4. (y-20)' 

6. («-50)». 6. (a^-U)*. 7. (as-lSy)'. 8. (m'-ien')*. 

9. (ai'-19)*. 10. (asy-42)*. 

XVni. (Page 48.) 

1. {x+y)(tt-y). 2. (aj+3)(a!-3). 3. (2aj+6)(2aj-5). 
4. {a' + af){a*-=i^. 5. {x + l){x-l). 6. (as* + 1) (a^- 1). 

7. (a?'+l)(a!'-l). 8. (m'+4) (ot'-4). 9. (6y+7«)(6y-7«). 

10. (9a!y+llo6)(9a!y-llaJ). H. {a-b + e){a-b-e). 
12. (a!+TO-»)(a!-»» + n). 13. (a + 6 + c + d)(a + 6-«-<0- 
14. 2a!x3y. 15, {x-y + z){x-y-z). 
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16. (a-6+m-f w) (a-6-m-»). 17. (a-c+6+cQ(a-c-6-ei). 

18. (a + 6-c) (a-6 + c). 19. (aj + y + «)(a?+y-«). 

20. (a-6 + m— w)(a — 6 — m + 7i). 

XIX. (Page 50.) 

1. a^. 2. aj». 3. Tfy, 4. »V. 5. 66<?. 6. 8c*. 
7. 16a"6V. 8. Ulm^nY. 9. 12a'ay*. 10. 8a*6c'. 

XX. (Page 51.) 

1. aj» + 2a?+l. 2. y'-y' + y-l. 

3. a' + 2a5 + 36*. 4. a^-^mpot^-\'m*p^. 

5. 4<;^-7aJ + aj'. 6. 8aj'y»-4a^/-2y. 

7. 27mV-18mV + 9«ip. 8. 3aj*y'-2a^-4y*. 

9. 13a*6-9a5"+76. 10. 196V + l26V-7^c*. 

XXI. (Page 52.) 
1.-8. 2. 15a». 

3. -21aj'y*. 4. -6«»'n. 

5. -16a"6c. 6. aV + aaj+1. 

7. -2a*+3a-«'. 8. 2 + 3a*6 - 8a*6*. 

9. -12aj» + 9a:y-8y". . 10. -o' + ft'aV + Jy*. 

XXn. (Page 66.) 
1. aj + 5. 2. a;- 10. 

3. 05 + 4. 4. a5 + 2y. 5. o^-aj'y+ac'y'-afy' + y*. 

6. a" + a;V + **y*+«"y' + ay*+y*. 7. a + ft-c. 
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8. -6 + 26*-6". 9. a-6 + c-rf. 

10. af^x^^xz + y'-yz + 9^. 11. af'-af^ + g^-aify^ + y^, 

12. i^ + Sg^-r. 13. a*-a'6 + aV-a^' + 6*. 

14. aJ* + aj'y + aj"/ + ajy' + y*. 15. 2a?" - 3a* + 2as. 

16. a* + 3a"+9a" + 27a + 81. 17. k' + k* + k. 

18. (c"-9»-10. 19. 24»»-.2aaj-36a". 

20. 6aj«-7a + 8. 21. 8a^4. 12aa«-18a*aj-27. 

22. 27a^-36aa:*-f48a"a:-64a». 

23. 2a+3A. 24. aj + 2a. 25. aj"-a". 

26. a'-46«. 27. »*-3aj-y. 28. a'-3a;y-2/. 

29. aJ»+3a:'y + 9ajy'+27y". 30. a' + 2a*6 + 4a6' + 86'. 

31. 27a»-18a'6 + 12a6'-86. 32. 8aj»-12a"y4.18a;/-27y". 

33. 3a + 26 4-(?. 34, a* - 2ax + ia^, 

35. »" + i»y + y*. 36. 16«'-4j^ + y". 

37. iK*-2aj+l. 38. oaj* + 4a*aj - 2a". 39. a-x. 

40. aj-y-«. 41. 3aj"-.aj + 2. 42. 4-6aj+8a;"- 10a". 

43, a + y. 44. aa + 6y — oft-scy. 45. hx^-ay, 

46. a"-aa + 6", 

XXIII. (Page 58.) 

1. a + 5. 2. Take h from a and add c to the result. 

3. 2a. 4. a-6. 5. a+1. 6. a-2, a-1, a, a+1, a+2. 

7. 0. 8. 0. 9. da. 10. c. 

12. a-y. 13. 365 -6a. 14. «-10. 

16. A hsA a + 5 shilliDgs, B has y - 5 shillings. 

17. a- 8. 18. ay. 19. 12 -a- y. 

21. 25 -a. 22. y-26. 23. 256/n". 



11. X 


-y- 


16. a; + 60. 


20. 


nq. 


24. 


4i. 
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25. aj-5. 26. y + 7. 27. af-y". 28. (a: + y)(a;-y). 
29. 2. 30. 2. 31. 28. 32. 7. 33. 23. 

34. 5. 35. 10. 

XXIY. (Page 60.) 
1. To o add 6. 2. From the square of a take the square of 5. 

3. To four times the square of a add the cube of 6. 

4. Take foar times the sum of the squares of a and h, 

5. From the square of a take twice h and add to the result 

three times c. 

6. To a add the product of m and h and take c from the result. 

7. To a add m. From h take c. Multiply the results together. 

8. Take the square root of the cube of x, 

9. Take the square root of the sum of the squares of x and y. 

10. Add to a twice the excess of 3 above c, 

11. Multiply the sum of a and 2 by the excess of 3 above c. 

12. Divide the sum of the squares of a and h by four times the 

product of a and h. 

13. From the square of x subtract the square of y, and take 

the square root of the result. Then divide this result by 
the excess of x above y, 

14. To the square of x add the square of y^ and take the square 

root of the result. Then divide this result by the square 
root of the sum of x and y. 

XXV- (Page 60.) 

(1) 2. (2) 0. (3) 17. (4) 31. (5) 20. 

(6) 33. (7) 105. (8) 27. (9) 14. (10) 120. 

'11) 210. (12) 1468. (13) 30. (14) 5. (15) 3. 
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(16) 4. (17) Error. For a read x and the result is 49. 

(18) 10. (19) 12. (20) 4. (21) 43. (22). 20. 

(23) 29. (24) 41536. (25) 52. 

XXVI. (Page 61.) 
1. 0. 2. 0. 3. 2ac. 4. 2xy. 5. a* + 6". 

6. 4a;*+(6m- 6n) a?"- (4m*+ 9«m+ 47i*)a!"-f (6«»*w- 6win*) «+ 4m V. 

7. cr* + <^r + (?. 8. -a*-6*-c^ + 2aV+2aV + 26V. When 

c = 0, this becomes - a* - 6* + 2a*6*. When 6 + c = a, the 
product becomes 0. When a = 6 = c, it becomes 3a*. 

9. 0. 10. Cut out the mark of the bracket before 26. 

The result is 46. 

12. (a) (a + 6)aj« + (c4.rf)aj. ()8) {a-h)a?--{c-^d-2)a^. 
(y) (4-a)»»-(3 + 6)a^-(5 + c)aj. (8) a«- 6«+ (2a + 26) a. 
(c) («»'-w")aJ* + (2w^-2w^)a^ + (2m-2n)a!". 

13. a^- (a + 6 + c)aj" + (a6 + ac4-6c)a;-a6c. 

14. aj" + (a + 6 + c) JB* + (a6 + oc + 6c) a; -f a6c. 

15. (a+6+c)'=a»4.3a«6+3a6*+6»4.c»+3a'c+6a6<J+36'c+3ac»+36c'. 
(a+6_c)'=a»+3a«6+3a6«+y-c»-3a'c-6a6c-36«c+3ac*+36c". 
(6+c-a)«=-a'+3a*6-3a6'+y+c'+3a*c-6a6c+36*c-3acV36c". 
(c+a-6) =a»-3a*6+3a6*-6»+c»+3a'c-6a6c4.36»c+ 3ac«-36c". 

The sum of the last three subtracted from the first gives 24a6e. 

16. 9a"+6ac-3a6 + 46c-66*. 17. a'^-x^'. 

18. 2ac - 26c - 20^^ + 26d The value of the result is - 26c. 

19. a6 + ajy+(6 + l + 2a)a; + (2a-6-l)y. 
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20. 9. 21. ai + a"+(a-6 + l)aj-(a + 6 + l)y. 

22. Error, for 26 read 96. The result then is 2. 

23. (7w + 4:w + l)a;4-(l-6n- 4w) y. 

2b. 4a* + 6ac + 2a6 + 96c-66'. 26. 9. 27. 2. 

28. 3; 128; 3; 118. 29. 9. 30. 44. 

31. 20. 32. 35. 33. 18. 

XXVin. (Page 67.) 
(1) a'h. (2) vfy'z. (3) 2a«y. (4) Ibm'np. 
(5) Idxibcd. (6) aV. (7) 2. (8) llpq. 
(10) 30aj'/. 



(9) 4a5'y»«*. 



1. 

4. 



3453. 
355. 



XXIX. (Page 68.) 
2. 36. 3. 936. 

5. 3. 6. 2345. 



XXX. (Page 72.) 

1. aj+4. 2, aj+10. 3. aj-7. 4. a;+12. 

5. a; -3. 6. aj-f3y. 7. a5-4y. 8. aj-15y. 

9. JB-y. 10. flj+y. 11. aj-y. 12. os + y. 

13. oj+y. 14. a + 6-c. 15. 4a; + y. 16. 3aj-y. 

17. 5aj-y. 18. aj"+3aj+l. 19. a"~2aj + 4. 

20. a' + ojy + y". 21. af-l. 22. a + 6-c. 23. 3aj — y. 

24. 3a;-lly. 26. Za-h. 26. 3 (a -a?) 27. 3«-2. 

^<8. 3aj' + a'. 29. »• + /. 30. a; + 3jgtzeat,3a^OS^li^a.. 
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XXXI. (JPage73.) 
1. a + 2. 2. rc-1. 3. x+1. 4. y-1. 

5. «*-2a5+5. 6. x-2. 7. 2^*-2y+6, 

XXXIL (Page 80.) 



1. 


1 
3a' 


« 2a; 

2. ^. 3. 


66 
12a' 


4. f . 
6z 


5. 


a«6V 
3 • 


6 ^'^ 7 
• 36c' '• 


3.y 


^- 4a«- 


9. 


4 
3a^/' 


10. ^. 

xxxm. 


(Page 81.) 




1. 


a 
a-)-6" 


, 2«W! 

3»»'/>-a?' 


3 


1 




• 3y 


-5xz- 


4 


2a + aj 
4aar'-» 


5. 1^. 
he 


6. 


a* 




2x-3f/' 


7. 


For a6" read a"6. The result is then ,f^^ . 

26c + c 


g 


c-2a 
c + 2a' 


9. ? 10. 




5 


11 ^ 




2a!- 2y- 


lax-lby' 


12. 


For 4ccd 


read Sec?, and for 


y read a. 
13. f. 


The result is then 




^abx- 


Ucdx' 


14. 


V 


''■I- "•^-^- ■' 


• 12- !«• y- 
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1. 

4. 

5. 

9. 
12. 
15. 
18. 
20, 
23. 
26. 
29. 
32. 
35. 
36. 



a+3' 



XXXIV, (Page 82.) 

as— 6 
«^3" 



2. 



x + l 



For 46y read 46y*. The result is ^?' . 



as'-aB + l. e 

a!*-5a;+6 
Zsif-lx • 

a'+6a+5 
cf + a-i' 

g'-g+l 
o* + o + 1 * 

10a -14a' 
15-9o-6a'' 

a*-a+l 
a'-2a+2' 

a:*-2a! + 2 
a!'-2 ' 

4iB' + 9a!+l 
2a;'-3«-2* 

a!-3 

»+ 1 ■ 

a—h — e 



of+l^ 



7. 



as-; 



le'-Saj+e 



8. 



a!-3 



10 
13. 
16. 



3aj'-8as 

V + b-5' 
Sax -7a 



19 
21. 

24. 3. 
27. 



7«*-3iB" 

2ah' + Bdb-5a 



11. 
14. 
17. 



af + xy-y* 
g?-xy-if' 

m' + 4m 
m' + m-6' 

14a! -6 
9ax + 21a ' 



76' -66 



3a!-l 



26. 



2a;- 3a 



4a;'+6aa! + 9a»" 



'2- Fl- 

28. ^. 



30. 



a 



+ 6- 



33. 



m- 1 
m+ 1 ' 

6a+2h 



31. 






3a + :ii6 ' 



34. ^ — Q • 
2a; + 3 



For 3a? read 3a;". The result is 



af + 4: 

QC^ + X-hl 



2a;'+2aj+l' 

a;8,2a;'-2a;+l 
^a^-'-Ta;-! 



37. 



a;* + a;-12 



40. 



3a; + 5 
^■-5a4-6 



38. 



a;*- 2a; 4- 3 



2a;» + 5a;-3" 

3a* -6a * Digitized by Google 
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XXXV. (Pa«e 86.) 




1. 


7** 


2. 


1 2«' Jy 
2- ^- 3y»- *• 9aa!- 


5. ox. 


6. 


4 
9' 


7. 


3 - 8aV - 3«ww!y 
8- ®- 9rf« • ^- Apq' • 

XXXVI. (Page 86.) 


, 10. ?»•. 

4py 


1. 


a-h 


2. 


4 (i + 2)(«-4) 

3* "*• a!(«-2) • *• 


(»-l)(«-6) 


5. 


aB-6 
x-S- 


6. 


{x-2)ix-5) y J 

of * 


8. h. 


9. 


y 

x-y 




10. *-"^t 

o-a-o 
XXXVII. (Page 87.) 




1. 


3bx' 


2. 


3 , 8ay , 4 
2y- "*• 6 • • 3in«* 


,.|. 


6. 


5x 
4a" 


7. 


5» 6y .1 
14- **• 14* ^- «-2* 


■»• ^- 



««.« 



XXXVIIL (Page 91.) 

1. 12aW. 2. 12iB'y*. 3. 8aV. 4. aV, 

5. 4aa!'. 6. o'6V. . 7. oVy*. 8. 102aV 
9. 20py. 10. 72aa!'y'. 

XXXIX. (Page 92.) 
1. a?{a + x). 2. a?-x. 3. o(a'-6'). 4. 4a!'- 1. 
5. a' + 6'. 6. ai'-l. 7. (aj* - 1) («• + 1). 

8. (a!' + l)(a!'+l). 9. (a; + 1) (aj* - 1). 10. a!*-l. 
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9. (7a!-4)(3a!-2)(a!'-3). 10. {sf+y')(x + y)(x-tf). 

11. (a'-b')(a+2b){a-2b). 

12. (a!+l)(a!'-2a;'-2a8+l)(4a!«-7a!-l). 

13. (3a!+l)(2a!-l)(a! + 2). 

XLII. (Page 97.) 

1. (as -2) («-!)(« -3) (as -4), 2. (x + i)(x+l)(x + 3). 

3. (a!-4)(a!-5)(x-7). 4. (3a!-2)(2a!+l)(7a!- 1). 

5. (a! + l)(a!-l)(a!+3)(3a5-2)(2a!+l). 

6. (a!-3)(a;» + 3a!+9)(a!-12)(!B'-2). 



XLin. (Page 99.) 

, . 15i» 16(8 . . 9a;- 21 4a!- 9 

^^' 20' W ^''^ ~i8 ' "18" • 

.„ 4a? -By 3^-8^ /iv 20a + 256 6a'-8a6 

.„ 48a'-60ae Igg-lOe ... ab-b' a*-t^b 

^^ 60a'c • 60«"c • ^' a'b' ' a'b* ' 

,, 3-3a! 3 + 3aj ,„. 2 + 2y» 2-2;/ 

... 5 + 5a? 6 -6a? .,j>. ab + aaii b 

^' T^' TT^* ^ ' o{b + x)' c{b+xy 

(11) «-" ^-' 



{a-b){b-c)(a-ey (a-6)(6-c)(a-c)' 

a2) «>(^-«') M«-6) 

^ ' a*c(a-6)(a-c)(6-c)' a6c(a-6) (a-c)(6-c)" 

&A. 23 
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XLIV. (Page 102.) 

- 16aj+17 « 71a- 206 ~ 56c , 32a?+ 15y 

^- 16 • ^- Si • ^ ~T2 * 

16a:* + 65a5 + 4i»y-55y 27iK*-2«*y- 16ajy 

*• 50^"^ • ^" I2S* • 

180a' + g4a5 + 3316' ^.20a5 ' ^ 80a;» + 64g* + 84a; + 45 . 

906' • eoa" 

35a' + 2306 + 216c -420* 4a'c - 3ac' - 3ac -u 7c' 

^- 21^^" ' ^" SV • 

liy-8a:'y'-4gy-7(g' 

3a* - 7a'6 + 4a'6c - 5a6'c + a6c' - 6'c' 
aVcr 



XLV. (Page 104.) 
1. 2«-l _ 2. . ..^. „.. 3. 



(aj-6)(aj + 5)* ' (a - 7) (a; - 3) ' (l+a;)(l-x) 

A ^^y K -^ ^ a + 6a; 

{x-¥y){x-~y) l+a? c+cte 

^ 2a;' g 2a;-y ^ 2a; + 5a; 



10. 



(a; + 2^)(aj-y)* * (^-yT' ' (a+a)'* 

1 

(a + a;) (a - a;) ' 



XLVI. (Page 105.) 
2 . « ^^^ 3 2a; 86^ 

a;4-y 3a;' + 20a;' ~ 32a; - 235 

y * * («+4)(a;-3)(|3q3^JJ^yGoogle 



ANSWERS. 356 



^ 3g'--24g'+60a;-46 g 3g'-2aa?-6a' 

(«-2)(aj-3)(«-4) • • ' (aj-a)" ' 

• (a; -!)(«! + 2) («+!)• * (as + !)(»+ 2) (a; + 3)* 

11 ^"^ . 12 '-'^ . 

«*-!* ■ (o + c)(a + d)(a + e)* 

13. 0. U. 2. 15. -^. 

flj + y 

16. 0. 17. ^1^. 18. 0. 19. -L.. 

20. 0. 21. 0. 



XLVn. (Page 109.) 

1. _y_. 2. ^. 3. J^. *. 0. 

aj-y 2+0! ar-1 

y+6 - 1 . 7 1 

'^" 3(l-y')' (a! + a)(a! + 6)' '* l-aj^' 

g a'-2ay + 2a'6 + 6' ^ 2 ^^ J^ 

a*-6* * ' (a!-«)(y-»)* ' oic" 

XLVIII. (Page no.) 

2a;4-ll „ 2(a»-8) 

*• (a! + 4) (as + 6) (a; + 7)* (a; - 6) (a; - 7) (a; - 9) * 

3. Error. For a;'-3a;-143 read a^-2a!-U3. The result is 

2a!- 17 
(ai-4)(a!+ll)(ai-13)* 

.2 - m* + im*n . . 

4. y, 6. ; rj-. 0. 0. 

a!+3 »(w» + n) 



3(l-«*) • l+«> 
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XLIX. (Page 112.) 
1» • J. 



X * 'of 



3. 






L. (Page 114.) 

1. ^^. 2. ^±^. 3. x(l^x). 4. ^±i^, 

^ as" + 5a;* + l - aj'-a+l ^ a" + a + l 

2ar-ar+l a a 

8. 0?. 9. i. 10. X. 11. ^-4^. 12. «», 

X ^2xy 

-, a(a' + 2a5 + 26«) ii i .« ^ 



(a + 6/ ' . • " - -- c(a-6-c)" 

LI. (Page 115.) 



1315 ^ a b c d 

2 2a a' 2a' g? c <;? a 



aj 3 3 y f5!.i'.^_l 

J^'y a"®"' 12 9 "^18 36' 

6j9 4g 12r 24* g x^ ^+?5_1 

5'r« pr» pqs pqr' ' 100 40 40 8* 



LIL (Page 117.) 
1. 2-2a + 2a'-2a» + 2a* 

1-- + — --^+ — 
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a a' a' a* 

. - 2a;» 2aJ* 2a* 2a?» 

4. ! + ---+—-- + —- + —_... 

a' a* a* »• 

K aj" jc* a?* as^ 

5. aj+ - + -+-- + - 

a a' or or 

^ h hx ha? ha? ha? 
a a, a* a* a' 

7. l-.2aj + 6a5"-16»» + 44a^... 

8. l + 2a? + aj*-a^-2«* 

9. l + 36 + 66» + 126» + 246*.... 

lA ^ r r, 26« 26* 

10. aj"-6aj + 6« + -^ 

aj ar 

11 ^ +^^^^^^ +^ 
X a? a? a? a? 

,^ - 2aj 3aj" 4aj» 5a;* 

12. 1 + -i---r + — r — 

a a' a" or 



LIII; (Page 119.) 

ai» »• 23aj 1 „ a' 49a' 7« 1 

^' "9 ■*"T'*"T26"*'20' 20 600 60 16' 

X ar X* »* a* 6* 

^ 12 11 ^ , 6* 6* ^ ^ y a? a? 
a* oc 6" c" ar Of 8 8 64 

6 ^ 107 5 7 ,^ a* 6* 46" 

^- aj*"*"2aj«'"l2aj'"*"6S^6- ^"^ 6*"a*"7?"*- 
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1. X • 

X 



2. a + 



LIV. (Page 121.) 
1 



3. Error. For m* — = read 



1 vn. \ 

m* + -1 : the result then is m* + -i 



w 



A 4 <?• «• C 1 



a- aft 6' 

,^111111 
a' ab ac b be c 



n n 



6. ? + ?. 
y X 

7. ^-2 + g. 



LV. • (Page 123.) 
1. •05«!'-'143a!-021. 2. •01*' + l-25a!-21. 

3. •12a!'+-13a^--lV. 4. •172a!'+-566ay + -312y». 

6. 0, 6. -300763. 7. --002. 



LVI. (Pago 123.) 

1. o,«Cl+^a;+-V+^af+...V 

' \ *, a. *. / 

2. ^.(J-Ui). 3. <l.|.g). 
4. (« + 6)((a+6)«-c(« + 6)-rf+.-^). 

I «+''J Digitized by (jOOgle 
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LVIiL (Page 126.) 
1. ___4a^+__ ____ + 27. 2. 46. 

^ ' 6a!'-13«+6 

6. ;^-ai'^2x-2^l-^^^. 8. ^-??+3-??+^. 

X XT or a a x s^ 

9. 6»-2aJ-3a'. 11. 

-a!* + a!»-2a!' + aj-l 



13. 



6(a)' + l)(a!*+l) 



2a?+Zx-b 




12. 


a' + 6a-^14 


7x-5 • 


a + 9 


14. 


1. 







j^ fla?(2a-a;)--gy(2g--y) 
aj + y 

17. (a+ 6 +(j- c?) (a+ 6- c + c?) (c + rf+a - 6) (c + c?- a + 6). 

18. 2a'-3a6 + 46'. 20. <^±m±^, 21. flzl^ . 

aj + y OJ-IO 

22. / » iw . Vv > 23, -. 24. 1. 

(ar+l)(a5»+ 1) a 

26. (ao + W)(6c + a^). 27. 



37a^-7.v'>19g' 
24 



28. 5-2-???. 29. ^Il^y-. 30. -^. 

77 ,. 6 0a!* + 42aa!» - 107aV + lOa^e + 14a« 

31. g^. 32. ^2 ^ — . 

^4^A±V. 36, ^. 37. ^. 38. » , 
a5(aj^-y^) » + 8 1-iC* 1-^ 
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39. r-|i 

41 



40. 



a ax afx oaf' 



45. 

48. 
51. 

« 

55. 
58. 
60. 
63. 
67. 
71. 



a* -6* 



44. 

^ (2.i.aO(H.«^ 



at + ac + fte->-2a+26->-2<; + 3 
ofte + oi + ac-t-de + a + i + c-i- 1 ' 

2!B» + 3iB-5 



7a!-6 



(g'-aa + ft*) 
(a-6)'.(a'+6')' 



2a!' -9o' 
ic— 5a 



52. 



49. 2. 
1 



2(»-l)'- 
56. 1. 67. 



53. 1 

5«-8 



*'• a(a«-6')* 



50. y-SiK. 

54. & 



(fl;-4)(g + 2)' 

«'(a!'+l)" 

ie*-2a! + 3 
2a;'+5a! + 3' 

3a; + 2 
4-a!'* 



59. 



(a' + a+l)(«'-a+l) 



61. 0. 



62. 



a" 

a + « 



68. 



aV 
64. 1. 65. 3ai'-aa?, 



{x- a) (x-b) {x—e)' 



-2 + 5x+l7ii^-Ua?-21ii* 



73. 



69. 3. 



73. as*. 



(3-2x-7af)* ' 12 + a;-6a!'' 

16 + 4aj-2«' + 13a!»-6a!* 



75. 



xy 
af+y'' 



74. 



76. 



16 

a?'-2a;+3 
2a!'+6a!-3* 



^n ^ A * 77 . 43 . 33 ^ 

79, -T--4a;* + -3a!' — j a!*- -ra'+27. 
4 o 4 4 



80 



77. 2. 
2a-5 



a + 6>* 



81. 0. 



oogle 
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^^- 2^T2iTl- ^^- 2- ®^- 6 • 

^^ a^ of 2x ^ 2a a* a* no ^ o o 3 1 

90. -,--1 + 2 + 3+3- 92. a:« + 3aj+3 + -+-5. 

aaa x or ar x or 



94. ^"^/y ^ . 95. 1; 97. aj-6. 98. 1, 

99 4«* 100 ^^5^-16a:-80 

20a'-23aa; + 6«»' 4** + 19a; + 4 ' 

101. l + 3aj+7a:* + 15aj" + 31aj*+63»». 102. 6.2, 



103. 



JP + g 



LIX (Page 137.) 

1. 2a:y. 2. 9a*6*. 3. llm'nV. 4. SaVc. 

5. 267a*6aj». 6. 13a»6V. 7. f^. 8. ^. 

46 2a<r 

9 ««'6* 10 2«^ 11 ?^ 

^- 11^' *"• ITy*' "• 186- 

LX. (Page 140.) 

1. 2a+36. 2. 4*'-3?. 3. 2x-Qy. 

4. iB'-3y». 5. fl! + 100. 6. 06+8I. 

7. 2/»-19. 8. 3a6c-17. 9. ai'-3« + 5. 

10. 3«' + 2a!+l. 11, 12o»»»-9p*. 12. 2f»-3r+l. 

13. m*-m+l. 14. 2n' + »-l. 15. l-3a!+2a!'. 
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16. 9?-29?+Zx. 

18. 2a6"-3a«6 + 26». 

20. a* + cfb + ab' + b\ 

22. aj»-JB* + a;-l. 

24. 2a?-3y + «. 

26. 4a»-'5a5 + 8te: 

28. 2aj'-3a;*y + 5aj'y». 

30. 3ay-2aj"y + 5a^. 

32. 5afi/^Zx^^2i/. 

34. 2(»»-aj-l. 

37. 2aa»-3a»aj+a». 

40. 5«-2y + 3& 



17. 2y'-3y« + 4«'. 
19. a + 26 + 30. 
21. a!»-2a"-2»-.l. 
23. 2jB* + 2aaj + 46l 
25. 3-4aj + 7aj"-10aJ». 
27. 3n"-4wp'-5t 
29. 2a"-3a6+46'. 
31. 2y'a-3yaj" + 2aj'. 
33. 4a;*-3ajy+2y«. 
35. aj"-2a-l. 36. 3a«aj-2a«* + aj". 

38. 3a-26 + 4c. 39. as"-3aj+5. 
41. 2iB"-y+y". 



LXI. (Page 143.) 



1. &.--f . 




3 a 
^- a-3- 


3. ,•-!.. 


*■ hi- 

a 


5. 


^ 1 


6. ^^x-\. 


7. 2a-36+?. 
4 






9. |«-a: + 2«--|. 


10. i-^+5. 

X y z 




11. Error. For 


'f read 12-P. The 


result then is 6m- 


4 
n 


+f. 12. 



a6-3ctf+^. 
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13. 2^_3y^£. 1^^ 2»._^^_3» 

z z X n m 



17. 3aj»-y + 6a;. 18. 3«"-|-3. 



LXII. (Page 144.) 
1. 2a. 2. 3a*y". 3. -5m7i. 4. -6a*b, 

6. 76V. 6. -lOoJV. 7, --lim'nK 8. lla'6«. 

LXIII. (Page 147.) 
1. a -6. 2. rcy+l. 3. 2a +1. 4. 2«"-32^'. 

5. a + 86. 6. a-\-h + c. 7. a5-y + «. 8. 3iB*-2a;+l. 
9. l+a + a. 10. 1-a + a'. 11. x-y + 2z. 

12. a* -4a + 2. 13. a*- 3a; + 5. 14. a' + 2a+l. 

15. 2w*-3m + l. 16. aj + 2y-«. 

1 7. Error for 27n read 27»'. The result is then 2w - 3n - n 

18. w+1--. 

m 

LXIV. (Page 148.) 
1. 2a-.3iB. 2. l-2a. 3. 5 + 4a. 

4. a-6. 5. aj+1. 6. m-2. 
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LXV. (Page 148.) 
1. aJ^ + JB^y^ + y*". 2. a**-a«*y»+3a*V-8l3^. 

5. 2a** + 2a*6* - 4a*cr - oTh - 6*^* + 26cr. 

6. oT+ar^.'ir^-'arf/^^'ir''**^* 7. «*• + a:**^*' + y*". 

8. a^ - a'^-*^^ + fl/-*c«'+ (/^. 6^-''-6+ 6*-*V+ a»'"^c*-«'- 6«'c^-*+ c. 

9. fiC*' + 2a^+3«^+2a:'+l. 10. a^-2»*+ 3a^-2a3»'+l. 



LXVL (Page 155.) 

In this set of examples several corrections must be made. 
Ex. 1. For x — y read aT— y". 
Ex. 2. For a + y read a^ + y*. 
Ex. 3. For a-y read of -if. 
Ex. 5. For aj-3 read aj*-3. 



The results, subject to the above corrections, we shall now 



give. 



1. a?^ + a^f/^ + oTf^ + f^. 

2. aj*"-aj*'y^ + a^y*'-aj"y'" + y*'. 

3. aj»' +aj*'y'+a»*'y*- + «*■/•• + afy*' + y»'. 

4. o** - o^6"« + a**6*» - a'*5«' + ft**. 

5. aj«+3a^ + 9a^ + 27aJ* + 81. 

6. o'"-2a"aj- + 4a:*'. 7. 2-af + 3aj*. 

8. 46-C--56*". 

9. a*" + 2a»* + 3a'"+l. 

10. a^ + i^ + if. Digitized by Google 
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LXVII. (Page 156.) 

I. aj-3»* + 3a;*-l. 2. («*»-3aj^-3»**+13«*"-6a*'- 6aj"+4. 
3. a'-oj". 4. a + J + c-3a*6*A 

5. 10aj-ll*y* + 5aj^y*-21y. 6. m-w. 

7. m* + 4cf*m* + 16<i 

8. 16a+8a*6*+10aV+18aV-24aV-12a"6*-15a^6*-276. 

9. a;* + 2a*aj* + ai 10. «*-2a*aj* + a* 
11. x*+2xiy* + f/K 12. a"-2a5* + 6*. 
13." «-4aj' + 10aj*-12aj* + 9. 

14. 4aj*+12aj* + 25a:*+ 24x^+16. 

15. a* - 2x^f/^ + 2»V + y* - 2y*«* + z\ 

16. a* + 4»V* - 2»M + 4y* - 4y*«i + «i 

LXVIIL (Page 157.) 

1. «* + yi 2. a* -6* 3. a* + aj*y* + y* 

4. a*-a*6* + J*. 5. «* - aj*y^ + oj^y* - «*^y * + y*. 

6. m^ + m^n^-^m^n^ + m'n^ + m'n^ + n^ 

7. a* + 3»*y* + 9ic*y* + 27yl 

8. 27a*+18a*i*+12a*6*+86*. 9. a*-a* 

10. m* + 3m* + 9m* + 27m* + 81. 

II. «* + 10. 12. «* + 4. 
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13. Error. For 46* read 6* The result then is -6+26*-6* 

15. aj*-9aj*-10. 16. m* + m*w^+w^. 

17. p^-2p^^\. 18. aj'-y*-2* 19. x^-y\ 

LXIX. (Page 158.) 

1. a-*-6-». 2. aj-'-J-*. 3. aj* + «-*-«-•-«-*. 

4. aj*+l+a;-*. 5. a"* -6"*. 6. a-'+2a-V -ft-'+c""". 

7. l+aV + a*6-*. 8. a*i-*-a-*6*-4a-«6'-4. 

9. 4a;-' - a?"* + Saj"" + 2x-* + ar' + 1, 

lA K '^ 7aj- 107aJ- 5x-' 7 

10. 5a;H-2 12- + -6-^6- 



1. a-ar*. 



LXX, (Page 159.) 
2. a + 6-'. 



3. Error. For m'-nr' read m* + w"*; the result then is 
m' — nmr^ + n~*. 

5. xtr^ + ar^}/. 6. a-* + a-'J-'+J-». 

7. a!'sr*-2 + ar'y'. 

8. |ar'-5ar*+jar' + 9. 

9. a»6-»-l+a-'6». 

10. ar'-a-'6-'-a-V + 6-'-6-V' + <jf,„,e,,,Google 
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LXXL (Page 159.) 
1. Error. Omit the example. 2. xT^=^ • 

5. S^+g^r-.^-V + ^or^ + J. 6. ^. 7. a.--y-. 

8. o"+2a6*-2ai6*-.6V. 9. aKah^ + b\ 

11, m-n'-^ 12. ««•*»*^ 13. a". 

U. IGa"-. ,16. a"*"'. 

16. 2a'^ + 2a'"6'-4a'"o"-3a'"6-36'** + 66c-. 17. a. 

19. «*- 2a* + 2a- 2aj* + 4aj* - ix^ + 2a3*- 1. 

20. a"**" + a"**--* . 6a - oT^'^'Va/' - ar*'^(fx\ 

21. «'<•-») -y»<'-»>. 22. a"-\ 23. aJ^-y*'. 

LXXII. (Page 166.) 
1. y*", yy*. 2. jy(l024), ys. 3. ^(6832), ^(2500). 
4. "^2-, -^2-. 8. -X^a', "VJ- 6. "/(a* + 2aJ + 6'), 
^(a»-3a'6 + 3a6'-6'). 

LXXIIL (Page 166.) 
1. 2^6. 2. 6^2, 8, 2a Ja. 4. 5a*dJ{5c[). 

6. 4«V(2y*). 6. •10V(10a). 7. 12c ^6. 8. 42^(11«!). 

.9. .6a> /^. 10. a'Vj. . U. (a + a).^* 
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12. {x-y)Jx. 13. 5{a-b).J-2. 14. {Zc-y).J{1y). 

15. 3a»^(26^. 16. 2a^. •/(ZOajy). 17. 3TOV^(4n). 

18. 1a*b'U{4X). 19. (a) + y).y» 20. For od* read -oi'. 
The result then is {a-b). ija. 

LXXrV. (Page 167.) 
1. ^(48). 2. V(63). 3. 4^(1125). 4. 4^(96). 

5. ^y. 6. 7(9a). 7. V(48a*a!). 8. ^(3a'4 

LXXV. (Page 168.) 

The numbers are here arranged in order, the highest on the 
left hand. 

1. JZ, Ui. 2. . ^10, yi5. 3. 2 V3, 3 ^2. 

*• \/(ib)' yi- ^- 3>^^'*>/3- «• 2^87,3^33. 
7. 3 ;j/7, 2 V22, 4 ^2. 8. 6 ^18, 3 ^19, 3 »/82, 

9. 5 iJ2, 2 'JU, 3 ^3. 10. i ^2, 5 n/3, j ^4, 

LXXVI. (Page 169.) 

1. 29^3. 2. 30^10 + 164^2. 3. {a' + V + i^^x. 

4. 13^2. 5. 33^2. 6. ^6. 7. Error. Read 

V(243)-V48, the result is then 6^3. 8. 48^2. 

9. 4^2. 10. 0. 11. 4^3. 12. 2^(70). 
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13. 100. U. Sab. 15. 2abl/{12b). 16. 2. 17. ^ 



5- 

LXXVn. (Page 169.) 

1. 7(ay). 2. J(xy-y^. 3. as + y. 4. Jia^-y"). 

5. 18iB. 6. 56(a;+l). 7. 90J{iii^-x). 8. 2ajV3. 

9. -a^ 10. 1-x. 11. -12iB. 12. 6a. 

13. -J^nf-lx). U. ^J{pi? + 1x). 15. 8(a'-l). 
16. - 6a* + 12a -18. 

LXXVm. (Page 170.) 
1. a5+9^iB+14. 2. as-2^as-15. 3. a. 

4. a-53. 5. 3ai + 6Vaj-28.- 6. ' 6as-54. 7. 6. 

8. J{^a?-\:Zx)+J{6a?- Zx)-J(6sif-x-l) - 2a!+ 1. 

9. J{ax) + ^(ax-!i^-J(a'-ax) + a-x. 

10. 3 + a5 + ^(3a! + «'). 11. x-y+z + 2Jxz. 
12. 2a!+2 7aas. 13. 432 + 427(ai*-9). 

14, 2a! + ll+2^(a'+lla;+24). 15. 2a!-4 + 2 VCa:*- 4a;). 
16. 2a!-6 + 2^(«'-64 17. 4as + 9-12^a^ 

18. 2x-2J{af-^. 19. «'+2as-l -2^(8^-0!). 

20, a!' + l + 2J(a!'-a!). 

T.XXTX. (Page 172.) 
1. Uc + Jd)Uc-Jd). 2. {c + Jd)ic-Jd). 

3. Uo+d){jo-d). 4. {i+Vy){i->/y)- 

S.A. 24 
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6. (1 +^3. «) (1-^3.35). 6. (J6.m+\)(Jb.m-\). 

7. {2« + ^(3a!)}{2a-V(3«)}. 8. {3+2V(2»)}{3-2^(2n)}. 
9. y(ll).n+f}{V(ll).»-*}. lO; {p + 2Jr)(p-2^r). 

11. (^/p + ^/3.^)(,/l'-V3.g). 12. {a- + ,/(6-)}{a--V(6")}. 

T.XXX, (Page 174.) 
1. 19. 2. 11. 3. 8-26^(-lX 4. 5+4^3. 

5. 2b-2^{ab)-l2a. 6. a'+o. 7. i'-a". 8. a' + fi'. 
9. e*. 10. e«W(-i»_a-»V(-«. 



« + y 



LXXXI. (Page 174.) 



a! + y 



13. ^T-V 



« a . /o < /TO/ o 2ajb-2bja 
6. fnr + J2.nm + n\ 7. 2aj Ja?. 8. — ^^^^ 7—^ . 

9. ^ + cd^2ac^l 10. a'V._2 + ^. 

2«' 
11. ■^. 12. V(l-4 

16. a«6«c. 17. - 1 + 5a' (2 -a'^+a {10a'- a* - 5) ^{- 1). 

18. 8+7^5. 19. 4V(3ca!). 20. x:/{3p'). ' 

21. -^<y(-4»*). 22. (9«-10).V7. 23. 0. 

LXXXII. (Page 181.) 
1. 3. 2. 2. 3. 1. 4. 7. 5. 2. 6. 2. 



7. 3. 8. 4. 9. i 10. I 

■ It 



V,. 11. ^. . ,12, 9. 
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13. 9. 


14. 


-4. 


15. 3. 


16. 7. 


17. 


1. 


18. & 


19. 


10. 


20. 6. 


21. 4. 


22, 


10. 


23. 3. 


24. 


Iff. 


25. 1. 


26. i. ' 


27. 


3. 



4. 29. 6. 30. 10. 

LXXXIII. (Page 183.) 



^' a + b 


2. 


3c-2a 
5b-G ' 


„ 'a'b -bo + d 

0, ., 
a+J 


J, • be — dm 
*• a-5 ■ 


5. 


b(a + c) 
1 + a 


^ 6bd + ab 
*"• 3a-l2d- 


y ■3a6-2;fe 
iae — 


-3 • 

1 • 


8, 1. 


^- b-a- 


10. -|. 


11. 


2. 


12. 0. 




LXXXTV. (Page 


185.) 


1. 16. 


2. 12. 


3. 15. 


4. 28. 5. 63. 


6. 24. 


7. 60. 


8. 45, 


9. 36. 10. 120. 


11. 72. 


12. 96. 


13. 64. 


14. 12. 15. 28. 


16. 1. 


17. a 


18. 9, 


19. 7. 20. 4. 


21. 5. 


22. 1. 


23. 1. 


24. |. 25. 100. 


26. 24. 


27 ^ 
27. 3. 


28, 6. 


29. 24. 30. 4. 




LXXXV. (Pago 


188.) 


1. 16. 


2. 5. 


3.i. 


4, 1. 6. 8. 


'.-I- 


7. 9. 8. 


2. 9. 11. 10. 6. 11. 2. 


12. 12. 


13. 8. 14 


. 7. 15. 


9. 16. 7. 17. 7. 


18. 9. 


19. 9. 


20. 9. 


21. 10. 



24 
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TiXXXVL (Page 189.) 



1. 



6. 
9. 

12. 

15, 

18. 



«r-i* 

P 6, 



2. 



3n + l 



2a + b' 
abd+ac 



• 

9 


\ 


ad + d 


m 


ah' 


-2o'6- 


-V 


10. 




a-6* 


• 




3a»6c + 


2a'6« + a6* 





18a + 2& 
"^^ 4a+3 • 

7. 6-1. 

4-3a-46 



6»+3a'c + 3a'6c + 2aV 



3a 
13. 



he 
if^h' 



g6-l 
6c+ d' 



16. 



a (w - 3c + 3a) 
c — a + m 





LXXXVn. (Page 191.) 


1. 2. 


2. 15. 3. 1. 4. ^. 


.J. 


7. |. 8. 6. 9. -7. 


11. 9. 


12. 19. 13. 1. 


15. |. 


16. 12. 17. 2. 18. y 



20. 3. 

1. i 
6. 10. 
11. 8. 



4. 



o-l 



8 * 



11. (m. 



LXXXVni. (Page 194.) 
2. 3. 3. 40. 4. 10. 

7. 5. 8. 20. 9. 3. 

12. 100. 13. 0. 14. -1. 



16. 



6' 



17. 5. 



-^ 



17 - 



^- 10' 



10. 6. 
14. 4. 
19. I. 



6. 60. 
1 

9' 
15; 5. 



10. - 
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LXXXTT. (Page 199.) 




I. «-10 




2. (B = 9 




3. 05=8 


y=3. 




y = 7. 




y=5. 


4. fl!=6 




5. a!=19 




6. aj=6 


y=8. 




y = 2. 




y-3. 


7. <8=16 




8. a! = 2 




9. x=i 


y=35. 




y = l. 




y=3. 


10. K=3 










9=2. 




XO. (Page 200.) 






1. a!=12 


2. 


(8 = 9 3. OSs 


49 


4. «.13 


y=4. 




y=2. y = 


47. 


y=3. 


0. «-40 


6. 


flj=7 7. « = 


= 5 


8. (e»6 


y-3. 




y=:2. y= 


:1. 


y-4. 


9. «=7 


10. 


<Bo2 






y=.17. 




y-7. 







XCL (Page 201.) 
1. For 15y read 21y. The resiat is then x = 23, y = 10. 



2. 


x=8 


3. x=5 


4. aj = 6 . 


6. 05=7 




y=4. 


y=2. 


y = 9. 


y = 9. 


6. 


(8=7 


7. (8=12 


8. aj=2 


9. 05=3 




y=9. 


y=9. 


y = 3. 


y=.2a 


10. 


IB.13 

y=l. 
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xcn. 


(P*ge 202.) 




1. 


95=7 

y=-2. 


2. x=9 

y = -3. 


3. x=\2 
y=-3. 


4. a!=-2 
y=19. 


5. 


x=—6 
y=14. 


6. x=-Z 
y=-2. 


7. x=7 
y = -5. 


8. <c=l. 
1 



9. 


a! = -2 
y=l. 


10. «— 4 
y = 3. 

XCUL 


(Page 203.) • 


. 






1. 


y = 12. 




2. ie=64 
y=72. 








3. 


For 285 read 290. The result is then x • 


= 20, 


y= 


= 30. 



4. a; = 42 5. aj=10 6. aj=9 7, aj=4 

y«35. ' y = 5. y-140. y=9. 

8. aj = 36 9. aj = 5 10. aj=114 11. aj=40 

y = 35. y=2. y=77. y = 60. 

12. aj=:12 13. aj=l 14. aj=19 15. iB=6 

y = 6. y = 2. y = 3. y=12. 

16..aj=5 _ 3201 18. x^Q ,^ ,^1 

O 17. « = -T77xQ- K 19. «=19 5 

y = 9. 708 y = 5. 2 

_278 y=--17. 



b\i 



20. »=1 
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XUIV. (Page 205.) 




1. 


cq-^hr 
aq-bp 




2. '«=r/*^ 

Od + ae 


S a:-*^"^*'*' 




ae + oc. 




ar — cp 
aq-bp 




«;-a/ 

'^ bd + ae' 


cm —cm 
'If — , ... _ 




^ ae + bc ' 


4. 


de 
c-hd 


5. 


n'r + «r' 

«= ; r- 

nm'+mn 


6. «= ^ 




ce 




y= ; ;— . 

mti + mn 


a-6 




y-e-d- 


: ^" 2 • 


7. 


af-bd 




8. x=~ 9. 
ab 


a;= 

3a 




_, c{ae-d) 
^~ af-bd • 




1 


3a'_6«+rf 


10. 


a 


11 


a* 

. x = = 

b + e 


12. x^J^ 
b — m 




a + 2b 
^^ c. • 






bm 






XOV. (Page 207.) 




1. 


1 
* = 2 


2. 


1 
* = 6-2a 


3 ^ *'-«' 
be-ad 




1 




2 

4/ — . . 


b'-a' 




^~3a+b' 


^-bd-ac' 


4. 


2a 
« = 




K 61 
^- *=92 


e. «.J, 




26 

y= . 

m—n 




61 
^"103* 


1 

y=g. 


7. 


1 

85=- 

a 
1 


8. 


1 
n 

1 
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XCVL (Page 210.) 

1. Tor 15 read 13. Theresnlt isa;=l, ys2, «s3. 

2. «b2 3. ds«4 4. fl;rs5 
y=2. y = 5 y = 6 
«=2. «=8. «=8. 

5. « = 1 6. «==! ^ 2 8. a;=5 
y = 2 y = 4 ^' *"*3 y = 6 
«=3. «=6. y = -7 «=7. 

9. « = 2 10, a?=20 _-,«! 

y=9 y = 10 «-^^3- 

«=10. «=5. 

XCVn. (Page 214.) 

1. *8. 2. db9. 3. *17. 4. *oJ. 

6. *100. 6. *10. 7. *7. 8. *5. 
9. J{n). 10. dbSaV. 11. *6. 12. db8. 

13. dbl29. 14. db52: 15. *14. ' 16. *4. 

20. ik 3. Tn 21 and 22 read a? for x throughout, the 

results will then he for 21, x=jQ, and for 22, a; = 2 ,^2. 

XCVIIL (Page 218.) 
1. 6,-12. 2. 4,-16. 3. 1,-15. 4. 2,-48. 
5. 3,-13. 6. 5,-13. 7. 9,-27. 8. 14,-30. 
9. 20,-42. 10. 8,-18. 

XCIX. (Page 218.) 
1. 7,-1. 2. 5,-1. a 21,-1. 4. 9,-7. 

5. 8,4. 6. 9,5. 7. 118,116. 8. 18,2. 

9. 12,10. 10. 14,2.' 
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0. (Page 220.) 






1. 3, -10. 


2. 12,-1. 3. l -f. 


4. 20,-7 


5. 


1 6 

V "i* 


6. 9, -8. 7. 46, -82. 8 


. 74,-1. 


9. 


4, 15. 10, 


, For 708 read 448; The result is « 


1=290 or 1, 




1 ^ '^ 
*• 3' 3* 


CI. (Page 221.) 
2 1 3 


3. 3,J. 


4. 


Re8d«8» + la)-^ = 0. The result is ^, -1. 




5. 

8. 


3 6 

6' "7* 

r, -¥. 


6. 4, -g. 7. 8, g. 




4. 




CII. (Page 223.) 
2. 10, -^. 3. 

6. ff,-^^. 6. 4, |. 7. 


s,-i. 



8 ^ .1 9 ? .25 10 4 .?? 

' 2' 14* 2* is' ^"* *' 8 • 

OHL (Page 225.) 
1. -a*V2.rt« 2. 2a*^ll.a. 3. ^, — |^, 

1 o ^ Ki <»x ,-a* + oft 
4. 3w^ ~ o • 5. 1, — flt. o. 0, — Ck If 5— . 

iB fit— " 

» rf 6 . e+J(<^ + iae) o-iv/(e'+4ac) 
• fl' "a* • 2(a + 6) ' 2(a + b) ' 

,. 6» 6V ,, 2a-6 . 3a + 26 

a€ 00 <K be 
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err. (Page 226.) 
1. 8, -1. 2. 6,-1. 3, 12,-1. 4. 14, -1. 

5. 2, -9. 6. 6, ?. 7. 6, 4. 8. 4, -L 



9. 8, -2. 
13. 14, -1. 



10. 3, -\. 11. 7, |. 



14. 



3 5 

2' ~6" 



16. 6, 4. 17. 36, 12. 18. 6, 2. 



10 



12. 12, -1. 



16. 13, -^. 

19 ^ -1 
*"• 9' 3' 



10 



20. 1, ^^. 21. 7, -^ 



7, -6. 



3, -1. 



24, 


1 3 

2' ~4* 




9fi 2 1 
25. g, -g. 


27. 


.,-1. 


28. 


3; -H. 29. 2, |. 


31. 


'•-^. 




32. 4, -f. 



34. 14, -10. 36. 2, ^. 36. 5, 2. 

38. 7, 11. 39. -2, -13, 40. 8, -18. 
42. a + b, a-h. 43. a*, -a\ 



45. J, -8. 

48. T, -. 
a 



51. -6, -12. 



46, -|. 2^, 



26. 15, -14. 
30. 2, -|| . 



33. 3, 



21 
II 



37. -a, -h. 

41. -a,h. 

44. 5, 2I . 



a 2a 
6' ~T- 



47. 



49, 



a + h 



a—b 
52, . 12, - 7. 



'^^^^ -3'."5- 
4' ~l2* 
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54. 2a, 3a. 



57. 10, -|. 



5.5. 1, - 



3" 



58. 9, 1. 



59. 21, 8. 



56. 60, -50. 



60. 4,4j3 



61. 10, 



394 
173' 



1. 2, 5. 
^- -2' 3- 



62. 28, Ig. 



CV. (Page 228.) 
^227 83 

0. 



4. 5a, 66. 
^* T"' "6"' 



19 '14* 
8. -2ay -3a and 3a, 4a. 9. *4, cu 10. 0, 5. 






etc 



be 



12. ^, ?, 
c' c 



CVL (Page 229.) 
1. Jl3 or 7^1- 2. ^^ or ^''^. 

a ,y^ or ^^^. . 4. 1 or 7^4. 



"■ /^ 


3 


CVIL 


6. 25 or J. 
4 

(Page 233.) 




1. 49. 




2. 81. 


3. 25. 4. 8. 


6. 3. 


6. 256. 




7; 27. 8. 


56. 9. 79. 


10. 153. 


11. 6. 




12. 36. 


la. 12. 14. 


{a-Vf 


15. • 5. 




16. 6. 


17. 3. 


18. 10. 


10 *-«* 




•^- tS^ 






^^' 3a ' 




• 
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CVIIL (Page 234.) 



1. 


9. 


2. 


25. 


3. 49. 




4. 121. 


5. 


'1- 


6. 


8,0. 


7. -8. 




a (^)-: 


9. 


m" 


1 


10. 


0. 












OIX. (Page 235.) 




n/» 


1. 


25. 


2. 


121. 


3. 9. 4. 


64. 


K 3^ 


6. 


12a 
6 • 


7. 


a. 


8. i. 9. 


64. 


10. 100. 








ex. (Page 237.) 






1. 


16,1. 




2. 


81, 25. 


3. 


3,2§. 


4. 


10,-13. 




5. 


».|- 


6. 


-4,-32. 


7. 


, -,5. 




8. 


'». T- 


9. 


49. 


10. 


729. 




11. 


4, -21. 


12. 1. 


13. 


24. 




U. 6. 


15. 5. 




16. 6. 


17. 


25 
36* 


18. 


36 


19. 9V2. 


20. 


*^65 or A ^5. 


21. 


ia. 


22. 


-2* 


23. \ or - 


A- 


.1. 


25. 


1 
12- 




9R 1276 -. 
26. gj . 27; 


144 
20* 




28. 


A 6. 


29. *14. 


30. 6. 


31 


I. 1. 


32, 


5 
4* 


33. 2. 


.34. or 


9a 
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CXI. (Page 240.) 






1. 


aj = 30or 10 


2. aj = 9 or 4 


3. 


a? = 25 or 4 




y = 10 or 30. 


y = 4or9. 




y = 4 or 25. 


4. 


aj = 22or-3 


6. a? = 60 or - 6 


6. 


X = 100 or - 1. 




y = 3 or -22. 


y = 5 or - 60. 
CXIL (Page 240.) 




y = l or -100.. 




»=6 or-2 


2. a; =13 or -3 


3. 


a? = 20 or - 6 




y = 2or-6. 


y = 3 or- 13. 




y=6or-20. 




aj = 4 


6, aj=10or2 


6. 


a? = 40 or 9 




y=t 


y=2 or 10. 
CXIII. (Page 241.) 




y = 9or40. 




a;=4or3 


2. aj = 6or6 


3. 


aj=10or2 




y = 3or4. 


y = 6 or 5, 




y = 2 or 10. 




a: = 4 or — 2 


6. aj = 6or-3 


6. 


x = 7 or-4 




y = 2or-4. 


y = 3 or - 5. 
CXIV. (Page 242.) 




y = 4 or -7. 




x=5 or 4 


2. a;=:4or2 


3. 


1 1 

«' = 3""2 

1 1 




y=4 or 5. 


y = 2 or 4. 












y=2«'3- 




aj=3 
y = 4. 


K 1 

6. a: = 3 
y^2. 


6. 


1 

1 

y=2- 






CXV. (Page 246.) 






I 


, «=4 


2. a;»6 


3. 


a;=iiilO 




y=3. 


y = 3. 




y=*ll. 


4 


. flj=*8 


6. a; = 5 or 3 


6. 


x=5 or 2 




y=*2. 


y=:3or5. 




y=2or5. 
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• ■ 


7. 


X = 2 
y=5. 


8. x=6 
y=6. 




9. X: 

y 


= 5 or 4 
= 4 or 6. 

1 


10. 


y=2. 


11. x = 7 
y=2. 




12. X: 

V 


= 6 or -4 I 
-4or-6. 

1 


13. 


a!=10orl2 
y-12or 10. 


14. X=4: 

y=9. 




15. Same as 12. 


16. 


a! = 9orl2 
y = 12or9. 










1. 


70. 2. 


CXVL (Page 
43. 3. 


248.) 
23. 


4. 


100. 


5. 


240. 6, 


80. 7. 


700. 


8. 


48, 36. 


9. 


50, 40. 10. 


42, 18. 11. 


60, 24. 


12. 


28, 32. 


13. 


4' 47L 

7' 7 


14. 8,12 


'. 


15. 


24, 76. 


16. 


7,21. 


17. 36,26,18 


,12. 


18. 


120. 


19. 


60. 20. 


960. 21. 


36. 


22. 


12,8. 


23. 


60, 30. 24. 


10, 14, 18, 22, 26, 30. 


25. 


12,4. 


26. 


£1897. 


27. 540,36. 




28. 


£68.. 


29. 


3456, 2304. 


30. 12 shillings, 24 shillings. 




31. 


52. 


32. 50. 


33. 35, 


15. 



34. A has £130, £ has £150, C has £130, D has £90. 

35. 29340, 1867. 36. For 32 read 27. The answer will 

then be 21, 6. 37. 105^, 13l|. 38. ^ has £1400, 

5 has £400. 39. 28,18. 40. ^iMzf), !!>*ZfO , 

41. —^ — , — T— . 42. 152 men, 76 women, 38 children. 
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43. 18. 44. £135, je297, £432. 45. £350, £450, £720. 

46. £7200. 47. 47, 23. 48. 32, 7. 49. 21, 13. 

50. .112,96. 61. £8. 15». 52. 78. 63. 84,26. 

64. 74, 16. 55. The wife £4000, each son £1000, each 

daughter £500. 66. 75 gallons. 57. 49 gallons. 

58. £14, £24, £38. 59. 31, 17. 60. £21. 61. 88. 

62. 40, 10. 63. 18. 64. 22. 65. 40 years. 



66. 


42 years. 


67. 67,19. 


68. 3^ years. 


69. 


Igdays. 


70. 20 days. 


71. 10 days. 


72. 


6 hours. 


73. 1 2-9 days. 


74. ISj^j days. 


76. 


1 = hours. 


76. 48 minutea 


77. 2 hours. 


78. 


ab + ao + bo 


minutes. 7&. 


.si 


80. 


5ll, 6li, 


47|gaUons. 81. 9 


1 = miles jfrom Cambridge. 


82. 


7 miles. 


83. ?, ^. . 
a 


84. l.-f. 


85. 


42 hours. 


86. 30 1^ miles. 


87. 50 hours. 


88. 


80, 128. 


89. 19, 22. 


90. 200, 100. 


91. 


23, 20. 


92. 63 and 918. 


93. 6, 10, 15. 



94. (1) 38|jpafitl. (2) 54 ^^ past 4. (3) 10^' past 8. 

95. (1) 27 ^ past 2. (2) 5 ^ and also 38 ^^ past 4. 



9' 6' 

(3) 21 yy past 7, and also 54 rj past 7, 
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96. (1) 16^ part 3. (2) 38^ past 6. (3) 49^ past 9. 

97. 60. 98. £3. 99. ^. 100. 18 J days., 

101. X600. 102. £275. 103. 60. 

104. 90', 72', 60'. 105. 126, 63, 56 days. 106. 24. 

107. 2, 4, 94. 108. 200. 109. 2*, 6 J^ . 

110. 30000. 111. £200000000. 112. 50. 



CXVIL (Page 268.) 

1. 16, 12. 2. 133, 123. 3. 7-25, 6-25. 

4. 31, 23. 6. 35, 14. 6. 30, 40, 50. 

7. £60, £140, £200. 8. 22«., 26«. 9. £200, £300, £360. 
10. 41,7. 11. 47,11. 12. 35,11,98. 13. £90, £60. 
14. 48,12. 15. 6,4. 16. 40,10. 17. 5-03, 1-072. 
18. 10 barrels. 19. Zs., Is. 8d. 20. £20, £10. 

21. 16«. lOd., 128. 6d. 22. is. 6d., 3«. 23. 35, 65. 



24. 


26. 


25. 28. 


26. 45. 


27. 24. 


28 


. 45. 


29. 


63. 


30. 75. 


31. 97. 


32. 12. 


33. 


333. 


34. 


684. 


36. 759. 


36. |. 


''' iV 


38. 


3 

8- 


39. 


2 
3* 


''■rr 


41. 


36 

41* 


42. 


1 
4* 



43. £1000. 44. £6000, 6 per cent. 46. £4000, 5 per cent. 
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46. 31-, 18 1 . 47. 20, 10. 48. 3 miles an hour. 

49. 20 miles, 8 miles an hour. 50. 700. . 51. 450, 600. 
52. 72, 60. 53. 12, 5*. 54. 750, 158, 148. 

55. 2, 4, 94. 56. The second, 320 strokes. 58. 50, 30. 

^^' ■^^TT^'* 13gft. 60. g> 6, 4 miles an hour respectively. 

61. 142857. 

CXVIII. (Page 279.) 

1. 72. 2. 224. 3. 18. 4. 50, 15. ' 5. 8, 6. 
6. 85, 76. 7. 29, 13, 6. 30. 9. 107. 10. 75. 
11. 3, 7. 12. 20, 6. 13. 18, 1. 14. 20, 12. 

15. 17,15. 16. 12,4. 17. 1296. 18. 56 i. 

4 

19-. 20, 12. 20. 18. 21. 2601. 22. 5184. 

23. 6, 4. 24. 12, 5. 25. 12, 7. 26. 1, 2, 3. 

27. 7, 8. 28. 751, 752. 29. 15, 16. 30. 55, 56. 

31. 10, 11, 12. 32. 20, 22, 24. 33. 12. 34. 16. 

35. £2. 58. 36. 12. 37. 6. 38. 75. 

39. 5 and 7 hours. 40. 101 jds. and 100 yds. 41. 63. 

42. 42 ft., 30 ft. 43. 16 yds., 2 yds. 44. 36 ft., 27 ft. 

45. 37. 46. 100. 47. 1975. 

CXIX. (Page 286.) 

1. 6 : 7, 7 : 9, 2 : 3u 2. The second is the greater. 

3. The second is the greater. 4. 1. 5. ^'"^^. 

6, 10 : 9. 

S. A. 25 
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cxx. 


(Page 288.) 




• 


1. 2:3. 


2. 5:o. 


3. l + rf:a-c. 


4. ^7-2:1 


6. 


13 :1. 


6. ^(m» + 


in*)-m:2. 


7. 6, 8. 


8. 


13, 14. 


9. 35, 65. 


10. 13, 11. 


11. 4 : 1. 


12. 


5:1. 


CXXT. 


(Page 289.) 






•■ A- 


2 ^ 


3. *-y. 

as + y 


^ a-h+e 
a-h-c 


5. 


m' + mn-i- n? 


• 

.cxxm. 


.fl (« + 2)y 
(y-4)a!- 

(Page 303.) , 




•' 


*■ ■4- 


. 5. 5. 


.6. 12. 


7. 3^,. 


8. 


I- '• 


^ocCi 


10. 5. 


11. a-Ib. 


12. 


64a!'=92/». 


13. 


27a; =2y'. 


14. 4a^ = 27y'. 


18. 


}r = 3 + 2a! + 


af. 19. 


18 feet 





CXXIV. (Page 307.) 
6. 05=4 or 0. 8. For 3 read 5. The result is 440 yds. 
and 352 yds. per minute. 11. x= 30, y = 20. 

17. 120, 160, 200 yards. 

20. 1:7. 



•'•^ 



16. 50, 75 and 160 yards. 

19. 1 Q miles per hour. 
o 

21. 160 quarters, £2. 

24. £20. 25. 90 : 79. 



22. £80. 



23. £60. 



26. 45 miles and ^0 miles. 
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CXXV. (Page 313.) 






1. 50. 


2. 200. 3. 10?. 


4. 


.34. 


»• -4- 


6, 40. 7. 117. 


8. 


0. 



9. a" + y*-2(n.-2)a^. 10. j- — . 

CXXVI. (Page 314.) 
1. 6060. 2. 2660. 3. 820. 4. 30. 

6. 24. 6. -3iL 7. M^. ■ 8. ^^. 

2 2 

9. ^»'-^».- 10. !izi.: 



CXXVIL (Page 316.) 
1. -6. 2. -|^. 3. J. 4. -|. 

5. -2. 6. -l|. 

CXXVIII. (Page 316.)' 
1. (l)-46. (2) 34-2. (3) |. (4) 4-4. 

2. 156. 3. 112. 4. 888. 5. 100. 

6. 6600. 7. £136. 4». 

8. (1) 356,7175. (2) -156a', -3116a». 

(3) 161 + 810!, 3321 + 1681(8. (4) 119^, 2367|. 
(6),8i, 174|.- 

9. (1) 126, 63252. (2) 26, 2260. 
(3) 46, -1570-5a!. (4) 99, -1163^: 
(6) 71, 4899 (1-m). (6) 66, 66a! + 8190. 
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1. 6, 9, 12, 16. 

3 2*^ 1^ V 
3- 2i2, 1^, Ij. 



OXXTX. (FageSia) 

2 li ? -? ll 
^ *3' 3' *^' 3' ~ 3" 

. J^ 13 2 n 
15' 30' B' 30* 



CZXX (F<«0 318.) 

Zm+n m+n wn-3» 
— 4— ► -Y~' — 5~** 

6ffl + 8 5»n-l 6ot-1 6«t-8 

~b~' 5 '~r"' 5 • 

Bn' + l 6«' + 2 5to'+3 5n' + 4 
5 * 6 ' 6 » 5 • 







- 2 ' *' 2 • 








OXXXT. (Page 322.) 




1. 


64. 


2. 78732. 3. 327680. 


4 1 
2048 


5. 


13122. 


6. 16384. 7. 


1 
"96* 



CXXXn. (Page 324.) 
1. 65634. 2. 364. 3. ^^^ . 4. #^ 

5. (^-y-(«^«y} 6. 3--1. 7. 7(2--i). 

(a + as) ..(l-o-a;) ^ ' 

10. 4a6906r'^gle 



8. -426. 



a - 



43 

90' 
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CXXXIIL (Page 226.) 






'■ ^- ^- 1- * ¥• ^ ^ 




5. l|. 


«. -i 7. sA, a 2j. 9. ssi. 


la 


le*' 

&b' + 1* 


11. **'., ^^- I' 13. '^ . 
a-6 9 x+y 




14 ^ 
^^^ 99' 


15 *^ ifi *« 
^^- 90- ^^- 55- 







CXXXIV. (Page 327.) 

1. 9,27,81. 2,4,16,64,256, 3. 2,4,8. 

3 ^ 27 
4' 16' 32.' 

CXXXV. (Rige328.) 
1. (1) 498. (2) 600. (3) ^, (4) ^. 

(5) -169. (6) ||. (7) -^. (8) 13f. 

(9) 1. (10) -84. (11) - Jl'!,fj^ - 

5. 42. 6. ae = b'. 7. 1. 8. »+-, 9. 4. 

10. 17. 13, 4, 14. 642. 

16. 49,1. 17. 3^,6,85. 18. 60: 

94321 1 2 3 4 

^^- 6' B' 5' 6' "' ~6' "5* ~6' "5- 

22. 3, 7, 11, 15, 19. 23. 6, 16, 45, 135, 406. 25. 139. 

26. 10 per cent. 
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.4. 
5. 
6. 
7. 
8. 

9. 

11. 

12. 

13. 
14. 



CXXXVL (Pago 336.) 
2-1072100;. 2-0969100; .3-397;9^400. 
1-6989700; -2-3010300; 2-2922660, 
•7781513; 1-4313639; 1-7323939; 2-7604226. 
-1-7781513;. -1-6228787; -0211893; -4-3645163. 
-31249387; 1-4983106. 
-3010300; -1-1938200; -2916000. 
-6989700; --9030900; -3391073. 
-2, 0, 2 : 1, 0, -1. 

9 



10. « = 



3 



y = 2- 



(1) 3. (2) 2. 

(a) -3010300; 1-3979400; 1-9201233. 
(6) 103. (c) 17-6 ... 7©ai8. 

(a) -6989700; -6020600; 1-7118072; --0219382. 
(J) 8. • (c) 23-4 ... yeart. 

3-8821259; -1-6906306; -2-2544674. 

1 /«! « /nv lOgTO 



(1) x^t. 
(4) « = 
(6) « = 



(2) a: =2. 



(3) x: 



logo 



mloga + 21og6 
logo 



log a log 6 ' 

IK\ _ 4 log 6 + log c 

^ ^ ^~21ogc + log6-31oga" 



log a + m log 6 + 3 log c ' 
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